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Editor’s Note

The main aim of the Organisational Committee of the international scien-
tific collogium Mathematics and Children is to encourage additional scientific
research in the field of mathematics teaching in Croatia.

The development of science and education is a part of a long-term Educati-
on Sector Development Plan 2005-2010.

Following the example of Europe and the rest of the world, special attention
in the field of education is given to mathematical literacy of children (PISA
programme) as well as to mathematics teacher training (quality insurance in
higher education).

Mathematics teaching in Croatia faces modified strategic, organizational,
social and technical conditions. Introducing one-shift classes in primary scho-
ols, including children with special needs (talented ones and those with diffi-
culties) in regular classes, extended day program for all students, two teachers
per class, greater mobility of children and teachers in schools and new teaching
technologies demand changes in the methodology of mathematical education
of both children and future teachers of mathematics. It is important to develop
life-long learning programme for teachers of mathematics that includes docto-
ral studies.

Research in the field of mathematics teaching implies multi- and interdis-
ciplinarity. Therefore a cooperation with scientists outside the field of mathe-
matics (psychologists, special-ed teachers, educators) is an imperative, although
we strongly believe that improvements in mathematics teaching should be en-
couraged within the field of mathematics.

A precondition for developing new approaches and methodologies in mat-
hematics teaching in Croatia is a first-hand experience with the results of inter-
national research and standards in mathematics teaching and defining doctoral
studies within the same field.
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We believe that the lectures, discussions and experience exchange between
Croatian and international participants of the Mathematics and Children mee-
ting will initiate and intensify scientific cooperation in the field of mathematics
teaching on the international level. We would also like for this event to initiate
the start of doctoral studies in the field of mathematics teaching in Croatia
following the examples from Europe and worldwide.

We are very grateful to numerous Croatian and international scientists who
have recognized the importance of this event and managed to find the time to
attend this gathering. We would also like to thank the heads and entrepreneurs
of the local community who financed this event for the most part.

On behalf of the Organizational Committee, I express my deepest gratitude.

Osijek, April 13, 2007 Margita Pavlekovié
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Rije¢ urednice
Organizacijski odbor medunarodnoga znanstvenoga kolokvija Matematika

i dijete postavio si je zadatak dodatno potaknuti u Hrvatskoj znanstvena istra-
zivanja u podruéju metodike nastave matematike.

Razvoj znanosti i obrazovanja dio je dugoroénoga prioriteta razvoja Hrvat-
ske (2005 - 2010).

Po ugledu na Europu i svijet u okviru obrazovanja posebna se pozornost
pridaje, kako matemati¢kom opismenjavanju djece (PISA program) tako i izo-
brazbi uditelja matematike (osiguranje kvalitete u visokom obrazovanju).

Nastava matematike u Hrvatskoj je pred izmijenjenim strateskim, organi-
zacijskim, socijalnim i tehni¢kim uvjetima. Uvodenje jednosmjenske nastave u
osnovne $kole, inkluzija djece s posebnim potrebama (talentirane i one s tesko-
¢ama) u redovite odjele, produZeni boravak za sve uéenike, dva uitelja u odjelu,
veéa pokretljivost djece i nastavnika u $kolama, nove tehnologije u nastavi izi-
skuju promjene u metodologiji matematickoga obrazovanja, kako djece tako i
buduéih uéitelja matematike. Vazno je osmisliti cjeloZivotnu izobrazbu uditelja
matematike koja ukljucuje i doktorske studije.

Istrazivanja u nastavi matematike pretpostavljaju multidisciplinarnost i in-
terdisciplinarnost. Stoga je pri istraZivanjima u nastavi matematike neophodna
suradnja sa znanstvenicima izvan podrué¢ja matematike (psiholozima, defekto-
lozima, pedagozima, istraZiva¢ima iz podruéja informacijskih znanosti), iako
drZimo da razvoj metodike nastave matematike treba njegovati u okvirima ma-
tematicke struke.

Pretpostavka je iznalaZenju novih pristupa i metodologija u nastavi mate-
matike u Hrvatskoj upoznavanje iz prve ruke rezultata inozemnih istraZivanja i
strane prakse, kako u nastavi matematike tako i definiranju doktorskih studija
iz metodike matematike.
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Vjerujemo da ¢e izlaganja, rasprava i izmjena iskustava domacih i stranih
izlaga¢a na skupu Matematika i dijete potaknuti i intenzivirati znanstvenu su-
radnju iz podrudja metodike nastave matematike na medunarodnoj razini. Ta-
koder Zelimo da ovaj skup pridonese brzem zaZivljavanju doktorskih studija iz
metodike nastave matematike u Hrvatskoj po ugledu na veé postojeée u Europi
i svijetu.

Vaznost ovoga skupa prepoznali su brojni domadéi i inozemni znanstvenici,
a neki od njih uspjeli su odvojiti dio svojega vremena za zajednitko druZenje.
Zahvaljujemo im, ali i vrijednim ¢elnicima i poduzetnicima lokalne zajednice
koji su u najveéem dijelu sponzorirali odrZavanje ovoga skupa.

U ime organizacijskoga odbora svima od srca zahvaljujem.

U Osijeky, 13. travnja 2007. Margita Pavlekovi¢
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AN OVERVIEW OF THE AUTHORISED CURRICULUM
IN TEACHING MATHEMATICS HARMONISED WITH
THE BOLOGNA DECLARATION AT THE
DEPARTMENT OF MATHEMATICS,
UNIVERSITY OF SARAJEVO

Sefket Arslanagic!
Abstract. In academic year 2005/2006 University of Sarajevo introduced new
curricula harmonised with the Bologna Declaration. At the Department of Math-
ematics in Sarajevo the scheme 3+2 years of study is followed. Upon completion
of a three-year study programme in mathematics, students can continue with
their studies by enrolling in one of the 4 branches offered by the curriculum.

Upon graduating from one of these branches, a candidate is granted an MSc
degree in Mathematics Education.

The paper gives an overview of the curriculum referring to the branch Teaching
Mathematics.

Key words: mathematics, teaching mathematics, science.
After successful completion of the first cycle study programme in mathema-
tics at the University of Sarajevo, a graduate is awarded a BSc degree, and by

completing the additional two years of study (the second cycle study program-
me) a graduate is awarded an MSc degree (with the branch indicated).

There exist four branches:

- Theoretical Mathematics

- Applied Mathematics

- Theoretical Computer Science

- Teaching Mathematics.

! Sefket Arslanagié, Associate Professor, Department of Mathematics, University of Sarajevo,

Zmaja od Bosne 35, BiH - 71000 Sarajevo, e-mail: asefket@pmf.unsa.ba
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Thus, a Master level programme requires four semesters. After successful
completion of the Master level programme in the first three branches, a gra-
duate is awarded an MSc degree in Mathematics (with the branch indicated),
whereas by completing the study programme in teaching mathematics a gradu-
ate is awarded an MSc degree in Mathematics Education.

Lectures referring to the branch Teaching Mathematics (in the 4™ and 5%
year of study) will be conducted as follows:

Semester Course Lecturer
Algebraic and geometric Dr. Sefket Arslanagié,
inequalities Associate Professor
Semester 1

Dr. Mirjana Malenica,
Full Professor

Fundamentals of geometry

Abstraction and generalisation | Dr. Hasan Jamak,
in algebra Associate Professor

Semester 11 :
Dr. Medo Pepi¢,

Mathematical logic )
g Associate Professor

Semester 1T History and Philosophy Dr. Muharem Avdispahi¢,
of mathematics Full Professor
Fundamentals of number Dr. Lejla Smajlovi¢,
theory Assistant Professor
Aspects of working with Dr. Sefket Arslanagi¢,

mathematically gifted children Associate Professor

Semester IV — -
Dr. Mirjana Vukovi¢,

Full Professor

History of graduations

Out of eight courses that are offered, students take six. Students should pass
at least five of the courses they attended. One of the courses might be replaced
by some other Master level course offered by some other related faculty or uni-
versity with prior approval issued by the Doctoral Study Committee.

Dr. Sefket Arslanagi¢ was appointed head of the branch Teaching Mathe-

matics.

Entry requirements include a completed undergraduate study program-
me in mathematics or any related science with a GPA of min. eight (8) and
knowledge of one foreign language.
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Applicants who graduated from other related sciences are subject to com-
pulsory testing that would prove their competence for the Master level study
programme in Teaching Mathematics.

The aforementioned provision might also be applied to any interested appli-
cant who obtained a BSc degree in mathematics with a GPA less than eight

(8).

After passing the required examinations, an applicant defends the Master’s
thesis done in co-operation with the thesis advisor.

(translated by Ivanka Fercec)
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ROLE OF DIFFERENT REPRESENTATIONS
OF MATHEMATICAL CONCEPTS FOR LEARNING
WITH UNDERSTANDING

Tatjana Hodnik Cadez'

Abstract. A representation is something that stands for something else. Each
representation should consist of the following aspects: (1) what the represented
world is; (2) what the representing world is; (3) which aspects of the represented
world are being modelled; (4) which aspects of the representing world present
the modelling; and (5) what the correspondences are between the two worlds
(Palmer, 1978).

The idea of representation is continuous with mathematics itself. Any mathema-
tical concept if it is to be present in learner’s mind must be represented in some
way. We distinguish between external representation (environment) and internal
representation (mind). External representation refers to all external media, whi-
ch has as its objective to represent a certain mathematical idea. We mainly use
representation with concrete material, graphical representation and mathemati-
cal symbols when teaching mathematics to young children. This paper discusses
the role of using different external representations in the process of learning and
teaching mathematics. The importance of establishing relations between different
representations is stressed with a model of representational mappings. Within
this theory we have defined two concepts: meaning and understanding. We have
considered a child’s understanding as his or her ability to translate between di-
fferent representations of arithmetic operations. A child can give meaning to a
particular representation if be or she is able to perform a required transformation
within a representation.

Key words: mathematics, mathematics teaching, learning with understanding.

! Tatjana Hodnik Cadez, Assistant Professor University of Ljubljana, Faculty of Education,

Kardeljava plos¢ad 16, ST - 1000 Ljubljana, e-mail: tatjana.hodnik-cadez@pef.uni-lj.si
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1. Introduction

Representation of mathematical ideas either with mathematical symbols,
graphical representation or representation with concrete material is crucial for
communication of mathematical ideas.

We differentiate between internal (mental images) and external (envi-
ronment) representations. Cognitive development is based on a dynamic pro-
cess of intertwining mental images and environment. This means that a succe-
ssful process of learning is an active formation of knowledge in the process of
interactions between external and internal representations.

Internal representations, known also as cognitive representations, can be de-
fined as mental images which correspond to our internal definition of reality.
Internal representations are defined as mental images or mental presentations
(not representations): something that does not have its original, inner world of
experiences.

External representations consist of structured symbolic elements whose role
is an ‘external presentation of a certain mathematic reality. The term ‘symbo-
lic element’ signifies elements which are chosen to represent something else.
We define the thing that represents’ another one as a symbol. In mathematics
classes pupils are introduced to three different types of symbolic elements or
external representations: concrete (didactic) material, graphical illustrations
and mathematical symbols. In the following sections, we will be dealing with
the role of different representations of mathematical concepts for learning with
understanding.

We are going to present each of external representation in mathematics very

briefly.

2. External representations

2.1 Concrete representations

The word concrete representation means different things to different peo-
ple. For someone a concrete representation stands for a particular structured
representation which is used only in the process of teaching and learning ma-
thematics, and does not have any special meaning out of that process. We will
call such material as structured material, e.g. Dienes blocks. However we also
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understand any other concrete material, let us call it unstructured material that
a child uses in order to learn a particular mathematical concept, as a concrete
representation. Children in Slovene use cubes (Multilink) that can be struc-
tured into sticks of 10 and individual cubes to illustrate the place value nature
of numbers. For more advanced calculating, Dienes blocks of ‘hundreds’ (flat
blocks), ‘tens’ (rods) and ‘units’ (individual cubes) are used to model the pro-
cedures, such as decomposition” and ‘carrying, that are involved in traditional
calculatuions.

There is a common view of teachers and parents that children learn mat-
hematics more easily if they have the possibility to manipulate with concrete
material. Research in this matter is not unitary. For example, during the 1960s
and 1970s Dienes blocks were widely used in the Nethetlands, but criticism of
their use as being helpful for the representation of abstract number structure,
but weak in the representation of number operations when they become more
complicated (Beishuizen, 1999) has lead to the use of bead frame and bead
strings (Anghileri, 2001). Let us list some other of the authors who researched
the role of structured apparatus and unstructured material in the process of tea-
ching and learning mathematics. Fennema (1972) and Fridman (1978) showed
positive role that relate more closely to images of a counting strategy of using
concrete material at primary level but not in secondary school, while Suydam
and Higgins (1977) found manipulating with concrete material useful in whole
elementary school. Labinowicz (1985) observed young children using Dienes
blocks and came to the conclusion that children had problems establishing re-
lations between these blocks and the place value system of integer numbers.
Again, on the other hand, Fuson and Briars (1990) found very positive role of
these blocks for learning adding and subtracting integer numbers. Thompson
(1992), and Resnick and Omanson (1987) concluded in their research that Di-
enes blocks had very little influence on children’s understanding of arithmetic
algorithms in primary school. These contradictory conclusions make us aware
that concrete material itself does not ensure successful learning. In other words,
the process of teaching and learning mathematics is very complex, and one part
of it is also manipulating with concrete material. We believe that manipulating
with concrete material without thoughtful reflection on the process of manipu-
lating and without relating concrete representations to other representations in
mathematics is not sufficient for successful learning of mathematical concepts.
The nature of a mathematical concept, the way of using concrete material, and
the material itself define how the learning is going to take place.
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2.2 Grapbical representations

Graphical representations are mainly used for representing mathematical
ideas in teaching and learning primary mathematics. Mathematical textbooks,
workbooks, and other material for children are full of graphical representations
which differ in originality and correctness. Let us look at the the graphical re-
presentation of the concept number’ A concrete representation of the number
is all countable objects around us. But we do not count everything together. We
can only count objects which have a certain characteristic in common and differ
in some way at the same time what makes this group of objects countable. This
way we can count together balls, colour pencils and pictures, but we cannot co-
unt together pictures and balls because in this case it would be hard for young
children to end the sentence,“We counted 13 ...” 13 of what? Graphical repre-
sentations of numbers are mostly illustrations of objects, animals and persons
which pupils write down with mathematical symbols or numerals. Graphical
representations are not used only for illustration of mathematical concepts but
for illustration of certain mathematical symbols as well. These representations
are there to help pupils remember a certain mathematical symbol easier. Pupils
adopt the concept represented by a symbol even before it is introduced as a
symbol. Adopting the concept and learning how to write it down with a sym-
bol is going on at the same time. It is not possible to exclude the fact that by
adopting a mathematical symbol for a certain concept, pupils learn about that
mathematical concept as well.

Graphical representations stand for so-called ‘bridge’ between concrete re-
presentations and representations with mathematical symbols. Let us illustrate

this idea we adopted from Heddens (1986) with Figure 1.

concrete semiconcrete semiabstract mathematical
representation representation representation  symbols

=L =R
SF AR W

Take away

&=

Figure 1: Grapbical representations as a bridge between concrete

CIoEs

representations and mathematical symbols
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Graphical representation, drawn cars (Figure l), is semiconcrete represen-
tation, representation of subtraction with rectangles is an example of semia-
nbstract one (more distant from experience world in our case). Representation
with rectangles shown in the picture above (Figure 1) could be a semiconcrete
representation in any other situation.

The semiconcrete representation for numbers 1 and 3 could be Roman
numbers I and III because they are more concrete’ as symbols 1 and 3.

As already mentioned, in the teaching and learning process we use a variety
of different graphical representations. A graphical representation depends on
the nature of a mathematical concept and on a representation with concrete
representation. We have to mention a number line as a special case of semia-
bstract representation in mathematics. A number line causes many problems to
children because its interpretation includes both ordinal and cardinal aspects
of integer numbers. On one hand, a number is presented with a position on the
line, and on the other hand, a number stands for the number of movements
on the line. A recent innovation in the Netherlands has been the empty num-
ber line’ (Figure 2) which supports the development of mental strategies. As a
response to teachers’ complaints about children hanging on too long to the ma-
terials, such as Multilink cubes, Dienes blocks, numbered lines, and passively
reading off answers from the blocks when doing sums, removing all calibration
from the number line has enabled children to use it flexibly for jumps’ of any
size, in either direction, providing imagery to encourage and support mental

strategies (Anghileri, 2001).
7L .| ﬂ: 1
gefEy 12 3

24 9

1% 116 1870112123

Figure 2: Empty number line

Children need to discuss numbers holistically according to Anghileri (1998),

which means that children do not calculate hundredths, tens and units but
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‘whole’ numbers. According to Anghileri (1998), manipulation with concrete
material is less important because calculation up to 1000 could be successfully
presented to children on a symbolic level. It is hard to believe that these ideas
could be accepted in our curriculum in learning arithmetics because teachers
and also parents strongly believe that arithmetics without concrete representa-
tions and learning the place value system is just not possible. In terms of resear-
ch these ideas are worth challenging in practice.

Let us briefly mention also manipulation with mathematical symbols.

2.3 Mathematical symbols

Mathematical symbols which are introduced to young children in the first
three years of primary school are numbers from 0 to 9, symbols for operati-
ons (+, -, 3, X) and symbols for relations (<, >, =). The number of symbols is
small but there are many combinations of these symbols with special rules whi-
ch hold for particular combinations of symbols. This is what makes handling
with mathematical symbols difficult for many children. In many cases children
manipulate with mathematical symbols mechanically without understanding.
In the primary mathematics, manipulating with concrete material and grap-
hical representation is closely related to mathematical symbols. According to
Hiebert (1988), mathematical symbols are a representational system with five
stages that children need to proceed in order to be able to manipulate symbols
successfully. We are going to mention only the first stage called providing relati-
ons between symbols and referents’ which stresses the importance of providing
children with mathematical experience with concrete material as well as grap-
hical representations, and relating these experiences to mathematical symbols.
The idea of establishing relations between different representations (not only
between mathematical symbols and others) is going to be discussed more in
detail in the following sections.

3. Relations between different representations. A model of
representational mappings

There are many different explanations of the concepts of meaning and un-
derstanding. We are going to define meaning as something closely related to a
specific representation, while for understanding this is not true. We define a
concept of understanding as child’s ability to translate between different repre-
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sentations of a mathematical concept. A child can give meaning to a particular
representation if he or she is able to perform a required transformation within
a particular representation. Let us explain these statements with the following
example. If a child is able to perform an operation of division with concrete ma-
terial, he or she can give meaning to this particular representation. But if a child
is able to translate between different representations of division, for example,
between concrete representation, graphical representation and a representation
with mathematical symbols, then he or she understands an algorithm. In other
words, it means that he or she is able to represent his or her manipulation with
concrete material both with a picture and with mathematical symbols.

The relations between representations, concepts of meaning and understan-
ding are clearly shown in Figure 3 (Hodnik Cadez, 2001, 2003).

r- """ —"V—-——-— -/ -/ /= I
| constructing meaning | Il
| represent. | 1 —E1| | |
' transformation of represent. 1 1! T |
o [ T T |
| |
P - —-—-— - - - - = — 17T 71
[ constructing meaning : = 1|
I represent. | 2 H|E 2 P!
| transformation of represent. | 2 | * oo
- [ I I
| |
__________________ — 4 = —
| H H I b . 4 I I
I constructing meaning | I |
| represent. | 3 . HEZ| |
\ transfarmation of represent. | 3 | ool
e o S |
[ [
| I

understanding
translating between E1, EZ, and E3

I 1: concrete representations
I 2 : graphical representations
I 3 : representations with mathematical symbols

E 1, E 2, E 3: representations of11,12,13.

Figure 3: A model of representational mappings
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The diagram shown in Figure 3 represents a fundamental framework of our
research (Hodnik Cadez, 2001, 2003). We used it for analysing children’s un-
derstanding of adding and subtracting but we believe that this model could be
applied for some other concepts in mathematics as well. We have formulated
our fundamental hypothesis that a child who fully translates representations
of addition/subtraction within numbers up to 100 from one form of repre-
sentation to another, and has a very good number concept, can develop his or
her method for calculating (adding, subtracting) three-digit numbers. We have

confirmed this hypothesis on the basis of a case study research (Hodnik Cades,
2003).

Let us illustrate the model of representational mappings with the following
example. An implicit representation I1 could stand for a representation with
structured material. If a child is able to perform an operation, e.g. 28 + 5 with
that material, he or she transforms implicit representation I1 into explicit re-
presentation E1 or, in other words, he or she gives meaning to that concrete
representation. If we put this in other words, we can conclude that no repre-
sentation represents by itself It always needs an interpreter who transforms
implicit representation into explicit. If a child then makes relations between
different explicit representations of an arithmetic algorithm or, in other words,
recognises the same concept represented with different representations, we mi-
ght say that a child understands an arithmetic algorithm, which results in tran-
sfer from the previous to the following learning. In our case that meant that a
child was able to create his or her own algorithms for addition and subtraction
within numbers up to 1000, although these numbers and algorithms were not
taught in school before the research took place.

4, Conclusions

External representations in mathematics: concrete, graphical and symbolic
do not “represent” by themselves, they need an interpreter. There is a variety of
external representations in mathematical curriculum; the interpreter is a pupil,
who establishes a mental interaction with the proposed representation. The
pupils’interpretation of the representation is linked with his or hers understan-
ding of the mathematical concept represented by the representation. The way
in which the concept is represented by the external representation also plays an
important role. During the process of teaching and studying mathematics we
understand the concrete experience, linked to the pupils'life and the translation
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of this representation into a graphic representation or symbolic one as somet-
hing natural. Usually we do not stop to think that every external representation
needs an explanation, a dialog, a “dynamic” interpretation and that the pupils’
understanding of a representation would be easier to understand, if he or she
were given a chance to create these sort of representations by themselves. We
must not presume, that the concrete material, pictures in mathematics, which
are often very colorful and interesting always serve their purpose. The represen-
tations in mathematics do not always form a mental link with the pupils’ un-
derstanding of mathematical concepts. Next to concrete, graphic and symbolic
representations in mathematics, we must mention the speech, which is also a
representational system and is treated in a close relation to all previously listed
representations.
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THE SCIENTIFIC FRAMEWORKS
OF TEACHING MATHEMATICS

Zdravko Kurnik1

Abstract. In the process of cognition and learning of the laws of nature scientists
use special techniques — scientific methods of research. Basic methods of scientific
thinking and research are: analysis and synthesis, analogy, abstraction and con-
cretization, generalization and specialization, induction and deduction.

Mathematics as a science and mathematics as a subject are closely related. The
connection is, along with other, also established by scientific principle. Consolida-
tion of that connection has by far influenced the changes in mathematics educati-
on. Barycenter of modern mathematics education lies in introducing the scholars
with scientific work and development of their thinking. Here are some settings:

¢ The work of mathematics teacher with the pupils in a class is by far different

from the work of mathematics-scientist, but there are also some common featu-
res. Pupils in educational process, either alone or with teachers help, also disco-
ver and realize new mathematical truths. Most important is a discovery of the
path to independent creative pupil’s work. Therefore, the before mentioned sci-
entific methods are important for the modern mathematical education as well.
A creative teacher, choosing suitable problems and applying these methods,
can enable pupils for work that is very close and similar to research work.

Mathematics in development is a concrete and inductive science, and mathe-
matics itself is abstract and deductive science.

Very important procedure is analogy. It pervades our whole thinking, every-
day speech, artistic creation and also high scientific researches. Analogy is very
useful in mathematic education as a vivid means for connecting and easier
understanding of teaching materials, and also as a means of developing creati-

! Zdravko Kurnik, Associate Professor, Department of Mathematics, University of Zagreb,
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vity and creative thinking in a pupil. In solving a problem pupils are directed
to consider some similar, close problem and mimic the steps of its solution.

¢ In processing the mathematical notions, teacher realizes scientific principle
if be correctly conducts the process of notion forming ( observation, the idea
of a notion, forming of the notion) and abides some basic conditions that a
definition of a notion must meet ( appropriateness, minimal content, brevi-
ty, suitability, applicability, modernity). The process itself is gradual and its
success is reinforced by five important scientific methods : analysis, synthesis,
concretization, apstraction and generalization. The critical step in processing
of a notion is the shift to the level where abstraction begins, because the shift
from concrete to abstract is very hard for some pupils.

¢ In processing the theorems teacher realizes scientific principle if he teaches bhis
pupils to correctly and precisely form a theorem, to clearly differentiate the
assumption from statement of a theorem, to form an inversion and an opposite
of a theorem and accomplishes understanding of the methodics of proving the
theorem.

¢ Scientific principle is also realized by clearly distinguishing definitions and
theorems.

Treatment of some mathematical materials in our textbooks is quite often incom-
patible with the scientific principle.

Key words: mathematics, math teaching, science.

Today, mathematics classes are mostly conducted professionally. However,
teaching mathematics is a very complex and demanding process. In order to
have successful classes, competence represents a necessary, but not a suffici-
ent, condition. Complexity is successfully resolved by establishing a stronger
connection of mathematics with other sciences. In that way we obtain a process

that should be carried out harmoniously within several frameworks.

The main frameworks are the following: linguistic frameworks, competence
frameworks, methodological frameworks, scientific frameworks, pedagogical fra-
meworks and psychological frameworks.

Since harmony cannot be achieved easily, there have been failures and we-
aknesses in mathematics teaching and mathematics classes in general that si-
gnificantly influence the quality of mathematics education. This in turn reflects

badly on achieving goals of modern mathematics classes, the focus of which is
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placed on introducing pupils into independent research work, developing capa-
bilities of problem solving as well as developing their own opinion.

In this paper several assumptions and problems emerging within scientific
frameworks of mathematics teaching will be described.

¢ Relationship between mathematics as a subject at school and mathemati-
cs as a science is inter alia established by the scientific principle. The scienti-
fic principle referring to mathematics classes consists of necessary harmo-
nisation between teaching contents and methods on the one hand, and
requirements and regularities of mathematics as a science on the other.
This means that a mathematics teacher should introduce pupils to those
facts and form those mathematical notions in their minds which are now
scientifically confirmed.

While teaching mathematical notions a teacher realises the scientific prin-
ciple if he/she carries out the process of forming notions correctly (observing,
perceiving, forming a notion) and adheres to fundamental rules a definition of
the notion has to satisfy (adequacy, minimum content, conciseness, genuinene-
ss, appropriateness, applicability, modernity).

When teaching theorems, teachers realise the scientific principle if they tea-
ch their pupils how to formulate a theorem correctly and precisely, distinguish
between an assumption and an assertion of a theorem, formulate the converse
of a theorem, formulate an opposite assertion, and if they make their pupils
understand the methodology of proving theorems.

E 1. A critical point in teaching a notion is the transfer to that particular
level on which abstraction starts, since the transfer from concrete to abstract is
for some pupils rather difficult. The same conclusion holds for generalisations
through inductive series of concrete cases.

The scientific principle is also realised by distinguishing clearly between de-
finitions and theorems.

E 2. Pupils will have difficulties in getting a clear idea of mathematics if
mathematics textbooks contain the following statements:

1) A parallelogram is a quadrangle with two pairs of mutually parallel sides
of equal lengths.
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The definition of a parallelogram contains two of its main characteristics,
i.e. “opposite sides are parallel” and “opposite sides are of equal length”. How-
ever, these characteristics are equivalent, meaning that each of them suffices
for a proper definition of the parallelogram. Therefore, the definition should
include only the first characteristic, which is quite appropriate for the notion
parallelogram, whereas the second one should be omitted and proved separately
as a theorem.

2) We can prove that a= 1.

This formulation implies a conclusion that this is an assertion, a theorem.
However, a° = 1 is a definition reached by consent which is introduced in order
to have the rule of dividing powers a”: a” = a”" also hold for the case m = n.

3) Straight lines meeting at a right angle are called perpendicular lines.
An angle whose legs are perpendicular to each other is called a right angle.

This is an example of a circular definition: perpendicular lines are defined
by means of a right angle, and a right angle is defined in terms of perpendicular
lines. It is actually not clear what is defined.

E 3. Students start with their education in teaching mathematics by atten-
ding the first workshop in teaching mathematics called NOTIONS IN MA-
THEMATICS I. That topic is dealt with at lectures much later, but it was se-
lected for the purpose of checking the level of students’ foreknowledge on such an
important mathematical issue. Mathematical notions students have to define in
this workshop are the following:

Ellipse, homothety, complex number, convex set, taking a root, quadratic equa-
tion, logarithmic function, zero of a polynomial, orthocentre of a triangle, inversely
proportional quantities, polynomial, percentage, right angle, area, relation, sphere,
similarity, translation, vector, altitude of a parallelogram.

The results are as expected: very poor. They show that students” knowledge
referring to mathematical notions is rather confused. Their works rarely offer a
correct definition. Without knowing the principles of defining a mathematical
notion at that moment, students enter everything they know about that noti-
on into their definition (examples, properties). In this way, instead of a short,
precise and complete definition of a notion, there arises a comprehensive text
on the basis of which one cannot figure out what it is about!! Such confusion,
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which can also be called ignorance or lack of knowledge, could not be a means for
successful classes. Results imply that a serious approach to this topic is requ-
ired. Later on, in the chapter dealing with ways of thinking, the topic is met-
hodologically worked out in detail, after which there follows a workshop in
teaching mathematics called NOTIONS IN MATHEMATICS II. Students

are expected to define the following mathematical notions:

Central symmetry, function, hyperbola, isometry, angles, rectangular
parallelepiped, linear equation, logarithm, skew lines, perpendicular
planes, pyramid, proportional quantities, rectangle, solution to simultane-
ous equations, perpendicular bisector of the segment, chord, trapezoid,
cylinder, volume, closed interval.

Needless to say that the results are much better now, although the knowled-
ge is still not as good as it should be. Some gaps in knowledge are rather dif-
ficult to be filled in, and in order to teach mathematics successfully, students
must have a complete overview of the topic in question.

¢ In the process of cognition and introduction to the laws of nature rese-
archers apply special means, i.e. scientific methods of research. Fundamental
methods of scientific thinking and research are as follows: analysis and synthe-
sis, analogy, abstraction and concretisation, generalisation and specialisation,
induction and deduction.

There follows a brief description of these methods:

Analysis is a scientific research method based on breaking down the unit as a
whole into parts, studying its parts and drawing conclusions on the unit on the
basis of the obtained results. The opposite is synthesis.

Analogy is one type of similarity. Inference by analogy is a mental procedu-
re whereby from observing that two objects coincide in a certain number of
properties or relations, a conclusion is drawn that they also coincide in other
properties or relations which were not directly observed on one object.

Abstraction is mental extraction of a general important property of the object
or phenomenon under observation from other properties which are not impor-
tant for a particular study, and rejection of these unimportant properties. The
opposite is concretisation. It might be characterised as a mental activity which
unilaterally focuses on some side of the object under observation excluding the-
reby relations with its other sides.
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Generalisation is a transfer from observation of the given set of objects to
a corresponding observation of its superset, i.e. generalisation of methods by
which a border between the given set is crossed and more general notions and
assertions are made. The opposite is specialisation, i.e. a method which strengt-
hens the internal structure of the given set of objects.

Induction is a method of inference through which a new general proposition
is obtained from two or more individual propositions. As a method of resear-
ch, induction implies the following: while observing some set of objects, special
objects from that particular set are observed and those properties of theirs are
determined which are then assigned to the whole set. The opposite is deduction.

¢ Working as a mathematics teacher in class differs a lot from working as
a mathematician-scientist, but there are some common characteristics. Either
individually or supported by their teacher, pupils also discover new mathe-
matical truths. It is especially important to find the way towards independent
creative work of pupils. Therefore scientific methods are mentioned which are
important for modern mathematics classes. They provide a strong link between
mathematics as a subject at school and mathematics as a science. By selecting
suitable problems and applying these methods, a creative teacher might educate
and train pupils for work close to scientific.

E 4. During classes 2 mathematics teacher often says: “the analysis shows’,
g Yy Y

“let us look at several concrete examples’,“analogously’, “this series of facts infers

the conclusion’, “the result of these observations is a generalisation’, “by specia-

lisation we obtain the formula’, “mathematical sets are abstract’, etc. Do pupils

understand these words? How can we check whether they do?

The problem we face is a serious one, since even mathematics students ma-
joring teaching profiles have problems understanding the aforementioned no-
tions. Therefore, at a rather eatly stage of their mathematics education and in
accordance with their age, pupils should get gradually and adequately taught to
analyse, synthesize, concretize, abstract, induce, deduce, generalise, specialise, obser-
ve analogies, regardless of the fact whether they will seriously deal with mathe-
matics later on or not. In contrast to common acquisition of matter, this repre-
sents a higher level of education in mathematics, and mathematical inference is
invaluable since it might be applicable to many other activities.

E 5. Pupils’ failures in mathematics and lack of knowledge are partially a
consequence of the fact that classes are primarily conducted at a lower level
where matter is to be learnt whereas a higher level is entirely neglected.
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E 6. In mathematics classes synthesis is usually not preceded by analysis, whi-
ch influences significantly clarity of teaching and understanding of the problem,
reducing at the same time a cognitive value of the teaching process itself. To a
certain degree, analysis is necessary in every research and should not be avoided.

An example illustrating the importance of analysis are textual tasks. Why
do these tasks often cause a lot of troubles both to pupils and teachers, so that
some teachers tend to avoid them? The explanation might be found in the natu-
re of the tasks themselves. Every such task actually consists of two tasks: com-
pilation of equations by translating from a common language into the language
of mathematics and solving equations. The former is not always easy; it requi-
res certain mental effort and knowledge of the procedure of analysis, assuming
sometimes that pupils know without any explanation. This is the point troubles
start from, the result of which is most frequently repulsion towards such pro-
blems. However, reducing the problem to solving equations is extremely useful,
since it enables development of logic thinking, inventiveness, observation and
capability of conducting independent minor research. Thus, it is not good to
avoid such problems, but to explain them in a methodologically suitable ma-
nnet, in order to have them fulfil their purpose of education.

¢ Mathematics emerging is a concrete and inductive science, whereas math-
ematics itself is an abstract and deductive science. What is the situation like with
a mathematics teacher in that respect? Primary school mathematics classes are
also primarily concrete and inductive. A mathematics teacher comes to abstract
propositions, generalizations, by observing concrete objects and concrete exam-
ples as well as by inductive inference. That way is close and adjusted to pupils of
that age. The inductive procedure consists of a series of inductive steps which
lead to understanding a general. It starts with concrete objects and special cases,
inductive inferences are obtained by analogy, and we try to generalise the facts
observed. It means that induction is closely related to concretisation, specialisa-
tion, analogy and generalisation. Advantages of applying induction are as follows:
realisation of the principle from easier to more difficult, from simple to more
complex, studying new abstract notions and expressions through observation
and checking, guiding pupils to learn and use new notions, stating new asser-
tions, etc. There are quite a lot of contents in school mathematics which require
an inductive procedure, some of them being various rules, laws, formulae, theo-
rems, especially if they are not strictly derived or proved.

The opposite is deduction, which is carried out after induction and on a hi-
gher level of mathematics classes and pupil’s education.
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E 7. Inductive teaching requires an adequate number of individual and
special cases. Often a mathematics teacher considers an insufficient number
of such cases, so that derived assertions become unconvincing and unclear, a
consequence of which is pupils’ lack of knowledge. Another frequent teacher’s
failure is that he/she does not give a chance to a greater number of pupils to
participate in the process of building an inductive series.

E 8. Derivation of generalisations is also a critical point of mathematics cla-
sses, since some pupils have problems understanding the transfer from concrete
and individual to general. Therefore, a mathematics teacher has a responsibility
to make this transfer as easy as possible.

¢ Analogy represents a very important scientific procedure. It permeates
our thinking, everyday speech, creativity, but demanding scientific research as
well. Analogy is also very useful in mathematics classes. During a class, a mat-
hematics teacher usually says or asks: “similarly’, “analogously we obtain’, “in the
same way we prove’, “triangles coincide’, “this is a related task’, “which relation
are figures observed in?",“here we might repeat the described procedure’, “what
in space corresponds to a rectangle?’, etc. These simple sentences have a deeper
meaning and an important goal. By repeating such structures a teacher delibe-
rately points out analogy. In this way analogy becomes a vivid means of linking
and easier mastering of mathematics contents, since certain previously maste-
red contents are revised, encouraging thereby development of pupils’ creative
thinking and creativity in general. While solving a problem, pupils concentrate
on observation of some similar or related problem and imitate the procedure of
solving it. What is more important, analogy enables the teacher to constantly
alter teaching aspects and methods for the purpose of improving classes and
making them more efficient.

E 9. Analogy has not been used enough in mathematics classes.

That is a pity, since there are so many related objects and their properties.
Let us mention only a few: triangle and tetrahedron, square and cube, paralle-
logram and rectangular parallelepiped, circumference and sphere, circle and sp-
here, rules for numbers, ellipse and hyperbola, analogous formulae, etc.

E 10.If, by describing a certain mathematical content, textbook authors did
not describe a possibility of applying analogy, then most frequently it will not
be used in the class.
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On the basis of the aforementioned, it can be easily concluded that scientific
methods have their place in mathematics classes. With one remark: a mathe-
matics teacher does not have to be a scientist to be able to apply correctly and
appropriately the scientific principle and scientific methods. This offers itself
in mathematics classes. Solving a problem includes something discovering and
something creative. Therefore, a teacher is only required to encourage curiosi-
ty and independent mental work with pupils and to show them ways to new
discoveries. If scientific procedures are applied adequately and correctly, with
a feeling for complexity of mathematical contents and mathematical ways of
thinking, taking into consideration mathematical capabilities of every indivi-
dual pupil, mathematics classes might be expected to be successful. Otherwi-
se, pupils will have major problems mastering the contents in question, and
in time they might get a wrong impression that mathematics is more difficult
than it really is. Unfortunately, in mathematics textbooks, and consequently in
mathematics classes, not enough attention is paid to the regularity of applying
scientific procedures. For elaborations of some mathematical contents it might
be even stated that from that point of view they are wrong. And this violates
the scientific principle.

(translated by Ivanka Fercec)
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AN EVERGREEN PROBLEM

(Supported by the Croatian-Hungarian Intergovermental
S & T Cooperation Programme 2005-2007.)

Emil Molnar!

(To the memory of my Mentor, Professor Ferenc Kirteszi
on 100* Anniversary of his Birth)

Abstract. The problem of Robinson and Cannibal is seemingly of Russian origin(?).

As my former colleague Ldszlé CZACH told me (at an entrance exam of mathe-
matician students, when he asked it at a competition winner, who solved the first
formulated problem - see later on - in 5 minutes), it can be found in a problem
book of SHKLIARSKII-CHENTSOV-YAGLOM (I did not find the source

exactly).

The problem is an exiting challenge for children in various ages, from the secon-
dary school up to university studies, as well.

Robinson lives in an island at the centre of a round lake of unit radius. Someti-
mes he boats to the coast for food, but once he has noticed that Cannibal endan-
gers him, running on the coast with unit velocity.

1) How big has to be the boating velocity of Robinson - at least - so that he can
arrive to the

coast sooner than Cannibal will be there? (Robinson’s speed in running is enough
to escape.)

2) How many time units does Robinson take for this manoeuvre, at least?
3)What is the best strategy for Robinson and for Cannibal?

As idealization we assume, of course, that they see each other. They can change
their directions in zero time without changing their maximum speed. The exact

! Emil Moln4r, Full Professor, Budapest University of Technology and Economics, Institute
of Mathematics, Department of Geometry, H - 1521 Budapest XI. Egry J. u. 1. H. II. 22,, €-
mail: emolnar@math.bme.hu
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formulation of the problem needs certain abstraction. More concrete data for the
lake- radius, for Cannibals speed, etc. may help (1?) to solve the problem.

Finally, it turns out that the first /beuristic/ /solution /(by intention of the pro-
posers of the problem) provides /good/ /estimates, only/. The /complete solution

/needs numerical methods, “simple” by computer, no more elementary.

So we arrived at a new field as /optimal controll theory,/ very important in con-
temporary mathematics, with a lot of applications.

Key words: methodology of problem solving, introductory motivation to optimal
controll theory.

1. Intentions, heuristic solution of problem

Problem solving is the most natural human activity. Everybody finds certain
tasks in his work. Mathematicians solve various problems and develope specific
methods for newer more difficult problem circles.

Teaching problem solving is the most important aim of teaching mathema-
tics. Georg (Gyodrgy) POLYA wrote wounderful books on the methodology
of these topics (see e.g. [P48]). Thus he further developed the Hungarian tra-
ditions. Living documents for this is the Mathematical and Physical Journal for
Secondary Schools (Kozépiskolai Matematikai Lapok, in Hungarian, since 1894,
founded by Daniel ARANY). There are many problem collections on Hunga-
rian mathematics competitions (see e.g. [M89] of the present author, where the
methodological aspects can be found as well).

My Mentor, Professor Ferenc KARTESZI was also a master how to mo-
tivate new mathematical fields by an attractive, natural introductory problem.
His scientific book [K76] also shows this intention. I learned a lot of nice geo-
metrie topics from his Hungarian book series (see e.g. [K66]).

This paper intends to expose such a problem. Children had already read
the story of Robinson Crusoe by Daniel DEFOE in eatly grammar school age.
This can motivate their efforts to understand the problem in the summary abo-
ve. Some figurative models may help in understanding. Fig.1 here only illustra-
tes some important concepts.

A first one is the angular velocity. Let V =| V| denote the maximal booting

velocity of Robinson (briefly R), V=V is the maximal running speed of a
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cannibal, let his name be also Cannibal (C). Then R can balance C’s run by

\%
circular boating of radius , 7, where r denotes the radius of the lake. That
means, then they have the same angular velocity

Ap - -V v
m::Ait:(pzq]:?: y .
(,,j (1.1)
V

v

Thus in a circle of any smaller radius than -7, R can reach a point opposite

to C related to the lake centre, denoted by O. Elcreasing his radius step by step

v
till P= 7, R will be opposite to C, i.e. O lies between them, their angular
distance is just . Now R cannot improve his position further with respect to

v

11_1 <E@L<K
N 7 D PR (1.2)

i.e. he arrives in less time than C reaches the meeting point M. By the inten-

v
C. Thus he tries the shortest way RM =7 (1 - j in time

tion of the source book mentioned in our above summary, this is,.the solution’,

1

resonable enough at the first glance. The speed E ~ m of R related to

that of C is much more better than the direct,brute force” estimate
romw oy
v v o v (1.3)
Of course, we applied idealization by assuming that C follows the shore,

without difficulties. If C changes opposite direction then R also "reflects” his
motion in the same moment, if necessary.

We see that these arguments do not provide any time estimate, and do not
guarantee the optimality yet.

My chess colleague in the university team BEAC, Ferenc DEAK called my
attention to this circumstance, tanks to him. This will be discussed later on in
Section 3.
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2. Time estimate by differential equation
In Fig.2 we sketch the idealized situation in a Cartesian coordinate system

(O, x, y) where polar coordinates (" ’ (P) are introduced as well.

Robinson (R) starts boating at O with velocity vector v of his maximal

speed V = v, moving away Cannibal (C). He starts from C(r,0) at the x-axis,
say in positive (anticlockwise) direction, with velocity vector V' of his maximal

-V V
speed V' =V |. R can follow the angular velocity ® = P ¢= " I (t deno-

tes time variable) of C. That means, his angular velocity will be (p = \|/ , where

V=0+T He guarantees this by his velocity component Vv proportional
with C’s velocity V as follows:

C: X=rcoso (p:Kt V:X:—rsin(p-(b (sz

r r
Y =rsing Y=rcosq-o (2.1)
R(xy): x=pcosy V= X=pcosy - psin y -y
(@,v) y=psiny =V, + V,: y =psiny +pcosy -y
Now, the angular velocity argument yields
(2.2)
v, =—BV, Le. psin\y~\|} =—p(—rsin (p(pj
r r
. . (2.3)
pPCoS -\ = _p[ rcoscp«pj
r

y
implying ¥ =¢ +71 = 7’ + 7, indeed. Then

2 2 2 2 2 y 2
v=|VI=Mx +y zJp +p'e =.p +p’ (2.4)

2
r
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provide a separable differential equation for P(?) and its solution:

2 2

: V v .V
vi=p erzr—2 , hence P(UZ;VSH??Z (2.5)

|4 T v
—te|0,— |, t 0,—r |
forr G{ 2} p()e{ V’”}

We get in (2.2) the boating path of Robinson by substitution of P and V¥ :

X = Ly rsin 2—Vt
R(x.y): % b
——llr 1 cosz—Vt tel0, =l
Y7 P 2V (26)
v
This is half circle of radius DY% ' which corresponds

T
to the arc C(r,0), C'(r, E ), the quarter circle of radius r of Cannibal.

Now it comes the short way RM (as RM in Fig.1) for escaping just by

T 3n
formulas (1.2). Then C runs angle 5 = o to M in Fig.2. He makes this

way by its speed V' under time

3nr
TCZT;ZTR (2.7)

bigger than R’ s time. Equality is allowed here and also in formulas (1.2) as
idealization for the problem (since Rs run speed is enough to escape).

We have obtained a good estimate for the ,,optimal time” of R’ s
manocuvre, indeed.



42 Proceeding of the International Scientific Colloquium

3. On the optimality of the problem, the best strategy

It may be surprising that both ,solutions” above are not optimal in strict sense,
although they are satisfactory for a resonable manoeuvre.

The optimal solutions, however, are very complicated, just hopeless to deter-
mine exactly. A numerical computation (e.g. Maple) can help, of course, if we
formulate the best strategy correctly. We sketch this in this section by combi-
ning Figures 1 and 2.

To Fig.1 it was critical, why R did choose the shortest way RM in the last
step (why not a modification RM in Fig.1, or RM’ in Fig.2)? This is rela-
ted with a cosine theorem in a triangle ORM ith angle ROMZ = a. , or
in OR'M’ similarly. Or, why does not leave Robinson his optimal half circle

(Fig.2) earlier at a time ly,at B= 710 <, where his distance from O is

2
Voo v .V
ly)=—rsmp=—rsm—/
pls)= rsinB="rsint; ; (3.1)
Now from the critical triangle ROM (e.g. in Fig.1) holds

(FM)Z = (OP)Z + (OM)Z —2c0so(OR)(OM) (cosine theorem) (3.2)

i.e. we have R's time for boating the way by velocity v first:

2
RM = Jpz +r? —2preoso :\/(;j risin’p +r’ —2(;]rzsin[300sa,

RM r
o <@+ OL%V ,i.e. for 7> we get the unequality (3.3)

Vv
V
(;j En +a)’ —sinZB]+ 2(;]sin[3cosoc —~1>0.

These express that R arrives at the meeting point M not later than C. The
manoeuvre time will be

TS%(TH—B‘HX) of C. (34
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R has the optimal speed, smallest as possible for his manoeuvre. This will

determine the optimal B= ?t o and @ as well from the second order unequ-

ality (3.3)

v _ -sinBcoso + \/(Tc+oc)2 —sin’asin’pB
Vo (t+a) —sinp

=: f(o,B) (3.5)

/I
The minimum of the right-hand-side by @, P € {0’2} provides the opti-

v
mal v and T by (3.4) for Robinson. Our estimates in Section 1 and 2 refer

T % 1 3n r
to@=0,nd B= E‘Thenweobtained ; ZE and T S?; We can
T

check that, at @ =0, = E,

7T

@‘(0’)
2 <0 (3.6)
oo

does not lead to extremum, indeed. Exact computations are left to the Rea-
der, by computer. The system

o (,B) _ of(@,B)_
oo op =0 (3.7)

yields a cumbersome numerical problem for determining & and B, then

v

; .

You see that we have arrived at a problem of the optimal controll theory.

lys

Instead of Robinson and Cannibal we may consider aeroplanes or rockets and
ballistic missiles under other assumptions. Problems of astronautics arise also
in this field of mathematics and related sciences.

I thank my colleague Jend SZIRMALI for preparing this manuscript.
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MATHEMATICALLY GIFTED CHILDREN:
WHAT CAN WE TEACH THEM AND WHAT
CAN WE LEARN?

Vesna Vlabovié-Stetié¢!

Abstract. Psychologists have first started researching mathematical problem sol-
ving and giftedness in the 1920s. Studies made by Thorndike (mathematics) and
Terman (giftedness) have opened up these two new areas of psychology, which
still share many common features.

Definitions of giftedness can be classified into four major groups: innate or gene-
tic-oriented definitions, cognitive models, achievement-oriented definitions and
systemic definitions. The genetic-oriented approach emphasizes the importance of
inborn traits. More recently, it has turned to multiple intelligences, i.e. the notion
that giftedness goes beyond high intelligence and is reflected in various domains.
Cognitive-based studies and definitions of giftedness claim that cognitive functio-
ning of the gifted is different in particular domains. Thus, gifted mathematicians
are more efficient at processing numerical information, but they process verbal
information like average subjects. On the other hand, the verbally gifted are more
efficient at processing verbal information, while their performance in processing
numerical information is like that of average subjects. The achievement-oriented
approach stresses the importance of non-intellectual factors (motivation and crea-
tivity) for giftedness. The systemic approach emphasizes the role of various social
systems for the development of giftedness (the family, the school, the educational
system).

At present a great deal is known about the cognitive functioning of mathemati-
cally gifted children, their educational achievements and needs. We know that
some of their needs can be satisfied through acceleration and enrichment. The

1 Vesna Vlahovié-Steti¢, Associate Professor, Department of Psychology, Faculty of Huma-
nities and Social Sciences, University of Zagreb, I. Lu¢i¢a 3, HR — 10 000 Zagreb, e-mail:

wiahovi@ffzg.hr
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question that remains unanswered is how familiar teachers are with the specific
needs of gifted students and how well they are trained to work with them. Even
if teachers are aware of what they should be teaching, this is not enough. Nume-
rous studies have shown that new subject matter alone will not suffice — gifted
students also need support in their personal growth, which is particularly true of
curricula for the mathematically gifted. It is difficult to answer the question how
much teachers are aware of the socio-emotional needs of their mathematically
gifted students and how those needs are met in practice. Research has shown that
gifted students are willing to express their needs; all we have to do is be willing
to learn.

Key words: gifted children, definitions of giftedness, mathematical giftedness.

At the beginning of the last century some completely new fields of research
opened up in psychology, still a relatively young science at the time. In 1922, E.
L. Thorndike published his book The Psychology of Arithmetic, today regarded
as the beginning of psychologists’ research of mathematics. At the same time,
L. Terman started his extensive longitudinal research on the gifted, which led
to new insights into the development of gifted individuals, and significantly
changed the erroneous beliefs of the period (Terman and Oden, 1959).

In the meantime these two fields of psychology, research on the gifted and
on mathematical reasoning, have seen significant theoretical and empirical de-
velopment. The intersection of these two areas of research — mathematical gif-
tedness — may be what mathematicians find most interesting, both with regard
to theory and its practical implications.

There are a number of definitions of the notion of giftedness and various
approaches to it, which can be, according to Ménks and Mason (2000), classi-
fied into four groups:

e innate or genetic-oriented definitions

® cognitive models

e achievement-oriented definitions

e systemic definitions.

These approaches are scientifically-based and have important implications
for working with gifted individuals (Vlahovié Stetié, 2005), including the ma-
thematically gifted.
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The first group of definitions mainly emphasizes the importance of genetic
factors for the development of giftedness, which in no way implies denying the
importance of environmental factors. According to these theories, gifted indi-
viduals are those who have a particular characteristic to the greatest extentin a
particular population, which is largely determined by genetics. One of the most
famous recent advocates of this approach, Howard Gardner (1983), says: “The-
re are seven different specific abilities, talents or intelligences: logical-mathe-
matical, linguistic, spatial, bodily-kinesthetic, interpersonal and intrapersonal.”
Society defines giftedness based on its system of values. The western civilizati-
ons are more appreciative of some types of giftedness, such as verbal and mat-
hematical-logical giftedness. Thus the mathematically gifted are treated fairly
well — their abilities are appreciated in the school environment. Gardner points
out that every individual is a specific combination of the mentioned abilities,
and a high score in one area, for instance in mathematics, does not mean that
the individual is above average in other areas. In other words, a mathematically
gifted child is very likely to have mathematically gifted individuals in the fami-
ly (although this may be latent and not necessarily manifest giftedness), and
can be gifted only in the area of mathematics, whereas may be average or even
below average in other areas. Gardner emphasizes that it is important for tea-
chers to stimulate various types of talents or intelligences while teaching their
subjects — thus teachers of mathematics should think not only how to stimulate
mathematical giftedness but also interpersonal or musical giftedness through
their subject, while, e.g. history teachers should be thinking how to stimulate
mathematical giftedness.

The second group of definitions is directed at cognitive models. Sternberg
(2001) considers giftedness to be a path from being a beginner with potenti-
al to becoming an expert in a field. This development requires various skills:
metacognitive skills, learning skills, thinking skills, declarative and procedural
knowledge, and motivation as the main stimulator. Gifted individuals can com-
bine these elements in a superior way; they advance more rapidly and attain a
higher level of expertise than average individuals. Researchers within this the-
oretical framework have studied differences in cognitive functioning between
gifted and average individuals. New technologies have made it possible to use
complex stimuli, thus allowing new insights in the areas of problem solving,
reaction time, short-term and long-term memory. Dark and Benbow (1991)
showed that mathematical giftedness is associated with better memory for
numbers and spatial locations, while verbal giftedness is associated with better
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memory for words. The gifted differ according to the type of information that
they can retain in their working memory; they have no general capacity for re-
tention, rather, it depends on the type of information and the type of giftedness.
That is to say, we can expect gifted mathematicians to be superior in handling
numerical information, be better at storing such pieces of information in their
long-term memory and be better at their retrieval, which does not mean that
they will remember other types of information more effectively.

The third group of approaches are achievement-oriented approaches. Ren-
zulli (1986), the author of the three-ring theory of giftedness says: “Gifted be-
havior reflects an interaction among three basic clusters of human traits—these
clusters being above average (but not necessarily high) general and/or specific
abilities, high levels of task commitment (motivation), and high levels of creati-
vity. Gifted and talented children are those possessing or capable of developing
this composite set of traits and applying them to any potentially valuable area
of human performance”. Abilities, motivation and creativity can be represented
as circles of the Venn diagram. Giftedness is their intersection. In other words,
intellectual potential, such as the ability of mathematical reasoning, is not suf-
ficient for giftedness — the individual must also have motivation and creativity.
Renzulli says that gifted children do not necessarily have to exhibit all three
characteristic of gifted behavior, but that they should have a capacity to de-
velop these characteristics later in life. One issue that can be discussed here is
the relationship between mathematical giftedness and mathematical creativity.
This is a relationship present in various areas: creative individuals are also gif-
ted, but gifted individuals are not necessarily creative. The issue that arises is:
are only top professionals mathematically creative, or is there also creativity on
lower levels of mathematical knowledge? Sriraman (2005) discusses this issue
in detail and concludes that there is mathematical creativity in all age groups,
and that teachers can stimulate (teach) their mathematically gifted students to
be creative, thus expanding the subset of creative mathematicians in the set of
gifted mathematicians.

More recently, systemic approaches to giftedness have emphasized nume-
rous factors in the development of giftedness. Tannenbaum (1983) was the
first to offer a definition and a model of giftedness from the perspective of the
systemic approach. There are several factors which need to be optimal in order
for the potential of the gifted individual to be realized: general ability, special
ability, nonintellective facilitators (independence, internal locus of control, mo-
tivation, self-esteem, and flexibility), environmental support (from the wider
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and immediate environment), and chance. Each of these factors is necessary,
but is by itself insuflicient to realize the potential. A combination of four fac-
tors cannot compensate for a serious deficiency in the fifth, and their relative
importance changes with regard to the type of giftedness. Thus, insufficient
environmental support or lack of motivation or self-respect will result in the
objectively high potential not being manifested as giftedness. Society is res-
ponsible for environmental support, and one of the ways in which it must be
provided is the school system. Moreover, systemic approaches emphasize the
role of social values and society’s treatment of the gifted. If we give educational
support to gifted mathematicians but at the same time tolerate a climate where
they are treated as unusual children or eccentrics, we cannot expect adequate
development of the mathematically gifted.

Different approaches to giftedness stress different factors, but according to
Sternberg (2004) they also have some common points:

1. giftedness goes beyond the intelligence quotient
2. giftedness consists of cognitive and non-cognitive factors

3. environment is crucial for the realization of giftedness
How do these commonalities apply to mathematically gifted children?

1. Mathematical giftedness undoubtedly transcends the intelligence quoti-
ent, which was introduced as a measure of giftedness already by Terman. The
intelligence quotient is indeed a measure of general intellectual functioning, but
the general quotient alone does not reveal a child’s strong points, i.e. the area in
which the child may be gifted. Depending on the instrument, the quotient is
a measure based on a portion of various abilities (general and specific, such as,
e.g., verbal and numerical). The same intelligence quotient may be a result of a
higher portion of verbal or a higher portion of nonverbal abilities; these two me-
asures may not necessarily be balanced in an individual. Moreover, studies show
that the discrepancy between particular components of the quotient is greater
in intellectually superior individuals than in average individuals (Detterman
and Daniel, 1989, Wilkinson, 1993). It is also interesting to note that verbally
gifted children usually have a more balanced verbal and mathematical ability
than the mathematically gifted — their high numerical and mathematical rea-
soning ability will be more frequently accompanied by average or even below
average results in verbal abilities. In other words, the mathematically gifted are
less likely to be successfully identified if the intelligence quotient is used as the
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sole measure. Similar results are evident in case studies; and Bloom’s (1985)
retrospective study of twenty mathematically gifted adults showed that none
of them have learned to read before school and that six of them had difficulties
in learning to read. Although mathematical giftedness should not be equated
with general intellectual functioning, it should be noted that studies show that

intellectual abilities of the mathematically gifted are above average (Lubinsky
and Humphreys, 1990).

2. Mathematical giftedness is not only associated with abilities and knowled-
ge, but also with non-cognitive factors, such as flexibility, openness for the new,
tolerance for ambiguity, positive self-concept, curiosity, willingness to take risk
and task commitment (Wieczerkowski, Cropley and Prado, 2000). Wieczer-
kowski (1998, quoted in Wieczerkowski et al., 2000) identified two factors as
the basis of motivation to do mathematics in gifted children. The first factor is
children’s belief about the difficulty of mathematics associated with their belief
that they are capable of such achievement. The second is the child’s assessment
of the value of mathematics, which includes its interestingness, the possibility
of using it to fulfill some personal needs such as success, social status or a fee-
ling of self-worth, and the usefulness of mathematics to achieve life goals: aca-
demic success or getting a good job. Realization of mathematical giftedness is a
result of cognitive as well as non-cognitive factors; therefore, attention should
be given not only to the subject matter being taught, but also to children’s be-
liefs about mathematics and their attitudes to it. This is especially true of mat-
hematically-gifted gitls. Research on samples of the population tend to indicate
a more positive attitude of boys to mathematics (Hyde et al., 1990, Norman,
1977) and a greater math anxiety among girls (Arambasi¢ et al., 2005, Gietl
and Bisanz, 1995, Hyde et al., 1990, Ma, 1999).

3. Some gifted children may succeed without the support of their envi-
ronment, but they are an exception rather than a rule. Like all other gifted
children, the mathematically gifted need the support of their immediate en-
vironment (the family) and their wider environment (the school). The family
can nurture the child’s potential from a very early age. The family which shows
that it cares about the child’s achievement and secures educational support
(literature, access to workshops) undoubtedly facilitates the development of a
mathematically gifted child. The school is a system responsible for the child’s
development, which may provide the gifted with different types of support. The
most commonly mentioned types are acceleration and enrichment. In Croatia
two types of acceleration are possible: early entry to school and grade skipping.
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There are no other types, such as, for instance, accelerating a child only in the
subject in which he/she is gifted and which is of special interest to him/her
— for instance, enabling the gifted sixth grader to take mathematics with se-
venth graders and all other subject with his/her same-age peers. Enrichment
most frequently involves additional classes, and often converts into practicing
for competitions, so it is doubtful whether this really caters to gifted students’
need for new knowledge and activities. Moreover, the support of the school sy-
stem is commonly geared towards subject matter and not towards personal de-
velopment of gifted mathematicians. Along with mathematical knowledge, the
curriculum should also develop communication skills, teamwork and positive
self-concept, i.e. skills and knowledge that will be profitable to gifted students
on a personal level.

Cognitive psychology of education and cognitive developmental psychology
deal with abilities of children of various ages. It is certain that gifted mathe-
maticians can learn faster and more than their same-age peers. The question is
what they should be taught. The usual subject matter is not challenging enough
for the gifted. It should be deepened and expanded, maximizing the applica-
bility and the possibilities of elaboration of what is learned. Experienced mat-
hematics teachers will be able to choose subject matter that is appropriate for
children and that children find interesting.

Special attention should be devoted to changing teaching methods. The
children’s choice of teaching method should be respected, which means that
classical teaching should be avoided in favor of group work in small groups,
project work or tutoring. If we work with the gifted only on solving more diffi-
cult problems (those that appear at competitions), this also soon becomes not-
hing but familiar routine. They should be taught more complex skills, encou-
raged to acquire basic knowledge and not only specific facts, the subject matter
should be challenging and varied so as to encourage higher thinking processes
(synthesis, analysis, generalization, evaluation). Teaching the gifted must inclu-
de skills such as creative and critical thinking, heuristics and complex methods
of problem solving and decision making. They should be taught metacognitive
skills — skills of controlling their own learning and monitoring their thought
processes and knowledge. When working with the gifted, we should insist on
children being producers and not only consumers of knowledge (which is a
long-standing deficiency of Croatian schools) and teach them how to cleatly
and understandably present their work. All this, of course, applies to different
types of giftedness, but is particularly pertinent for the mathematically gifted,
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because they find it more difficult than for the verbally gifted to communicate
their achievements to the wider environment.

The answer to the question of what we can teach them is simple — neatly
everything. Of course, it is up to us to find a reasonable measure — to teach
them things that they find interesting, challenging, and that will ensure their
continued love of mathematics. In doing so, the overall wellbeing of students
should always be kept in mind. This means that emphasis should be placed on
subject matter that will contribute to the social and emotional development of
the child. A gifted mathematician should also be a happy child, well adjusted
to his/her environment. This is what adults need to learn — how to recognize
children’s boundaries and children’s needs and not go beyond them.
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DIFFICULTIES IN TEACHING MATHEMATICS
IN THE SECOND GRADE OF PRIMARY SCHOOL

Maja Cindri¢' i Josip Cindrié®

Abstract. This paper deals with pupils’ difficulties concerning adding and su-
btracting numbers in second grade of elementary school. The paper also gives a
statistical overview of pupils’ score in first term of the second grade and compares
it with scores of other three grades. It also gives an overview of a test taken in se-
cond grade, which assesses pupils’ knowledge on adding and subtracting. Additio-
nally, the authors suggest possible reasons for this poor score and offer alternative
solutions to this problem.

Key words: mathematics teaching, difficulties in teaching mathematics.
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CHILDREN AND SIMPLE COMBINATORIAL
SITUATIONS

Mara Coti¢', Darjo Felda?

Abstract. The present mathematics curriculum for primary schools in Slovenia is
for the first time richer in topics pertaining to statistics, combinatorics and prob-
ability, gathered under the common term ‘Data Processing— and this in the very
beginning of the education cycle (the first triennium).

The purpose of mathematical education is twofold: to develop mathematical
literacy and mathematical reasoning. In primary school mathematical literacy
should represent a goal to be achieved by all students. Developing mathematical
reasoning, on the other hand, is a very complex activity that is intended particu-
larly, though not exclusively, for students with a special interest in mathematics.
While statistics generally belongs to the field of mathematical literacy, combinato-
rics specifically helps to develop mathematical reasoning. In fact, by learning how
to solve combinatorial problems we encourage thinking and inference, develop
observation skills and a feeling for the equality-inequality relation; we try to cre-
ate order from disorder, look for similar or identical patterns, base premises on
different laws and perceive the structure of a system. It is not enough, therefore,
for teachers to be aware of the goals of teaching combinatorics; they also have
to be familiar with the model of developing basic combinatorial terms, which
has been adapted and completed after Bruner's model of mathematical notion
development. Roughly, the model consists of three levels: the enactive (concrete),
iconic (graphic) and symbolic. Each level is further divided into individual suble-
vels. The enactive level involves the setting and analysis of the starting problem
situation, with a subsequent performance of the activity with objects. Then, on

! Mara Coti¢, Associate Professor, University of Primorska, Faculty of Education Koper, e-
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the iconic level, a graphic representation of the performed activity is created, first
by means of a drawing or sketch and then by systematic representations (table,
arrow diagram and combinatorial tree). Finally, on the symbolic level, the activi-
ty is presented in an even more universal form, the problem being generalised. It
should be underlined that at the beginning of the education process children solve
simple combinatorial situations primarily through direct experience (play) on the
concrete level, while some of them are capable of solving combinatorial problems
on the graphic level as well. Given that children have different levels of abilities,
it is necessary in the teaching of these topics to apply differentiation as well as
individualisation.

The study of these topics in the higher grades of primary school and especially in
secondary school will reveal to the students the “heart” of mathematics: combina-
torial concepts are expressed through the language of set theory, while the results
and methods used in the theory of combinations are very useful and advantageo-
us in other fields of mathematics also, particularly in the theory of probability.

Future teachers should thus in the course of their studies develop the competence
ability to bring the understanding of simple combinatorial situations closer to
their students.

Key words: mathematics teaching, statistics, combinatorics and probability.

Introduction

Until recently pupils in Slovenia started learning combinatorics quite late (in
secondary school) and even then only at a formal level. The teaching of maths
in secondary school is mostly deductive and on an abstract level and although
the notions from combinatorics (permutation, variation, combination, etc.) are
totally new to students, teachers do not use appropriate examples and models
to explain them. This is certainly one of the reasons why students experience
difficulties in understanding them. Mialaret (1969) proved with his study that
even in secondary school the success of students understanding and solving
problems depends mostly on abstract and concrete formulation of them. Stu-
dents in secondary school have problems with understanding combinatorics
even if they manage to solve combinatorial problems with appropriate illustra-
tive examples and teacher’s help. They seem not to be used to concrete examples
when developing basic mathematical concepts and at the same time they have
not been introduced even to the most basic combinatorial situations, not even
to those, which closely relate to everyday life.
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Didactic instructions and aims

With the introduction of a new mathematical curriculum (1998) we wanted
to improve this failure by including combinatorics in the very first stages of
primary education (first triad), although many other countries do not have it
in their maths curriculum for primary school. In the first stages of education
combinatorics is not taught in a conventional sense of the word. Pupils are in-
troduced to its basics at a very concrete level through play, which prepares them
gradually for abstract thinking.

When introducing combinatorics at a primary school level there are dilem-
mas about pupil’s ability to solve this kind of problems at their age. According
to Piaget and Inhelder (1951) a child is capable of solving this kind of problems
only on the level of formal operations (11-15). The Piaget’s and Inhelder’s con-
clusions that combinatorics is not appropriate on the level of concrete operations
of child’s development (7-11) are based only on spontaneous children’s answers
without introducing these issues into lessons. Again, it is necessary to point out
that in the first years of education there is no real teaching of this theory because
the study of combinatorial situations demands methods to determine the num-
ber of elements of a finite set without counting them. Pupils do not use these
methods or they are only exposed to simple combinatorial situations in which
there are a small number of elements, which can be simply counted.

A number of didactic mathematical researches on appropriateness of in-
troducing combinatorics at the first key stages of education in primary school
have disproved Piaget’s and Inhelder’s statement. Here we point out two rese-
arches: the empirical research carried out by Fishbein in Israel already in 1970
and the research done in Slovenia in 1993 as a part of the project Renovation
of Primary Schools by M. Coti¢ and T. Hodnik. The issue was introduced into
schools according to a stage of development of children at this age. Pupils start
solving combinatorial situations directly through their experiences (games); it
means that they manipulate objects (their number should not be large) (Fis-
chbein, 1975). They use objects from their everyday life for activities suitable
for their age group. For example:

- they make necklaces (as many as it is possible) using wooden balls of va-
rious sizes,

- they put in order chips of various colours or models of geometrical figures,
cubes, etc. in every possible way,

- they make all possible numbers using given numerals,
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- following instructions they use given letters and syllables to create as many

different words as possible ... (Fischbein, 1984).

Doing these concrete activities pupils should find out with teacher’s help
that it is necessary to tackle certain combinatorial situations systematically. At
the same time we have to teach pupils to use various graphical presentations (a
tree, a diagram, a table, etc.)

In everyday life we are often bombarded with pieces of information that we
have to sort out and then be able to use them. Teaching how to solve combina-
torial situations is therefore very important because while doing it we:

- develop the ability of observation,

- develop the ability to estimate the relation of equality or inequality,
- try to create an order out of disorder,

- try to discern related or identical patterns and detect principles,

- become aware of a structural system (Felda, 1996).

Levels at solving combinatorial situations

When solving simple combinatorial situations or when learning new noti-
ons from combinatorics (permutation, combination, variations, etc.) pupils in
the beginning of primary school go through several stages. We adapt these sta-
ges from Bruner’s or Dérfler’s model of developing mathematical ideas (Kokol-
Volj¢, 1996). We have used the empirical research to check the successfulness
of this model; 180 pupils aged 7 to 9 participated in this research (Coti¢, 1998).
When we were testing them at the end of the project, approximately 80 % of
pupils were successful.

I.LENACTIVE (CONCRETE) STAGE
1. Setting up the starting-point for a problem situation

2. Analysis of the situation

3. Realization of activity: - Role-play
- Presentation using objects

II. ICONIC (GRAPHIC) STAGE
4. Schematizing of the activity (a picture, a sketch)

5. Schematizing of the activity using systematic ways (a table, a combina-
torial tree, a diagram)
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III. SYMBOLIC STAGE

6. Presentation of the activity in more general form (setting up the cal-
culus for each example)

7. Generalization of the problem

IV. USING THE DEVELOPED NOTION IN NEW SITUATIONS

(it acts as an instrument)

All these stages cannot be considered statically for the process of learning
these concepts does not follow exclusively the order of proposed stages. All
these levels have to be considered flexible and should be variously used in the
educational process. They can follow each other in order (for example: concrete
activity is represented with a picture that is then described and noted down by
symbols), but not necessarily as we can put the concrete activity directly into
symbolic level. We can even “perform a concrete activity” using a picture or just

describe the “sketched activity” and noted it down by symbols (Tomié, 1984).

It is important to stress here, that the concrete level must not be omitted
when forming mathematical ideas at the beginning of education when pupils
are at a stage of concrete thinking. It is also important that it should not be too
short. The too short stage of concrete level or even its exclusion are usually the
reasons for not understanding the basic mathematical notions.

Moving from concrete to abstract level does not happen in the course of one
lesson or a day but it is our long-term aim. There are, however, some characte-
ristics of transitions between the stages:

- students perform the activity using objects even on the highest level,

- students first concentrate on processes and intuitive relations and then on

answers or symbolic solutions with mathematical expressions,

- after a certain time of activities on a particular stage students can start

dealing with similar activities on a higher stage,

- students can anytime play the same game on different levels; a teacher just

supervises the moving to a higher stage,

- students have an opportunity to redirect the formation of their own pro-
blems and presenting operations (Labinowitz, 1989).

The shown model of how a particular notion of combinatorics can be deve-
loped is presented by a concrete example. For this purpose we took the concept
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of the multiplication rule of combinatorics as it is one of the basic concepts in

this field.
I Enactive (concrete) stage

1. Setting up the starting-point for a problem situation

Students between 6 and 7 years of age are given models of equal (congruent)
rectangles and equal (congruent) isosceles triangles, the baseline of the triangles
being of the same length as one of the sides of the rectangle. The figures are
different colours. The students are left to play with the models first: they use
them to compose various structures, sort them by colour or shape ... Then they
are presented with the following problem: How many different houses can you
make from triangles of three different colours (red, blue, yellow) and rectangles of
two different colours (green, orange) if each house is composed of one rectangle and
one triangle?

2. Analysis of the situation

The students analyse how the given problem situation could be solved: how
many and which figures the house will be composed of, what has to be taken
into consideration, how to recognise the same and the different houses etc.

3. Realization of the activity

The students compose the houses. Given the small number of rectangles
and triangles, the majority of the students will be able to find all the different
houses (6). Some students compose the houses unsystematically, thus ending
up with several “same” houses or missing some of the variants. Such students
should be helped by the teacher to understand that it is indispensable to tackle
combinatorial situations systematically if we wish to find all the different hou-
ses possible. Only a few students will immediately choose a determinate system
and follow it. In performing these activities the students should be encouraged
to describe in words their work or procedures.



64 Proceeding of the International Scientific Colloquium

II. Iconic (graphic) stage

4. Schematization of activity (a picture, a sketch)

In this step the students make pictorial presentations of the solutions they
arrived at by composing the models of the figures. They first make an unsyste-

matic image:

=

Figure 1. Unsystematic image

Some students discover a system and form, for example, two streets, each with

houses with facades of the same colour. Thus the following image is created:
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Figure 2. Two streets

5. Schematizing of the activity using systematic ways

The students are gradually taught to present the combinatorial situations

with a diagram, a table and a combinatorial tree.
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Figure 4. A table

Figure 5. A combinatorial tree
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II1. Symbolic stage

6. Presentation of the activity in more general form

From the table, diagram and combinatorial tree the students see that they
can calculate the number of all the different houses by multiplying the number
of the differently coloured rectangles by the number of the differently coloured
triangles; in our case: 2 -3 = 6,

7. Generalization of the problem (Formal rule)

To the rectangles of two different colours (green, orange) we add a white
rectangle. By means of the various pictorial presentations the students find out
that now the number of the different housesis: 3 -3 = 9.

To the triangles of three different colours (red, blue, yellow) we then add a
brown triangle. Based on the pictorial presentation the students write down a
calculation with which they calculate the number of all the different houses:

3-4=12.

By adding rectangles and triangles of different colours the students arrive at
the multiplication rule of combinatorics. If the composed selection is such that
we first choose among m possibilities and then, independently of the first selec-
tion, among » possibilities, then the number of all possibilities is: m - n .

IV. Using the developed idea in new situations

The notion of the multiplication rule of combinatorics is used in new pro-
blem situations (for example in problem situations from combinatorics and

probability etc.).

Conclusion

The described model how to develop the notion of the multiplication rule
of combinatorics was represented by steps for better understanding. But it is
obvious that the steps are closely linked with each other and it is difficult to
take them separately. They do not always follow each other in a strict order and
some of them can sometimes be even omitted (Kokol-Volj¢, 1996). That is why
we will not separate steps when introducing new notions from combinatorics.
We will present the forming of these concepts as a whole process. Pupils at the
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beginning of education in primary school usually do not go through all steps.
They reach the first five. It depends on pupil’s abilities and difficulty of com-
binatorial situation. As there are mixed ability classes in primary schools, it is
necessary to consider the teaching of combinatorics carefully and to stress the
individualization and differentiation of the procedure and demands.
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NATIONAL CURRICULUM FRAMEWORK
FOR PRIMARY MATHEMATICS EDUCATION -
- EUROPEAN EXPERIENCES AND TRENDS

Aleksandra Cizmesija’

Abstract. In this talk we present results of a research study on national curri-
culum framework documents for primary education in 11 European countries,
with a special consideration given to primary mathematics syllabi. We analyzed
the national curriculum frameworks of the following countries: Austria, Finland,
Ireland, Hungary, the Netherlands, Norway, Germany (Nordrhein - Westfalen),
Slovenia, Sweden, England and Scotland. These particular countries were selec-
ted to represent European countries with developed and successful educational
systems (Scandinavian and Anglosaxon countries), countries whose educational
systems had significant influence to the Croatian educational system during past
ages (Germany, Austria), as well as neighbouring transition countries with simi-
lar educational background to Croatia (Slovenia, Hungary). Since the analyzed
documents were published mostly after the year 2000, their comparative analysis
provides us to identify actual trends in primary mathematics education in Eu-
rope and to compare these trends with the current Croatian subject syllabus and
its implementation. The aim of our analysis was to identify similarities and com-
mon elements of all studied syllabi, as well as their particularities, and to deter-
mine to which extent they match the corresponding current Croatian documents.
In our opinion, recent European experiences can contribute developing the new
Croatian national curriculum framework for primary education. Moreover, they
can foster improvement of mathematics teaching in Croatian schools. The rese-
arch study was done within the MSES research project 0100500 Evaluation of
syllabi and development of curriculum model for compulsory education,
Centre for Educational Research and Development, Institute for Social
Research, Zagreb (senior researcher: Branislava Baranovi¢, Ph.D).

Key words: national curriculum, mathematics education.
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DYNAMIC MATHEMATICS CLASS AND
THE SMART BOARD
(Poster)

Sasa Duka?, Damir Tomié

Abstract, A few applicable examples of using the smart board in mathematics
class with lower primary students will be demonstrated at the conference. Using
the smart board in the mathematics class motivates pupils for active participation
in the educative process and makes the class more interesting.

Key words: mathematics class, the smart board

(translated by Daniela Dorcak)
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THE DYSCALCULIC CHILD,
MATHEMATICS AND TEACHERSTUDY STUDENT’S
(Poster)

Lidija Goljevacki', Aleksandra Krampaé — Grljusié®
Abstract. According to a poll which was conducted within the framework of the
course Teaching Mathematics among undergraduate ABDs enrolled in teacher
study programmes in academic year 2003/2004, prior to their employment stu-
dents are least confident about detecting children with special needs, designing
adjusted programmes, and teaching children with special needs. The paper deals
with possibilities and opportunities of gaining confidence and competence with
students enrolled in teacher study programmes aimed at successful integration of
children with dyscalculia into mathematics classes.

Key words: dyscalculia, children with dyscalculia, competence of students enro-
lled in teacher study programmes, confidence of students enrolled in teacher study
programmes.

1. What is dyscalculia?

Dyscalculia is a set of specific disabilities that affect a child’s ability to le-
arn mathematics. They can occur in all or just certain areas of mathematics in
children across the whole IQ range. Dyscalculia can affect a child’s ability to re-
member mathematical facts as well as their reasoning of time and money. Dys-
calculia cannot be prevented but we can help those children to develop needed
skills, which will help them to cope with those problems. Therefore, the most
important thing is to detect it as early as possible.
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2. Detected pupils in the primary schools with special needs in
osjecko-baranjska county in the school year 2006/2007

According to the recent data from January 2007 in Osjec¢ko-baranjska coun-
ty, there are 727 pupils with special needs, who have been integrated into regu-
lar classes. A special school model has been developed for those pupils. There
are also 95 pupils, who are only partially integrated in special classes. Table 1
shows that in the primary schools of Osjecko-baranjska county, 2.799% of the
total population are detected with special teaching needs, which is under the
world’s estimate 10% of the school population.

Table 1. Data about the pupils with special teaching needs in
Osjecko-baranjska county in the school year 2006/2007.

Number of Number of Number of School

Area schools classes pupils population
Osijek 20 396 9223 224
Osijek — surroundings 9 174 2899 91
Baranja region 11 215 3446 119
Donji Miholjac region 4 94 1753 48
Dakovo region 14 282 5488 150
Nasice region 6 161 3250 114
Valpovo region 6 156 3290 76
TOTAL 70 1451 29358 822

The research carried out among the teachers in Osijek primary schools
(Pavlekovi¢ and others, 2007) shows that there are more pupils who need adap-
ted or special programs when learning mathematics than the number of pupils
detected. The teachers involved in the process of teaching mathematics have
mentioned that one of the main causes is the lack of psychologists and special-
education teachers (therapists) in their schools.

The students at the Faculty of Teacher Training cannot achieve the impor-
tant competence and confidence for such work with pupils with special needs
because of the lack of specially trained teachers support in schools.
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3. How to recognize the dyscalculic child

e adopts the idea of a number later than an average child

e understands with difficulty the separation of the whole into the parts

e shows difficulties in making new entities

e has difficulty with the usage of numbers when reading, writing or calcula-
ting

e has a mirror image of numbers (reads number 6 instead of number 9 and vice
versa)

e shows confusion when reading or writing multi-digit numbers and/or has a
mirror image (example the number 43 reads as 34)

e has visual difficulties with calculation signs, confusing the sign “+” with the
sign“-“ and therefore misunderstands the mathematical operation

e repeats the same number of the same operation several times (if the pupils
added in the first exercise, they will do the same operation in the rest on the
same page no matter if the mathematical operations have changed in the next
exercise)

e has difficulty in remembering and recognizing the numerical data (example:
they will not recognize the phone number 580 042; unless it is written in this
way: 58 00 42)

o replaces one number with another, even those which do not have the similar

shape
e usually writes the spoken number incorrectly
e are slower than their peers
e has difficulties in adding correctly

® omits some steps in solving mathematical exercises

4. How to teach the dyscalculic child
e to teach and examine them orally rather than in a written form

e to use their already known experiences (students’ own experiences), exact
examples, experiments when teaching

e to use different stimuli — sight, hearing or touch when teaching new lessons

® to avoid pupil’s reading aloud
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® to use pre-teaching in accordance with their parents (child’s learning in ad-
vance)

e to check if the pupil has understood the content and definition

e to use the printed text and to avoid the usage of handwritten texts
® to enlarge the space between the numbers and rows in a text

e to bold the letters or digits whenever it is appropriate

® to avoid underlining because it can lead to the visual connection of the
letters

e to align the left margin

e to divide the text into smaller paragraphs; to use the hints or numerical orde-
rings in separate rows

e to mark clearly the important parts of the texts in their students’books (defi-
nitions, procedures, rules)

e to use the hints and not the whole texts when writing on the blackboard
® to separate clearly the exercises with the same mathematical operation

o to check if the pupil has understood the instructions when being examined
in a written form

o the teacher or some pupil-helper can read the exercise to the dyscalculic child
when needed

® to write fewer exercises on one page
e to write the exercises from the easiest to the most difficult ones

e to mark the sub-exercises which lead to the solution in more complex exer-
cises

e to limit the time when solving an exercise
® to praise and reward good work and nice behaviour

e to evaluate the motivation and their activities during the lessons; the mark
itself should be motivating



MATHEMATICS AND CHILDREN 75

5. How to develop the competence and confidence of the students
of the teaching studies for active involvement of the dyscalcu-
lic child into the teaching process

The experiences show that the students can achieve confidence and compe-
tence for successful involvement of the dyscalculic child in the teaching process
if they continuously work with at least one child during a longer period (at least
one school term) in their classes. During that time it is very important that the
student is actively involved in all stages of work with those children with special
needs. The students should start with the detection and end up with the evalu-
ation of the child’s improvement under the constant monitoring of the student
supervisor and the expert team of the primary school. The same work includes
the students’ cooperation with the child’s parents.

The work of the eleven-year-old dyscalculic child with additional difficulties in writing
— taken from the diploma of Kristina Dapi¢ 2007)
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In order to achieve the students’ confidence and competence in organizing
the teaching process (mathematics), in which the dyscalculic, dyslexic and dis-
graphic pupils are integrated, it is suggested to develop the strategy of the pat-
tner cooperation of the Faculty of Teacher Education with the primary school
(pedagogue, psychologist and therapist); where it is normal to integrate the
children into regular classes partially as well as completely.
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IS THE LANGUAGE OF MATHEMATICS DIFFICULT?
(The level of technical

anguage use among teacher training
college students)

Eva Kopasz!

Abstract, In this study we will analyse the problems of language use, both ma-
thematical language and mother tongue, in everyday life, in the scientific world
and during comprebension development. We will focus on the level of compre-
hension and use of some frequent algebraic expressions among training school stu-
dents. We will also examine whether students are able to find he right expression
to describe relationships and logical connections, whether they think or they only
rely on previous memories of exercised knowledge.

Key word: mathematics teaching, mathematics language.

1. Introduction

In Magyar Szemle [Hungarian Review] Gyula Kodoldnyi complains that
“the language of Mathematics displaces the language of words,” and the langua-
ge of this century will be the language of Mathematics. This statement draws a
gloomy picture of the language of Mathematics; on the other hand, mathema-
ticians believe that the lack of mother tongue competence results in difficulties
understanding mathematical problems. Our experience is that only those stu-
dents are capable of comprehending the language of mathematics who have a
good command of their own mother tongue.

In mathematics there are some simplifying procedures; for example the use
of symbols instead words to assist quicker description. Some simplifying aspi-
rations however can negatively influence problem solving. For example students

! Kopasz Eva, Assistant Professor, E6tvds Jézsef Féiskola, Department of Mathematics and

Computer Sciences, H-6500 Baja, Szegedi ut 2., Hungary, e-mail: kopasz.eva@ejf.hu
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tend to use the collective word “result” instead of “sum’, “difference’, “product”
and “quotient”. The lack of knowledge of the abovementioned words might re-
sult in faulty solutions. We do not agree with these simplifying trends, partly
because they endanger the colourful nature of the mother tongue, and partly
because students want to simplify even when it leads to serious misinterpreta-
tion of the problem.

Unfortunately we experience in our everyday lives that spoken and written
language has diminished, which result in the misinterpretation of words. Short
forms are typical of young people who communicate with each other in the
form of shortened words in text messages, and we are worried that these short
forms will penetrate spoken language, too. Henceforth, we believe we should
put more emphasis on the mother tongue and mathematical language use of
teachers of the future.

The process of ideation or making concepts in the beginning of primary
school studies is very closely linked to language. In his study Gondolkodds és be-
széd [Thought and Language] Vigotsky discusses the process of making every-
day and scientific concepts, their development and their interrelationship in
detail. His experiments proved that through adequate own experience and a
well structured syllabus “the development of scientific concepts precede the develo-
pment of spontaneous concepts” (p. 206).

Scientific concepts occupy a higher level of awareness than everyday con-
cepts. Moreover, he concludes that “the transmission of conclusions deriving
from everyday concepts to scientific concepts is uneven” Transmission is
obstructed by the fact that the content of scientific concepts does not overlap
or only partly overlaps that of everyday concepts, despite being paronyms. Vi-
gotsky often quoted the Russian author, Tolstoy, whose conviction was “words
hardly ever cause problems in understanding... the problem is when the con-
cept the word refers to is missing.’(p. 210).

Technical vocabulary is the result of long evolution.,Using terminology and
the consistent use of the situation the word refers to is difficult” (Szendrei, p.

399)

The language of mathematics is very exact; definitions only contain the most
relevant words and expressions. Mathematical definitions are henceforth dif-
ficult to understand, more difficult than a half page long elaboration. Longer
texts however are more problematical to memorise precisely, and it is to be fea-
red that important conditions are missed out. The same applies to the wording
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of mathematical problems: if they are given briefly then they are difficult to
understand, and conjunctions, suffixes and diacritic marks are of greater im-
portance than in any other subjects. However, due to misunderstanding or the
lack of understanding the problem cannot be solved or can give more solutions.
If students on the other hand were given long problem descriptions, they would
run away.

Definitions are only effective if students are already familiar with the mea-
nings of the different words.

“Only by means of definitions unfamiliar concepts cannot be introduced,

this is only possible by the abundance of adequate examples.” (Skemp, 1971)

This principle is often violated during mathematical education; even textbo-
oks make such mistakes. New concepts are vague without the great quantity of
examples, and this will result in comprehension problems. We often face this
problem in higher education.

In this paper we will examine what language problems do students of the
teacher training college of Baja have in elaborating on mathematical concepts,
definitions and logical connections.

2. Hypothesis

Problems of students face in the field of mathematics are of a linguistic ori-
gin. They use some words in their everyday meanings, and these often contra-
dict the mathematical meaning. Concepts behind the words are not clear, and
imprecision makes the learning of mathematics difficult. Targeted development
can improve problem solving skills (deriving from insufficient language compe-
tence).

3. Background

We have been monitoring mathematical knowledge, mistakes and com-
prehension problems of our students. On the basis of previous observations
we compiled a list of mathematical problems and the mistakes students often
make. We planned a comprehensive research among first year students. As a
first step, students were given a test in November 2005, and we wish to publish
the results in this paper. The test was written by 49 first year teacher training
students. The test consisted of three types of questions:
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a) those key-words were to be chosen, which make the statements true or false;
b) multiple choice questions (one solution, three distracters);

c) logical connections were to be filled in to make it a true statement.
Out of the 15 questions of the test, three were picked up for demonstration.

Later student-teacher conversations were taped, and we examined how stu-
dents can formulate questions relevant to a specific problem, and whether they
can correct their insufficient knowledge on the basis of these questions and the
answers given to them.

4, Evaluation of the test

4.1. Mark the answer which makes the statement true.

Products can be divided in a way that ............of its value(s) is/are divided
a. all

b. at least one

c. only one

d. at most one

Our aim was to learn if students,
e are aware of the meanings of at least, only and at most;

® apply wrong analogies during the solution process

Results are reflected in the following pie chart.

W all
O at leastone
W only one

O at nostone
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We conclude that for most students “at least” and “at most” do not convey
meanings. They believe that they are only redundant features, and they only
focus on words following them. They do not make an effort to find synonyms
for these words since these words are used imprecisely in everyday speech, too.
For example a sports commentator, if he considers the match boring, concludes
that the only event worth mentioning is that the referee fell. At least the audi-
ence had some fun. The word “at least” here means that this was the only event
worth mentioning. However, experienced mathematicians would have used the
word “at most” to convey the meaning more precisely.

Sums can only be divided if both parts are divided. Results show that stu-
dents applied this analogy on products, too. This is a typical analogical mistake,
which is quite frequent during solving maths problem:s.

4.2. Addition is associative (sortable). What does the statement mean?
a. Brackets are interchangeable and the sum remains the same.

b. Parts are commutative, brackets are interchangeable, and the sum remains
the same.

c. Parts can be bracketed provided that the order remains the same.

d. Parts can be added in any order, the sum remains the same.

Our aim was to check if students
® know the exact name of concepts;

e recognise logical connections.

Results are reflected in the following pie chart:

O2a.
W 2.b.
W2c.
m2d

The written test results echo oral test results. Primary school students “le-
arn” by the end of class four that addition is commutative, and the sum remains
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the same. We can add first the second value to the first, and we can add the 3¢
value to the sum later or we can add the sum of the second and the third values
to value one. In the first four classes of primary school it is especially important
in oral counting (for example to get full decimals as a partial sum). Later we
do not differentiate between these two features of addition so strictly, we apply
them together as the problem requires. This way these features will help and
not obstruct operations. Grouping alone does not involve changing the order.
In mathematics there are operations that are associative but not commutative.
For students on the other hand these features are interrelated and do not exist

independently of each other.

The word “grouping” is used in another meaning in mathematics and in
everyday life, as a synonym for set.

4.3. Complete the following sentence to get a true statement.
a. The quotient does not change if ..............

b. The quotient doubles if ..............

c. The quotient decreases into half if............

d. The quotient increases by 2if .......c.oovvviii

Our aim with the task was to find out
e if students know these correlations;

e how precisely they can express themselves in the language of mathematics

Results are reflected in the following pie chart.

The successful of the solve of third problem
100,00%
80,00%
Hm3 a
60,00% m3.b
40,004%, O 3.c
m3.d
20,00%
0,00% -
good partly good deficient no reply
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This task was left out by a lot of students, for different reasons. Students
might not have time for that, or they might have left it out deliberately because
it was not a multiple choice question or they simply do not like reading.

“Good” answer means precise answer that includes giving abstract correla-
tion. “Partly good” answers are those where students gave only one possible an-
swer for questions b, ¢, d and gave a unique solution for question a. For example,
“we divide and multiply by 2”.

In case a they typically used a preposition [in the Hungarian language a
suffix] that should have been used with addition and subtraction. It is a typical
mistake, and indicates an erroneous analogy: “If I increase or decrease the divi-
dend and the divider by the same amount, the quotient does not change’.

It is obvious from answers that students ignore the notion of zero. This ori-
ginates from everyday speech, where we do not start with zero when we count.
The majority of students made this mistake when they wrote: “I multiply both
of them by the same number”. Sentences like these are not altogether wrong
since they are correct except for one case (dividing by zero).

Unfortunately there was only one student who “managed to” divide by zero:
the quotient does not change if “I divide by zero”.

Most students wrote that if they increase a number and decrease another
one the quotient does not change. This indicates that students mix operational
characteristics and the correlations between the four base operations.

In case b some answers suggested that some students are not aware of the
difference between the dividend and the divider, and the majority of mistakes
originated from imprecise use of these concepts. Another typical mistake was
that they gave partial solutions, like “The quotient doubles if I double the divi-
dend.” However this is only true if the divider remains the same.

Typical mistakes in the answers:
I multiply it by 2.

I multiply both of them by 2.

I multiple one value by two.

I square the values.
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Questions b and ¢ were complementary questions, and this was reflected in
the answers, too. Those students who managed to complete sentence b correctly,
gave a good answer for sentence c.

Question d proved to be most difficult because students had not learnt the

formula. Only three correct answers were given, the quotient increases by two
it “I increase the dividend by the doubled divider”.

Although it was not stated that the divider will not change meanwhile, it
was a good solution compared to the others. Among incorrect answers there
were more references to doubling, and dividing by two. These answers should
be appreciated since similar expressions should have been used in previous an-
swers — instead of increasing or decreasing by two. Previous answers (to b or c)
suggest that students stored these incorrect notions in their long term memory,
and retrieved the information from there. In the new situation however they
gave the correlation more precisely, they thought about the answer, and did not
only rely on their memory.

5. Conclusions

The hypothesis cannot yet be fully justified since the evaluation of taped
discussions is in process.

However, on the basis of the written test, the following conclusions can be
made:

o Students memorise too many definitions without understanding their
meanings; they do not feel the necessity of giving conditions; henceforth they
are only capable of giving partial solutions.

® Mistakes in mathematics are partly of linguistic origin. During discussi-
ons most students could correct previous answers, and they realised their mi-
stakes.

o | we develop critical sense in students we might get positive results regar-
ding comprehension and composition skills.
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ASSESSMENT AND EVALUATION
IN MATHEMATICS EDUCATION

Zeljka Milin Sipus?

Abstract. Present changes in education system in Croatia, beside changes in the
national curriculum, involve changes in assessment and evaluation of learning
outcomes. The system of external evaluation has been introduced: the system of
national exams (for the secondary and the primary level) and the state baccala-
ureate (matura). In this talk, starting points, aims and experiences of the recent
national exams in mathematics will be analyzed. Other types of assessment in
mathematics will be discussed as well.

Key words: assessment, evaluation, mathematics education.
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ORIGAMI AND MATHEMATICS

Franka Miriam Briickler!

Abstract. Origami is the traditional Japanese art of paperfolding. Origami mo-
dels can be used for visualisation of geometric figures and polybedra, but also
to develop the mathematical way of thinking. Origami is easily incorporated in
math curricula on all levels of education.

Children can already at an early age encounter geometry through selfmade ori-
gami models instead of the usual already finished, solid ones. As they grow older
they are able to fold more complicated models and explore various properties of
polybedra, e.g. symmetry. Even the folding of non-mathematical models can help
develop mathematical abilities; for example, after making an origami table the
natural question arises: what size should be the paper from which one wants to

fold a chair to fit with the table?

Another aspect of origami enhances standard lessons about ruler-and-compass
constructions. Origami axioms enable us to make some constructions, like the
duplication of a cube, that are impossible to make with ruler and compass. The
reason is that ruler-and-compass constructions are geometric equivalents of so-
lutions of quadratic equations, and origami constructions correspond to cubic
equations. An additional benefit is that origami constructions are carried out
by folding instead of making them in the head or by drawing, This active aspect
makes understanding and following the sequence of construction steps easier, and
has the didactic benefit of developing deductive reasoning.

Key words: mathematics teacking, origami, geometrics construction.

Origami is a well-known japanese art of paperfolding (ori = folding, kami

= paper). The best-known origami objects are various animals folded from one

sheet of paper. Even such, apparently nonmathematical, objects are closely rela-

ted to geometry: after unfolding of the figure one can discover a pattern made
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up from polygons bounded by folding lines. Also, the whole object often dis-
plays some kind of symmetry. The most important connections between mat-
hematics and origami can be classified as follows:

1. Origami models of polygons and polyhedra;

2. Axiomatic approach analogous to ruler-and-compass constructions, but
with some additional possibilities;

3. Analysis of requiered dimensions for folding models o a specific desired
size;

4. Connections to higher mathematics, in particular topology and graph
theory.

Origami models of polygons and polyhedra

The models range from quite simple ones, which are suitable even for
smaller children (thus developing their space sense and motoric abbilities), to
very complicated ones requiring much patience and skill. Origami models of
polygons and polyhedra can be divided into the ones foldable froma s single
sheet of paper (these are more rare and usually they are models of polygons),
and models made from several sheets of paper (modular origami).

Example: A cube can be made from six square sheets of paper folded ho-
rizontally and vertically to the midlle (picture below, left; full lineas represent
mountain folds, and dashed lines represent valley folds). The six pieces (,mo-
dules”) folded to the form shown in the centre picture below and then put toge-
ther so that the flaps remain inside.

| ™
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Geometric origami constructions
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Traditional education usually involves teaching and learning ruler-and-com-
pass constructions. One of the main objectives of this is to develop deductive
reasoning, In the beginning 1990ies origami axioms were introduced (six Huzi-
ta axioms), and they have the same mathematical and didactic use as the classic
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Euclidean axioms for ruler-and-compass con- S

structions. Additionaly, origami axioms enable \f’ ® ’
us to do some constructions that are impo- ~ T
ssible to achieve with the ruler and compass. ~

Essentially, ruler-and-compass constructions P ﬁ-

enable us to solve quadratic equations, and ori-

gami constructions can additionally solve cubic q 1
equations. korist kao i klasi¢ni aksiomi za konstrukcije ravnalom i Sestarom, ali
imaju i neke dodatne prednosti. In particular, with origami constructions one
can solve the cube duplication problem (i.e. the construction of the cube root of
2 if a unit length is given) and the problem of the trisection of a general angle.

Example: The sixth Huzita axiom postulates that, for two points and two lines
there is a folding line such that by folding each point falls on one of the lines“ (picture
on the right). Analysis shows that this axiom constructs a tangent on two pa-
rabolas with given focuses and directrices, and that corresponds to solving the
corresponding analytical cubic equation.

Other connections
Origami can be used for inventive elementary math problems.

Example: If you have already folded a table, how big should the paper be to

fold a corresponding chair?

Primjer: If you fold a square paper so that all four vertices fall to the middle,
show that you have folded another square and find the relative area to the star-
ting square! If you fold the vertices from the center back to the midpoints of the
sides of the square you have folded, check that you'll get another square in the
middle and compare its area to the area of the beginning square.

Origami is also connected to higher mathematics, especially with graph the-
ory. The best-known connections consists in the following fact: If a flat origami
model is unfolded, the map resulting from the folding pattern is colorable with
two colors. This is a consequence of the corresponding graph (vertices are in-
tersections of folding lines, and edges are the folding lines) is an Eulerian graph
i.e. all vertices are of an even degree.

Let us finally mention that using origami in the classroom has many di-
dactic advantages: it develops problem solving skills, precise usage of mathe-
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matical terminology, usage of fractions, introduction of terms connected to
angles, areas, volume, congruence, parallel and perpendicular lines, conics etc.,
development of deductive reasoning and logic, development of cooperation, fo-
reseeing of outcomes, motoric abilities, aesthetic understanding, visualisation
skills ... Another good thing about origami is that open problems in origami
mathematics are still frequent, and in contrast to most open problems in mat-
hematics, these are mostly easy to explain, and even nonprofessional could con-
tribute important ideas for their solution. This makes origami an ideal method
for introducting the creative aspect of the science of mathematics.

A good web-page for starting to explore the connections between mathema-
tics and origami is Origami & Math, http://www.paperfolding.com/math/
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ATTITUDES OF THE STUDENTS
OF TEACHING STUDIES TOWARDS
MATHEMATICS

Irena Misurac Zorica®

Abstract. Faced with students’ unsatisfactory results in mathematics skills on
all levels of education we should constantly reassess the parameters which can
influence the process of their acquisition. Teacher in the first four grades is one of
the most important components in that process and influences the students to a
very large extent. At this level students are presented with the basic mathematics
contents which are a foundation necessary for acquiring more advanced concepts
in further education and make this period in mathematics education all the more
important. Teacher’s influence is exercised through ways of teaching and com-
municating with students, and even more through non verbal communication
through which he/she conveys his/bher attitudes, associations, as well as fears
either voluntarily or involuntarily. Therefore, in this paper we decided to conduct
a research into students’ — prospective teachers’ attitudes towards mathematics.
Since they will be teaching mathematics to the youngest segment of the student
population it is clear that their attitudes will implicitly or explicitly influence their
students’ results.

The starting hypothesis was that the teacher will teach mathematics better if he/
she has a more positive attitude towards it. In other words, the person who has
a negative attitude towards mathematics or has fears about it will not be suc-
cessful in teaching it. Students’ attitudes were collected through an anonymous
survey on a sample of 150 students of the 3rd and the 4th year all taking courses
in teaching young learners at the Faculty of Philosophy, University of Split. The
results obtained from the survey indicate that on the whole the students have a
good, but a not good enough attitude towards mathematics. Still, a large number

! Irena MiSurac Zorica, Lecturer, Faculty of Philosophy, University of Split, Teslina 12, HR
— 21 000 Split, e-mail: irenavz@ffst.hr
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of students show a fear of mathematics, and the associations they have with the
word mathematics are either neutral of negative. The respondents also believe
that only some rare contents acquired through studying will be of use in their
future jobs. We were surprised to find out that a large number of students did
not like mathematics in their high school education. Out of all the subjects they
will teach in senior classes of elementary school the least number of students has
chosen mathematics. The obtained results are unsatisfactory and set a task aimed
at changing such attitudes of the prospective teachers.

Key words: mathematics education, competence of teacher study students.
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PARTNERSHIP AMONG FACULTIES, SCHOOLS
AND FAMILIES FOR THE IMPROVEMENT
OF MATHEMATICS EDUCATION
OF THE GIFTED CHILDREN
(Poster)

Ksenija Mogus' i Silvija Mibaljevié

Abstract. In the year 2003 Small School of Mathematics (headed by M. Pavle-
kovié) was established within the framework of the project Methodology of Tea-
ching Mathematics approved by the Ministry of Science, Education and Sports.
The School was organized to develop self-confidence and competence of teacher
education students for mathematically gifted children. The partnership among
faculties, schools and families for improvement of mathematics education of the
gifted children within the Small School of Mathematics was announced on the
Congress of Mathematics Education Teachers in Zagreb, July 2004. (Goljevac-
ki, Mogus,2004).

Key words: mathematics education, mathematically gifted children, populariza-
tion of mathematics, partnership among faculties, schools and families.

The students of Small School of Mathematics are fourth-graders from Osi-
jek primary schools. During the school year teacher education students work
with the mentioned school population two periods a week using the method of
guided discovery learning. This education has been planned and monitored by
university teachers.

! Ksenija Mogu$, Lecturer, Faculty of Teacher Education,Osijek, Josip Juraj Strossmayer Uni-
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Implementing the Bologna process in Croatian institutions of higher edu-
cation a programme for the subject Mathematics and gifted children was created
by M. Pavlekovié and approved in the year 2004.The programme was designed
for teacher education students.

Apart from these students, the university teachers working in Departments
of Mathematics, Information Sciences and Psychology have also been included
in the programme in the last four years. The partnership among faculties, sc-
hools and families implemented in the Small School of Mathematics stresses the
process of thourough education of teacher education students working with
mathematically gifted children.

The special feature of this model is reflected in the closest and constant coo-
peration between university teachers and their students with the primary scho-
ol teachers, educators and psychologists that take care of the above mentioned
fourth-graders. Students and maths education teachers communicate with the
parents of the gifted children in an oral and written form.

The end of the academic year means the end of all educational activities
at Small School of Mathematics in that year. The end of the year is traditionally
accompanied by the final maths quiz made up by the teacher education stu-
dents and the group of university teachers. The gifted primary students, their
teachers and parents (brothers, sisters,sometimes grandparents) take part in
the quiz.

At the end of this academic year the fourth final quiz is going to take place at
the end of which the fourth-graders will be given certificates on regular atten-
ding the School and some symbolic prizes as well.

The benefit from the partnership among faculties, schools and families for
improvement of mathematics education of the gifted children is manifold and
can be noticed as:

1. stimulation of regular identification of mathematically gifted primary school
population;

2. stimulation of the gifted students to use their talents outside the school en-
vironment (teachers, parents);

3. creation of an appropriate environment where teacher education students
can develop their self-confidence and competence to educate mathematically

gifted children;
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4, setting the required precondition for establishing the expert teams whose
task is to identify primary school gifted students and monitor their learning
progress;

5. popularization of mathematics;

6. the opportunity for parents to invest into their childrens’ benefit and the
benefit of our whole society.
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EXPERT SYSTEM FOR DETECTING
A CHILD’S GIFT IN MATHEMATICS

Margita Pavlekovié,! Marijana Zekié-Susac?, Ivana Durdevié

Abstract. According to Jobnson (2000) mathematically gifted children have
needs that differ from those of other children. In order to pay special attention
to gifted children, teachers usually use mathematical competencies as the only
criterion for detecting such pupils. However, it is also important to include other
components while deciding about the giftedness in mathematics, such as cognitive
components of gift, personal components that contribute the gift development,
strategies of learning and exercising, as well as some environmental factors. This
paper aims to identify five main components of gift in mathematics based on
previous research, and to create an intelligent expert system that will support
teachers in detecting gifted children in the fourth year of elementary school. The
systems is based on decision rules and forward chaining inference engine used to
classify each pupil into one of the four output categories: (1) presumably gifted
child in mathematics, (2) child with a special interest in mathematics, (3) child
with average mathematical competencies, and (4) child with insufficiently deve-
loped mathematical competencies. An empirical research is conducted including
247 pupils, age 10, selected from different elementary schools in Osijek, Croatia.
Both, teacher and the expert system assessments, are obtained for each of the pu-
pils. The paper also compares the decisions of the expert system with the teachers’
assessments of pupils’ gift. The results show a significant difference among teacher
and system assessments, and that more pupils are identified as potentially gifted
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by the system. It implies that an intelligent system leads teacher to consider other
components of giftedness in mathematics, and therefore can serve as an efficient
methodological tool in detecting gifted children as well as in educating teachers.

Key words: components of gift, mathematics, intelligent expert system, if-then
rules, estimation of gift, t-test

1. Introduction

The importance of recognizing a child’s potential gift for mathematics is
emphasized by many authors (Johnson, 2005). The lack of exact definition of
the term gifted child (for mathematics) causes difficulties in determining gifted
children. There are various approaches to giftedness in literature (Vlahovi¢-
Steti¢, 2002) among which are the approaches oriented to: genetic factors ( Ter-
man, Oden, 1959), cognitive models (Sterberg, 2001), achievement (Renzuli,
1986), as well as the system approach (Tannenbaum, 1983). In order to pay
special attention to gifted children, teachers usually use only mathematical
competencies as criterion for determining a child’s gift. However, it is also im-
portant to include other components while deciding about giftedness in mathe-
matics. In this paper, we analyze the ways and reasons based on which a teacher
estimates a child in the fourth grade of elementary school as a potentially gifted
for mathematics and identify five basic components of gift in mathematics. Key
variables (attributes) and if-then rules are defined for each component as a basis
for developing a knowledge base for intelligent expert system that can serve as a
decision support system for teachers in determining pupils’ gift in mathematics
at the fourth grade of elementary school. The system is based on decision rules
and forward chaining inference engine, used to classify each pupil into one of
the four categories of gift.

An empirical research is conducted at the end of 2006, including 247 pupils,
age 10 (fourth grade), at 10 classes of different elementary schools in Osijek.*
Both, teacher assessment and intelligent system assessment are obtained for
each student, and the assessments are compared using statistical tests. The aim
of the research was to identify reasons for which a child is categorized as gifted,
as well as to determine the differences in teachers’ and system’s assessments.

* research is a part of the project Little school of mathematics started at the Faculty of Education
at the University of Osijek. Project was announced at the Congress of mathematical teachers in
Zagreb, in July 2004 (Goljevacki, Mogus, 2004), with the aim of rising the quality of educating

future teachers.
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The rest of the paper contains a review of previous research in that area,
followed by the artificial intelligence (AI) methodology used to develop the
intelligent expert system, as well as the model variables for determining the
potential gift in mathematics. After that the data about the examinees are des-
cribed, ending with the conclusion and guidelines for future research.

2. Review of previous research

Research in the area of intelligent systems in education were mostly focu-
sed on developing tutoring systems that can serve as a support in learning and
teaching a specific topic, with the possibility of including multimedia and per-
sonalized approach. For example, Stathacopoulou et al. (2005) propose to use
the methodology of neural networks and fuzzy logic for advanced student di-
agnosis process in an intelligent learning system. Their model enables a system
to “imitate” teacher in diagnosing student characteristics and in selecting the
learning style that suits those characteristics. The system is tested in the area of
learning vector construction in physics and mathematics. Results obtained by
the system are compared with the recommendations of a group of experienced
teachers, showing that the system is able to manage the diagnostic process, es-
pecially for marginal cases, where it is difficult even for teacher to bring accurate
evaluation of student. Canales et al. (2006) developed an adaptive and intelli-
gent web-based education system (WBES) which takes into account individual
student learning requirements and enables the usage of different techniques,
learning styles, learning strategies, and ways of interaction. The architecture of
their system follows the standards proposed by the IEEE — LTSA (Learning
Technology Systems Architecture), according to which the education systems
should be structured into five layers: (1) interaction of learner with the envi-
ronment, (2) learner-related design features, (3) system components, (4) im-
plementation perspectives and priorities, and (5) operational components and
interoperability (code, interfaces, protocols).

However, less research attention is given to the area of intelligent systems
for detecting children’s gift in particular areas such as mathematics. Johnson
(2000) emphasizes the importance and need for accurate detection and further
development of mathematical gift, as well as for including criteria other than
mathematical competencies.
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Saito et al. (2007) investigate the influence of collaboration among schools
and universities with the school teachers and university faculty members. Their
results show the following: (1) joint lesson planning, observation and reflection
contribute to the improvement of teaching methodologies, (2) faculty members
and teachers observe that students included in collaboration are more partici-
pative, (3) the linkage between students and materials, as well as among stu-
dents is necessary, (4) collaboration resulted in the development of collegiality
within schools and between faculty members and teachers.

Generally, previous research implies that there is a great expansion of Al
methodology usage in education, primarily in the area of tutoring tools in the
last few years. However, the area of determining the giftedness in mathematics
should be more investigated and it is necessary to design an intelligent system
that will support detection of gifted children.

3. Methodology

From the first appearance of the term artificial intelligence as a scientific dis-
cipline until today, a number of techniques have been developed with the aim
of creating intelligent machines (Russell, Norwig, 2002). Some of those te-
chniques are expert systems, problem solving, machine learning, natural lan-
guage understanding, speech recognition, pattern recognition, robotics, neu-
ral networks, genetic algorithms, intelligent agents, and others. Although the
paper is focused on designing an expert system for detecting children’s gift in
mathematics, it also gives the guidelines for upgrading the system with other
Al techniques, primarily neural networks, in order to classify pupils according
to their gift in mathematics.

Expert systems are computer programs able to replace a human expert in de-
cision making process (Misljencéevié, Marsi¢, 1991). Besides offering an advice
for making a decision, such systems are capable to explain decision process by
presenting the knowledge that was used by the system while making a decision.
For those reasons expert systems belong to so called «white box» methods that
are transparent in presenting their way of finding a solution. Expert systems are
usually used for problems that have a narrow domain, such as car selection, or
stock market trade, or diagnosing heart disease, or similar.

Structure of a standard expert system is presented in Figure 1.
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Knowledge Fact base
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engine

User
interface

Figure 1. Expert system structure

Knowledge base is the source of knowledge about particular domain acqu-
ired from an expert in that area (Ceri¢ et al, 1998). Knowledge can be repre-
sented in the form of production rules, semantic networks, predicate logic, etc.
Production rules were used in this paper as one of the most frequent form.
The base of facts presents a set of facts that describe the problem under con-
sideration (for example, facts can be pupil’s grades). Inference engine manages
a searching path towards the solution, where the search is conducted by exa-
mining facts in the base of facts, as well as knowledge in the knowledge base.
User interface enables communication between users and expert system, and it
also contains a mechanism for explaining a path used in finding a solution. It is
important to build a user-friendly interface in order to enable easy communica-
tion of humans with the system.

Knowledge in an expert system represents a set of information “structured
to be appropriate for usage in the process of problem solving within a pro-
blem domain” (Ceric’, Varga, 2004). Among a number of specialized software
tools called “expert system shells” that enable knowledge representation and se-
arch, we use Exsys Corvid, in which we define variables (i.e. attributes) in the
knowledge base, logic blocks and nodes that construct production rules, while
forward chaining is used as a search engine (Misljencevié, Marsi¢, 1991). Pro-
duction rules in intelligent systems differ from the rules used in sequential pro-
cessing in procedural programming, since they consist of (Misljencevié, Marsi¢,
1991): data describing the current state of environment, a set of rules in the
form: IF <condition> THEN <action>, and rule interpreters that determine
the order of rule execution. Each production rule is defined by a logic relation
with possible values of true (T') or false (F). For many real problems, in some
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occasions it is not possible to determine true or false value of a relation with
the certainty of 100%. Therefore, it is possible to introduce a certainty factor or
probability whether a condition is satisfied or not.

In order to create the expert system the following steps (phases) were used
in the paper:
1. defining the problem to be solved, and possible decision options
2. knowledge base design — defining variables (attributes)
3. defining production rules and evaluating options
4. user interface design
5. expert system usage

6. statistical comparison of assessments made by expert system and teachers

The knowledge base of the expert system is created on the basis of four years
of team work and research conducted by the faculty members, students, and te-
achers at Little school of mathematics at Faculty of Education, University of Osi-
jek. The results of that research match with the findings of Saito et al. (2007).
During the winter semester 2006/07, an expert in the area of mathematical
methodics was working in the collaboration with colleagues, students, teachers,
and parents, with a group of pupils from the fourth grade of elementary school
(age 10) that had special interest in mathematics. Knowledge acquired from li-
terature, heuristics concerning the methodology of teaching, completed project
assignments, as well as pupils’ achievements, were the construction threads for
creating the expert system knowledge base.

3.1. Defining the problem to be solved by the expert system

Expert system makes the decision about the category of a child’s gift (age
10). Possible options of the decision are:

A) presumably gifted child in mathematics — the pupil is motivated and sup-
ported by environmental factors towards it achievements. Her/his knowled-
ge, skills, and application of mathematics are on the level that overcomes
expectations of mathematics curriculum for that age. With the appropriate
teaching strategies teacher and mentor enhance and guide the development
of pupil’s competencies towards the realization of her/his gift. The pupil
learns actively, controls its progress and prepares for public assessment of its
knowledge and skills, i.e. competition in mathematics.
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B) child with a special interest in mathematics — the pupil’s knowledge, skills
and mathematical application is on the level or somewhat above the level
of expectations of mathematics curriculum for that age. However, a pupil
belonging to this category expresses an extra interest towards mathematics
and is also supported by the environment, although she/he is not willing
to expose its knowledge and skills to public assessment at competitions in
mathematics.

C) child with average mathematical competencies — pupil shows no interest
for additional practice in mathematics, but her/his achievements are on the
level of expectations of mathematics curriculum for that age. Appropriate
learning methods are used to systematically enhance the development of
pupil’s mathematical competencies.

D) child with insufficiently developed mathematical competencies — pupil
whose knowledge and skills in mathematics show that in order to achieve
expected mathematical competencies she/he needs an additional support of
parents and environment.

3.2. Knowledge base design — defining variables (attributes)

In the process of defining variables, i.e. attributes that will constitute the
expert system knowledge base, it is important to include assessment about
mathematical competencies of pupils, cognitive components of gift, personal
components that contribute the development of gift, environmental factors, as
well as efficiency of active learning and exercising methods that enhance the de-
velopment of mathematical competencies and possible realization of gift. Each
of the five model components is represented by blocks, divided into sub blocks,
i.e. groups of different competencies, and finally to variables that constitute
production rules. Depending on the importance (i.e. weight) of a particular
block for the decision, points are determined for each block. The framework of
the knowledge base model (blocks and sub blocks), together with appropriate

points, is presented in Figure 2.
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Figure 2. Components of mathematical gift included in the expert system knowledge base
together with points representing the weight of a particular component

The block of mathematical competencies (block I) includes four groups of
variables in the area of: (a) numbers and counting, (b) units and measurement,
(c) plane, space, and shapes, and (d) place value, ordering, rounding, and solving
problem situations. In that way, a child’s knowledge and skills in counting and
measurement, usage of mathematical language and communication, solving
problems and modelling, as well as skills of mathematical argumentation are
included in the assessment of gift. Each sub block is additionally divided into
variables whose values are loaded from the user, i.e. teacher. In the block of
cognitive components (block II), the intellectual potential is represented, deter-
mined by genetic factors of each pupil. In that block, by adjusting and changing
the strategies of active learning and exercising, we examine a pupil’s ability of
focusing attention, ability of finding a path towards the solution, and ability of
fast searching from long-term memory. From personal components that contri-
bute the realization of gift (block III), we observe: openness to new approach
of learning, positive image of herself/himself, autonomy (not being afraid to be
alone, fulfilled by activities they do, believing that they can influence their su-
ccess, being persistent in work, taking responsibility and initiative), resistance
to stress (perceiving failure as an opportunity for acquiring new experience).
In order to determine the giftedness in mathematics it is also important to
consider the improvement in active learning and exercising, described in block
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V, which includes: learning skills (distinguishing important from unimportant,
combining and organizing information in a meaningful structure, selective
comparison and connecting new information with existing ones in long-term
memory), thinking skills (judgment, comparison, assessment, estimation, eva-
luation, imagination, discovering and creating new, as well as bringing thoughts
into action), and metacognitive skills (planning exercises, “keeping track” of self
improvement, regulating its behaviour if it does not give certain results) in the
fourth grade of elementary school.

And, last, but equally important, the detection of giftedness in mathematics
is also influenced by environmental factors that can affect the development of
a potential giftedness towards its realization (block IV). Those environmental
factors are: support of teachers (additional courses), support of parents (help in
exercising mathematics, financial support), and support of mentor.

3.3. Defining production rules and evaluating options

On the basis of variables mentioned above, logic blocks are created in the
form of if-then production rules, whose logical values (true or false) imply appro-
priate evaluation of options of the expert system decision. Figure 3 presents a
part of production rules that form the block Mathematical competencies, sub
block Units and measurement.
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Figure 3. A part of the expert system knowledge base —Mathematical competencies

— Units and measurement block

The total knowledge base of the expert systems consists of 250 producti-

on rules grouped into five main blocks presented in Figure 2. The process of

evaluating options is defined on the basis of heuristics. The method used for

searching production rules is the forward chaining, meaning that the search

starts from the attribute values at marginal nodes and moves up accumulating

points towards the final goal — to make a decision about the category in which

the system places a child according to her/his gift in mathematics.

Each examinee x from set of examinees N, kN = 247, at i-th node v, of the

program is assigned with exactly w. points. The final system decision f(x) about

the membership of the variable x in one of the categories A, B, C, D that des-

cribe a child’s gift in mathematics explained in details in section 3.1., is generated

according to the formula:
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f(x):Zwi (1)

such that:

(A, 2622 < f(x) <3300

B, 1943 < f(x)< 2621 )
C, 1264 < f(x)<1942

D, 585< f(x)<1263

XEA

Categories A, B, C, and D are partitive subsets of the set N (the union of all
four subsets is equal to the set N, while the intersection of each two subsets is
an empty set).

3.4. User interface design

Using the Exsys Corvid software package, a visual user interface is designed,
aimed to conduct communication of the system with a user in two ways: off-
line (on a local computer), and on-line through a web interface based on Java
runtime technology. Criteria for designing the interface were the following:
simple usage, clearness, and availability to the final users through the web. An
example of a user interface window is presented in Figure 4. Using the interfa-
ce, a user enters the values of variables (attributes) that are considered as input
values by the system in production rules, and transformed into output values
for each decision option.
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Expert system for detecting a child's gift in mathematics
(in the fourth grade of elementary school)

[*]

The score of pupil's gift in mathematics: Conf=2770.0

The score of pupil's giftin mathematics determines the category inwhich the pupil helongs accarding

to the expert systemn decision.

Categories:

() 2622 - 3300 points = child is presumably gifted in mathematics

() 1943 - 2621 points = child has a special interest towards mathematics
() 1264 - 1942 points = child has average mathematical competencies

(d) 585 - 1263 points = child has unsufficiently developed mathematical competencies.

Figure 4. User interface of the expert system — the final screen

3.5. Expert system usage

After testing its formal and logical accuracy, the expert system is used to
detect children’s gift in mathematics in a survey conducted in ten elementary

schools in Osijek.

3.6. Statistical comparison of assessments made by expert system and teachers

On the basis of the conducted survey, a descriptive statistics of the asses-
sments is computed, the correlation coefficients are analyzed, and statistical
t-test for dependent samples is used to compare the difference in assessments
of teachers and the system.

4, Examinees

The survey included the sample of 247 pupils, age 10, from ten elementary
schools in Osijek, Croatia in December 2006. The smallest number of pupils in
a class was 17, while the largest number was 30. The sample is stratified since
two or three pupils from each of the selected classes with a special interest in
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mathematics attended the Little school of mathematics at the Faculty of Edu-
cation in Osijek. Data were collected using assessment lists of the children’s
mathematical competencies filled out by their teachers. By answering the last
survey question a teacher categorizes a child into one of the four categories
without knowing the results of the expert system. Therefore, it is possible to

. . ’ ’ . ’
examine the differences among teachers’ and system’s assessments of children’s
gift in mathematics.

5. Results

5.1. Assessments of gift given by teachers and the expert system

Descriptive statistics of the assessments of gift given by teachers and the
expert system is shown in Table 1.

Table 1. Descriptive statistics of assessments by teachers and the expert system

Variable Mean Minimum | Maximum Star.ld.?trd
deviation
Gift in mathematics ~ 2.287 1.000 4.000 0.837
teacher assessment
Gift in mathematics - 2.429 1.000 4,000 1.025
system assessment

Mean value of the teacher and system assessments denotes that the system
in average assigns children’s gift into higher category than a teacher, while their
standard deviation denotes that there is a larger deviation among the categories
of gift estimated by the system, i.e. teachers are more likely to categorize pupils
into categories close to each other. The t-test of differences in means indica-
tes that there is a statistically significant difference between mean assessments
of teachers and the system (t= 3.03972, p<0.002624, df=246). The Pearson
correlation coefficient between the teachers’ and system’s assessments is 0.3
(p<0.05), showing a statistically significant, although not strong, connection
among the two assessments.

Table 2 shows frequencies of pupils assigned to categories of gift according
to assessments of teachers and the system. It is obvious that the system cate-
gorize 19.03% of pupils into the highest category A — presumably gifted child in
mathematics, while teachers categorize a significantly smaller number of pupils
into that category (7.29%). The t-test of differences in proportions indicates
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that the difference in assessments for that category is statistically significant
(p=0.001). Although there are also differences in the number and percentage
of pupils categorized into other categories, only the difference of the category C
is statistically significant on the 5% level (p=0.0231). The system assigns 34%
of pupils into category C — child with average mathematical competencies, while
teachers assign 43.73% of pupils into that category, implying that teachers tend
to categorize most of the pupils into the average group. When category B is
observed — child with a special interest in mathematics — a larger number of pu-
pils is assigned by teachers than by the system, while the situation is vice versa
in the category D — child with insufficiently developed mathematical competencies.

Table 2. Frequencies of pupils assigned to categories of gift according to asses-
sments of teachers and the system

Teacher assessment System assessment T-test of
Category Number of o Number o differences in
pupils ’ of pupils ’ proportions
a 18 7.287 47 19.028 p=0.001
b 78 31.579 64 25911 p=0.1382
C 108 43,727 84 34,008 p=0.0231
d 43 17.409 52 21.053 p=0.2577
Total 247 100.000 247 100.000

Graphical representation of frequencies with the frequency histograms is
shown in Figure 5 — a) and b).

120

100

No. of obs.
2

b) teacher assessments
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Figure 5. Frequency histograms of pupil categories according to a) teacher assessments, and

b) expert system assessments

For better insight into the differences among the assessments by teachers and
the system, the rate of agreement is computed (see Table 3). Teacher and the
expert system agreed in categorizing 131 pupils, yielding the rate of 53.04%.

Table 3. Number and percentage of pupils with a match in assessments by tea-

cher and the system

Description Number of pupils %
Existence of match in assessments of 116 46.964
teacher and expert system

No match in assessments of teacher 131 53.036
and expert system

Total 247 100.000

In order to additionally investigate the agreement in assessments in relation
to categories, the confusion matrix presented in Table 4 can be observed.
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Table 4. Confusion matrix of the assessments by teachers and the system

Gift — system assessment Total number
Gift — teacher assessment A B B D of pupils
A 13 3 2 0 18
B 31 31 15 1 78
C 3 29 56 20 108
D 0 1 11 31 43
Total number of pupils 47 64 84 52 247

Values on the diagonal of the confusion matrix present the number of pu-
pils estimated in the same category by a teacher and the system. It can be seen
that the largest absolute match is present in category C — child with average
mathematical competencies, where 56 pupils are assigned into that category by
a teacher and the system. The reason for that is also in the largest number of
pupils in that category estimated by both estimators. The least number of pu-
pils assigned to the same category is present in category A — presumably gifted
child in mathematics, where teachers and the system agreed for only 13 pupils.
It is interesting to observe the numbers above and below the matrix diagonal,
which explain the differences in assessments by category in details. If we look
at the data in the first row of Table 4, 3 out of 18 pupils assigned to category A
by teachers the system categorized as B, 2 were categorized as C, while none of
them was categorized as D. However, 31 out of total number of 78 pupils that
is assigned to the category B by teachers, is assigned to the category A by the
system, while 15 of them the system assigned to category C, and 1 of them to
category D. Similar situation is in the third and the fourth row of the matrix,
where it is confirmed that the system assigns a large number of pupils into one
category higher than teachers. Data in columns of the confusion matrix show
the way in which teachers assessed pupils who are assigned to a certain category

by the system.

Table 5. Number and percentage of pupils with a match in assessments by tea-
chers and the system in relation to categories

Category Number of pupils %
A 13 9.92%
B 31 23.66%
C 56 42.75%
D 31 23.66%
Total 131 100.00%
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Table 5 shows the proportion of each category in the number of pupils that
are assigned into the same category by teachers and the system (for 131 pupils
that have a match in total). It is obvious that, when teachers and the system
agree in their assessments, they assign most of the pupils into the category C
(42.75%), while category A — potentially gifted child in mathematics consists of
9.92% of the total number of equally categorized pupils.

It can be concluded from the analysis of similarities and differences of gift
assessments that there are statistically significant differences of assessments,
especially for categories A and C, and that 9.92% of pupils is assigned into the
category of children potentially gifted in mathematics both by teachers and
the expert system. However, the system assigns more pupils to the category of
potentially gifted (19.028%), and also assigns a certain number of pupils into
one category higher than teachers do.

6. Conclusion

The paper discusses the reasons for determining a child’s gift in mathema-
tics, and differences in assessments of gift given by teachers and the expert sy-
stem. On the basis of previous research and heuristics, a model for assessing
giftedness of children in the fourth grade of elementary schools is suggested,
consisting of five main components of gift in mathematics. Besides mathema-
tical competencies, the model includes cognitive components of gift, personal
components that contribute realization of gift, environmental factors, as well
as the efficiency of active learning and exercising methods that enhance the de-
velopment of mathematical competencies and possible realization of gift. The
key variables are defined for each component of gift, as well as production rules
that constitute the knowledge base of the expert system for detecting a child’s
gift in mathematics. Using the knowledge base and the inference engine, the
expert system categorizes a child into one of the four categories of gift. The
assessments of children’s gift obtained by teachers and the expert system are
compared by statistical tests.

The results show that teachers and the expert system agree in their asses-
sments for 53.04% of pupils, and that there are statistically significant differen-
ces in assessments, especially for the category of potentially gifted children, and

the category of children with average mathematical competencies.
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Due to the fact that the expert system, which includes more components of
gift in its knowledge base, assigns more children into the category of potentially
gifted, it can be concluded that the usage of such system could influence tea-
chers to take other components of gift into consideration when deciding about
gift in mathematics. Therefore, the system could be used as an efficient metho-
dological tool in detecting gifted children as well as in educating teachers. Furt-
her research in this area could include students of education and psychologists
as assessment subjects, and focus on possible methodological improvement of
the software tool by including other techniques of artificial intelligence, such as
neural networks, genetic algorithms, intelligent agents, and others.

References

1. Canales, A., Pena, A., Peredo, L., Sossa, H., Gutierrez, A., Adaptive and intelli-
gent web based education system: Towards an integral architecture and framework,
Expert Systems with Applications, 2006, doi: 10.1016/j.eswa.2006.08.034

2. Cerié, V., Varga, M., Information technology in business (Informacijska tehnolo-
gija u poslovanju), Element, Zagreb, 2004.

3. Goljevacki, L., Mogus, K., Little school of mathematics (Mala matematicka
skola), Proceedings of the second congress of mathematical teachers (Zbor-
nik radova drugog kongresa nastavnika matematike), ed. Petar Mladinié. Za-

greb, Croatian mathematical society (Hrvatsko matematicko drustvo), 2004,
str. 150-151.

4.Johnson, D., Teaching Mathematics to Gifted Students in a Mixed-Ability
Classroom, Eric Digest, ERIC Digest #594, ERIC Document number is
ED441302, http://www.ericdigests.org/2001-1/math.heml, April 2000.

5. Misljencevié, D., Marsi¢, L., Artificial intelligence (Umjetna inteligencija),
Skolska knjiga, Zagreb, 1991.

6. Vlahovié-Stetié, V., Theories of gift and their meaning for the school practice
(Teorije darovitosti i njihovo znacenje za skolsku praksu), in: Vrgo¢, H. (ed.) En-
couraging gifted children and pupils (Poticanje darovite djece i ucenika), Zagreb,
Hrvatski pedagosko-knjiZevni zbor, 2002.

7.Renzuli, J. S., The Three-ring conception of giftedness: A developmental model
for creative productivity, in: Sternberg, R. J.; Davidsom, ]. E. (eds.): Conception
of Giftedness. New York: University Press, 1986.



116 Proceeding of the International Scientific Colloquium

8. Russell, S.J., Norvig, P, Artificial Intelligence: A Modern Approach, Prentice
Hall; 2nd edition, 2002.

9. Saito, E., Imansyah, H., Kubok, I., Hendayana, S., A study of the partnership
between schools and universities to improve science and mathematics education
in Indonesia, International Journal of Educational Development, Volume 27,

2007, pp. 194 —204.

10. Stathacopoulou, R., Magoulas, G.D., Grigoriadou, M., Samarakou, M., Ne-
uro-fuzzy knowledge processing in intelligent learning environments for impro-
ved student diagnosis, Information Sciences, Vol. 170, 2005, pp. 273-307.

11. Sterberg, R. ], Giftedness as developing expertise: A theory of interface between
high abilities and achieved excellence, High Ability Studies, Volume 12, Num-
ber 2,2001, pp.159-179.

12. Tannenbaum, A. J., Gifted children: psychological and educational perspectives.
New York: Macmillian, 1983.

13. Terman, L. M., and Oden, M., Genetic studies of genius: Mental and physi-
cal traits of a thousand gifted children. Stanford: Stanford University Press,
1959.

Acknowledgments:

The authors are grateful to the software producer Exsys (bttp://www.exsys.com)
for enabling them to use an extended evaluation version of the Exsys Corvid expert
system shell for this research.



MATHEMATICS AND CHILDREN 117

In Memoriam
Boris Pavkovié, Full Professor

1931 - 2006




118 Proceeding of the International Scientific Colloquium

BORIS PAVKOVIC

(portrait of a distinguished methodologist

and popularizer of mathematics)

Mirko Polonijo’

Abstract. Last year a year-long member of the PMF - Department of Mat-
hematics in Zagreb, university professor dr. sc. Boris Pavkovié, passed away.
He was a great lover of mathematics, geometry in particular, researcher and
instructor. Through bis scientific, professional, pedagogical and social work he
contributed significantly to the development, understanding and popularization
of geometry and mathematics in our community.

Towards the end of the 1970's professor Pavkovi¢ began lecturing a two-year co-
urse in mathematics teaching methodology and thus by means of his knowledge,
experience and talent, aided by his teaching and pedagogical instincts, greatly
influenced modern structuring and presentation of mathematics teaching metho-
dology at Croatian universities.

As a methodologist and popularizer of mathematics he has left an imprint on the
past fourty years of teaching mathematics in our primary and secondary schools.
His influence will long remain present through his books and articles, colleagues
and coworkers, as well as former students.

Therefore, the entire methodological and popularizing work of professor Pavkovi¢

calls for and deserves a detailed analysis and overall recognition.

Key words: mathematics methodology, popularization of mathematics, mathe-
matics education.

Professor Boris Pavkovié¢ passed away in Zagreb on June 6, 2006 after a brief
and difficult illness. The ceremony took place on June 9 at the Zagreb Crema-
torium, and the urn was placed on June 13 on Mirogoj. In memory of the dear

! Mirko Polonijo, Full Professot, Department of Mathematics, University of Zagreb, Bijenicka
cesta 30, HR - 10 000 Zagreb, e-mail: polonijo@math.hr
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colleague and distinguished professor there was a commemoration on June 28,
2006 at the PMF- Department of Mathematics, University of Zagreb. Life and
work of the late professor Pavkovi¢, outlined in words of respect and gratitude,
was captured in eulogies of professors Pavle PandZi¢, Mirko Polonijo, Vladimir
Volenec, Sanja Varoganec, Sibe Mardesi¢ and Zeljka Milin-Sipus. Additionally
anticipated speakers, professors Margita Pavlekovi¢ and Ivan Kamenarovi¢, due
to health problems, sent written eulogies which were read on their behalf.

Professor Boris Pavkovi¢ was born on November 20, 1931 in Zagreb to
father Josip (1904-1977) and mother Hermina, born Petrida (1905-1999).“1
come from a functionary family”, he wrote in his biography attached to the 1960
job application. He had three brothers, Bruno (born 1935), Branko (1943-
1983) and Bozidar (1945-1997). After departing he left his beloved behind:

wife Marija, daughter Jasna Ore$i¢ and granddaughter Sunéana.

He finished elementary school in Cakovec, where he learned Hungarian
language, as Cakovec was under Hungarian authority/occupation at the time.
In the same town he passed the so-called minor course exam in 1947. Josip
Pavkovi¢s family returned to Zagreb in the same year and professor Pavko-
vi¢ enrolled in V. (boys’) grammar school where he also graduated in 1951. In
the same year he passed the so-called major course exam. Shortly before being
admitted to hospital, on May 25, 2006 with his former schoolmates professor
Pavkovi¢ celebrated his 55® high school graduation anniversary.

In autumn of 1951 professor Boris Pavkovi¢ enrolled in the Faculty of Sci-
ence of the University of Zagreb as a mathematics major. “He completed all
prescribed studies’, in other words graduated in mathematics on January 30,
1957 at the Department of Mathematics and Physics, study course applied ma-
thematics, and was “awarded the title” of a graduated mathematician. His gra-
duation thesis was written under the mentorship of professor Stanko Bilinski,
who would later on also supervise his dissertation and act as year-long “boss”
of the Institute,

Immediately after graduation professor Boris Pavkovi¢ was employed at the
Secondary School of Wood Technology, where he had already taught mathe-
matics as a graduate student. In the autumn of 1957 he joined the army due to
mandatory military service. Upon return he taught mathematics at the Secon-

dary School of Civil Engineering.
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In the autumn of 1959 he was appointed assistant at the Department of
Mathematics of the Faculty of Mechanical Engineering and Naval Architecture
in Zagreb. In the period of two academic years, 1959/60 and 1960/61, he wor-
ked at the same faculty as the assistant to the distinguished professor Danilo
Blanusa, with whom he also developed a year-long friendship (“It was fanta-
stic working with him!”, professor Pavkovi¢ stated in an interview published in
Matka vol.51 (2005) by author L.Gusic)

In the autumn of 1961, professor Boris Pavkovié was appointed assistant at
the Institute of Geometry of the Faculty of Science.

He remained at this Institute till his retirement, building his career as a sci-
entist, methodologist, author of textbooks and popularizer of mathematics.

As one of the postgraduates of the first generation of postgraduate studies
in mathematics (initiated in the academic year 1960/61), professor Pavkovié
obtained his Master’s degree on April 27, 1966 with his work Focal points of
continuous mapping, under the mentorship of professors Siba Mardesi¢ and
Pavle Papi¢.

In the academic year 1971/72 professor Boris Pavkovi¢ undertook a
study residence at the Moscow State University (MGU) Lomonosov. This
specialization in Moscow (completed in 1974), particularly his work and
experiences within a seminar of the noted geometer B. A. Rosenfeljd, was the
key moment in the future scientific work of professor Boris Pavkovié.

He defended his dissertation Application of differential geometry of curves and
planes in isotropic spaces, created under the mentorship of professor S. Bilinski,
on May 15, 1974. The evaluation commission consisted of professors Stanko
Bilinski, Dominik Palman and Danilo Blanusa.

He was appointed assistant professor on April 1, 1975. He became senior
scientific associate and immediately afterwards associate professor in 1980 (the
electoral commission consisted of professors Dominik Palman, Sibe Mardesié
and Svetozar Kurepa). After the appointment to scientific advisor in 1989, pro-
fessor Boris Pavkovié was promoted in the same year into the scientific-lectut-
ing rank of university professor (the members of the electoral commission were
professors D. Palman, V. Volenec and M. Prvanovi¢). He retired on October 1,
1994.
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Scientific work and contribution of the late professor Boris Pavkovié be-
longs to the area of differential geometry of space with projective metrics,
particularly differential geometry of isotropic space:

B. Pavkovi¢, Eine Verallgemeinerung der Frenetschen Formeln im isotropen Raum,
Glasnik Mat. 4(24)(1969), 117-122.

B. Pavkovi¢ und V. Volenec, Uber die Potenzpunkte der halbkonfokalen (n-1)-Ro-
tationsquadriken, Glasnik Mat 4(24)(1969), 275-282.

B. Pavkovi¢ und V.Volenec, Einige Sitze iiber die Rotations-hyperquadriken im
E mit einem gemeinsamen Brennpunkt oder einer gemeinsamen Leithyperebene,
Glasnik Mat 7(27)(1972), 109-112.

B. Pavkovié, Pseudogeoditische und Unionlinien auf Flichen im isotropen Raum
I, Glasnik Mat. 10(30)(1975), 115-124.

B. Pavkovié, Allgemeine Losung des Frenetschen Systems von Differentialgleichun-
gen im isotropen und pseudoisotropen dreidimensionalen Raum, Glasnik Mat.

10(30)(1975), 321-327.

B. Pavkovié, Eine kennzeichnende Eigenschaft der Zykel der Galileischen Ebene,
Arch.Math. 32(1979), 509-512.

B. Pavkovié, An interpretation of the relative curvatures for surfaces in the isotropic
space, Glasnik Mat. 15(35)(1980), 149-152.

B. Pavkovi¢, Differential geometry of curves in isotropic space, Berichte der Math.-
Stat.Sekt., Forschungszentrum Graz, Ber.Nr. 196(1983), 1-10.

B.]. Pavkovié, Aquiform-metrische Kurven isotroper Riume, Berichte der Math.-
Stat.Sekt., Forschungszentrum Graz, Ber.Nr. 242(1985), 1-14.

B. J. Pavkovié, On a property of cubic parabola in isotropic plane, Rad JAZU
413(1985), 155-158.

B.]. Pavkovi¢, Equiform geometry of curves in the isotropic spaces I Vand 1., Rad
JAZU 421(1986), 39-44.

B. J. Pavkovi¢ and I.Kamenarovié, The equiform differential geometry of curves in

the Galilean space G, Glasnik Mat. 22(42)(1987), 449-457.
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B.]. Pavkovi¢ and I.Kamenarovié, The general solution of the Frenet system in the
doubly isotropic space I, Rad JAZU 428(1987), 17-24.

B.]. Pavkovié, The general solution of the Frenet system of differential equations for
curves in the Galilean space G, Rad JAZU 450(1990), 123-128.

B. J. Pavkovié, Relative differential geometry of surfaces in isotropic space, Rad
JAZU 450(1990), 129-137.

The major scientific results of professor Boris Pavkovi¢ are contained in
the complete description of plane differential geometry in certain spaces with
projective metrics, and a detailed analysis of Frenet systems in these spa-
ces.

Furthermore, it is extremely significant to note his work on issues of mathe-
matics teaching methodology. He is particularly responsible for our longterm,
quality realtionships with Austrian and Hungarian geometers in both areas.
He had a special capability of motivating younger colleagues to engage in sci-
entific work with him. His openness and unselfishness enabled him to assist
people by offering cooperation and advice, in most cases on his own initiative.
Naturally, this did not end after his retirement, caused by his weak health after
a difficult operation in 1983.

He helped with joy, particularly younger people and those who needed help
most. Being able to connect with people naturally, he shared his broad knowled-
ge, experience and skill gladly and limitlessly with students, graduates, as well as
those who under his supervision and constant care and advice completed their
theses and dissertations. For this reason all of them remained grateful and atta-
ched to him. Under professor Pavkoviés supervision approximately hundred

students graduated, approximately 10 were awarded their Master’s degree and
seven their Ph.D.

His early inclination towards geometry and methodology and his choice to
pursue them as his career was described in an interview (Skolske novine, June

23,1992, conducted by his friend professor B. Dakic¢):

“Upon my enrollment in mathematics studies I was lucky that geometry was
taught by two excellent professors, prof. dr. Rudolf Cesarec and prof. dr. Stan-
ko Bilinski. It was their ,fault” that I fell in love with geometry. Their lectures
were interesting, not only in their content, but also in the way they lectured,
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and were accented by a high sense of structure. Everything I learned at the
university about methodology, I learned from them. One characteristic of their
lectures was their poetic nature. I will never forget a lecture by prof. Cesarec in
Basic geometry. After he had completed a formula, in order to emphasise its
fundamental role he said: "This formula represents the key to the safe in which
the most beautiful secrets of hyperbolic geometry are stored”. After mentioning
this I believe it is clear why I chose geometry as my calling and why I became
a methodologist as well. Besides, I need to note that it is geometry that is par-
ticularly challenging to methodology. Anyway; it is well known that the afore-
mentioned professors created an entire school of good lecturers and that this
fact became the main feature of the Institute of Geometry at the time.”

Within the undergraduate studies he taught many courses, some of which
were Elementary mathematics, Descriptive geometry, Differential geometry, Linear
algebra and mathematics teaching methodology, and within postgraduate studies
Riemann’s geometry.

In class professor Pavkovié¢ participated and delighted with his lectures at
other universities as well (Osijek, Split, Rijeka) by significantly contributing
to raising the level and awareness of mathematical culture at these faculties of
education.

He was a top lecturer, regardless of his audience, clear and systematic in his
expression and explanations, comments and notes, always brilliantly, carefully
and methodically prepared. To his listeners each of his lectures was a new, con-
tent-filled, learning experience in mathematics and teaching mathematics.

By heading for many years the Entrance Examination Committe, he esta-
blished great connections and cooperation with many young colleagues, in-
structing them at the beginning of their teaching careers in various skills of a
level-headed examiner.

Towards the end of the 1970’s professor Pavkovi¢ took over lectures within
the course Mathematics teaching methodology. Due to his wide knowledge and
talent, as well as his teaching instincts, this moment caused a significant turn in
the state of affairs at our faculty in the area of modern structuring and presen-
tation of this previously neglected discipline.

He was also the head of the scientific project in the area of mathematics
teaching methodology.
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As for methodology, he used to say that it was his “inner” calling:

“I can't explain it, I love that job. To me it’s always a challenge to find ways
of explaining something complicated. My favourite weapon is the living word.
Unofrtunately, I don't like to write. I must mention here the influence of an
acclaimed mathematician and methodologist, a professor at the Stanford Uni-
versity, George Polya, American of Hungarian origin. For many years he gave
lectures at that university which were intended for future professors of math-
ematics and wrote many books in which he deals with these issues. I'd like to
take this opportunity to draw attention to two of them, Mathematics and Plau-
sible Reasoning and Mathematical Discovery. (...) All the topics are richly illus-
trated by means of concrete mathematical content from the area of elementary
mathematics. His views on teaching are in accord with the Reccomendation
of American Mathematical Society, whose main idea is constructed according
to the principle "Guess, research and prove”. By this we mean that on a “small
scale” one must imitate the creative activity of mathematicians. The afore-men-
tioned principle is the foundation of all my methodological endeavours.” (qtd.
in Skolske novine)

Indeed, within the entire methodological work of professor Pavkovi¢ the
implementation of basic ideas of G. Poly (1905-1985) is clearly visible. In his
work he implemented the recommendation, i.e. to use all methods used by
mathematicians in their research, in mathematics instruction as well. Of all the
teaching methods he favoured the heuristic one, attempting to, by means of ap-
propriate tasks, encourage students and pupils to discover the laws individually
and try to prove them.

Professor Pavkovi¢ was also the first one who successfully designed the cour-
se Elementary mathematics by means of which thirty years ago the gap between
the secondary school level of acquired knowledge and mathematics studies at
PME- Department of Mathematics was to be overcome. He is co-author of the
university textbook according to which the afore-mentioned, as well as some
other courses are being taught:

B. Pavkovi¢, D. Veljan, Elementarna matematika I, Tehnicka knjiga, Zagreb,
1992, 399 stranica

B. Pavkovi¢, D. Veljan, Elementarna matematika II, Skolska knjiga, Zagreb,
1995, 609 stranica
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He wrote a number of interesting articles in elementary mathematics:
B. Pavkovi¢, “Fotogrametrija’, Matematicko fizicki list 12 (1961/62), 159-160.

S. Kurepa, B. Pavkovi¢, “Povr§ina poopéenog kruga’, Matematicko fizicki list 17
(1966/67), 54-59.

B. Pavkovié, “Dokaz iracionalnosti vrijednosti trigonometrijskih funkcija’, Ma-

tematicko fizicki list 29 (1978/79), 5-6.

B. Pavkovi¢, “Geometrijski nacin tjeSavanja Pellove jednadZbe’, Matematicko

fizicki list 33 (1982/83), 75-78.

V. Dev¢i¢, B. Pavkovié, D. Veljan, “Seminar za stru¢no usavrSavanje profesora
matematike’, Matematika 1 (1983), 87-90.

B.]. Pavkovi¢, “Lagrangeov zakon i njegove primjene’, Matematicko fizicki list 38
(1987/88), 4-9.

A. Rubéi¢, J. Rubéié, B. Pavkovi¢, “O trokutima pridruzenim poligonima’,
Matematicko fizicki list 38 (1987/88), 121-126.

B. J. Pavkovi¢, “Metoda analogije i primjene u nastavi’, Matematika 1 (1988),
20-27.

B. Pavkovié, “Primjena metode afine geometrije’, Matematika 4 (1990), 17-30.

B. Pavkovi¢, B. Daki¢, “Funkcionalne jednadzbe’, Matematicko fizicki list 42
(1991/92), 65-72.

B. Pavkovi¢, P. Mladini¢,“Sferna geometrija i Eulerova formula-jo§ jedan dokaz,
Bilten Seminara iz matematike za nastavnike mentore-Kraljevica 1996, HMD i
Element, Zagreb, 1996, 102-107.

B. Pavkovié, P. Mladini¢, “Polinomska geometrija’, Bilten Seminara iz matema-
tike za nastavnike mentore-Novi Vinodolski 1997, HMD i Element, Zagreb,
1997, 94-100.

B. Pavkovi¢, P. Mladinié, “Gaussova konstrukcija tangenata kruZnice’,
Matematicko fizicki list 48 (1997/98), 65-67.

B. Pavkovié, P. Mladini¢, “Polinomska geometrija’, Matematicko fizicki list 49
(1998/99), 135-140.
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B. Pavkovi¢, P. Mladinié, “O nastavi transformacija algebarskih izraza’, Poucak
2/3 (2000), 60-63.; takoder u Zbornik radova 1. kongresa, HMD, Zagreb,
2000, 259-262.

B. Pavkovié, “O djeljivosti brojeva’, Zbornik radova 1. kongresa, HMD, Zagreb,
2000, 263-271.

B. Pavkovi¢, “Metoda posebnih sluéajeva’, Zbornik radova 6.susreta nastavnika
matematike, HMD, Zagreb, 2002, 381-387.

B. Pavkovi¢, P. Mladini¢, “Geometrija polinoma’, Zbornik radova 2. kongresa,

HMD, Zagreb, 2004, 280-281.
Many expert topics were dealt with in his books:
B. Pavkovi¢, ,B. Dakié, Polinomi, Skolska knjiga, Zagreb, 1987, 179 stranica

B. Pavkovi¢, Diofantske jednadzbe, Drustvo mladih matemati¢ara Pitagora, Beli
Manastir, 1988, 14 stranica

B. Pavkovi¢, Kongruencije, Dru§tvo mladih matematicara Pitagora, Beli Manas-
tir, 1988, 16 stranica

B. Pavkovié, Inverzija u ravnini i njene primjene, Drustvo mladih matemati¢ara
Pitagora, Beli Manastir, 1990, 22 stranice

B. Pavkovi¢, B. Daki¢, Z. Hanjs, P. Mladinié, Male teme iz matematike, HMD i
Element, Zagreb, 1994, 192 stranice

B. Pavkovi¢, B. Dakié, P. Mladinié, Elementarna teorija brojeva, HMD i Element,
Zagreb, 1994, 202 stranice

B. Pavkovi¢, P. Mladinié, Arhimedova metoda tezista, HMD i Skolska knjiga,
Zagreb, 1998, 64 stranice.

Together with colleagues from the Institute of Geometry he wrote a faculty

handbook:

Z.Kurnik, D. Palman, B. Pavkovié, Zadaci iz nacrtne geometrije, Mongeova pro-

jekcija, Tehnicka knjiga, Zagreb, 1973, 236 stranica

In co-authorship professor Pavkovi¢ wrote three very important secondary
school handbooks which went through many repeated, rewritten, corrected,

expanded and complemented editions (they were refered to as the so-called
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white handbook, green handbook, etc.), and can be found today as part of the

latest grammar school textbooks:

B. Pavkovié, N. Horvatié, Zbirka zadataka iz matematike 1, Skolska knjiga, Za-
greb, 1973, (prvo izdanje)

B. Pavkovi¢, D. Svrtan, D. Veljan, Matematika 3, zbirka zadataka za tre¢i razred
srednjeg usmjerenog obrazovanja, Skolska knjiga, Zagreb, 1977 (prvo izdanje)

B. Pavkovi¢, D. Veljan, Zbirka zadataka iz matematike 1 za prvi razred srednjeg
usmjerenog obrazovanja, Skolska knjiga, Zagreb, 1984 (prvo izdanje)

Numerous co-authorships of professor Pavkovié¢ in which he was often the
one who contributed most to the common work are further witness to his gift
of cooperation, giving and friendliness.

Also significant is his work as a translator due to which we have obtained
several valuable foreign mathematical works in our language:

G. Choquet, Nastava geometrije, Skolska knjiga, Zagreb, 1974, 198 stranica
(preveli s francuskog D. Palman i B. Pavkovic)

A. L. Fetisov, O euklidskoj i neeuklidskim geometrijama, Skolska knjiga, Zagreb,
1981, 258 stranica (preveli s ruskog D.Palman i B. Pavkovi¢)

G. Polya, Matematicko otkrice, HMD, Zagreb, 2003, 434 stranice (preveli s en-
gleskog B. Pavkovi¢é, PMladinié¢ i R.Svedrec)

L. N. Bronstejn i suradnici, Matematicki prirucnik, Goldenmarketing-Tehnicka
knjiga, Zagreb, 2004, XLIV + 1168 stranica (preveli B. Pavkovi¢, I. Uremovié,
D. Veljan i dr.; stru¢na redakcija B. Pavkovié i D. Veljan)

Moreover, in connection to different mathematical titles, professor Pavkovié¢
acted as editor, professional consultant, reviewer, but also as proofreader and
draftsman of mathematical pictures.

At the PMF-Department of Mathematics professor Boris Pavkovié was the
head of the Institute of Geometry (1992-1994), head and assistant head of the
Seminar of Geometry, as well as Seminar of Differential Geometry, and one of
the founders and the first year-long head of the Department of Mathematics
Teaching Methodology (1990-1992).

His function of vice dean for instruction was performed in the academic

years 1981/8211982/83.
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For his year-long and undeniable contribution to popularization of sci-
ence, in particular mathematics, professor Boris Pavkovié¢ was awarded the
state prize “Fran Tuéan” in 1992.

In the aforementioned interview for “Skolske novine’, to the question of
what it means to popularize mathematics, considering the fact that many non-
mathematicians, but also mathematicians, are very skeptical of such a concept,
professor Pavkovié replied:

“To popularize mathematics means firstly to get as many people as possible
interested in learning about it, and after that find ways to get them acquainted
with its value in the most approachable way possible: the first step is relatively
simple, one should use the most available and the most interesting media for
the age group you want to target. For children those are comics and televi-
sion. The difficulties arise at the second step and due to those difficulties many
people become skeptical. There are indeed many areas of mathematics that are
virtually impossible to popularize in the sense in which we speak of here. It
needs to be said, though, that lately many new disciplines have been developed,
mostly parallel to the development of computer science, such as graph theory,
concrete mathematics, ennumerative mathematics etc., in which there are seg-
ments that are possible to present in a very approachable manner. The job of
a popularizer is to notice those segments and subject them to an appropriate
analysis. Therefore, it is possible to talk about mathematics from a popularistic
point of view, but it requires great effort. I would like to add that my answer
to the same question would be much more complete and content-packed, if I
could present it in front of a blackboard with a chalk in my hand. In that case I
could support it with numerous concrete examples.”

Professor Pavkovi¢ was a year-long member of the Croatian Mathematical
Society, much more active than its most active members. At his 70* birthday
celebration at the Institute of Geometry in 2001 it was noted with great ad-
miration that it was none other than professor Boris Pavkovi¢ who won the
greatest number of votes in the election for the new assembly od the HMD.
This was not the first time that that happened.

On several occasions he was the member of the Chairmanship of the Soci-

ety, its Board of directors or the Executive board.
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Particularly important was the work of professor Pavkovi¢ in the teaching
section of the Mathematics Society. During his entire service he was the pillar
of teachers’ evenings by giving numerous lectures, hosting meetings and crea-
ting new content. At the Society anniversaries it was expected that professor
Pavkovi¢ would be the one to best describe the work of the teaching section:

B. Pavkovi¢, “Djelatnost Drustva u proteklih 40 godina - nastava matematike
(povodom 40. obljetnice Drustva matematicara i fiziara SR Hrvatske)’, Gla-

snik Matematicki 24(44) (1989), 659-662.

B. Pavkovié, “O radu nastavne sekcije za matematiku’, Matematika 1 (1990),
73-77

B. Pavkovi¢, “Djelatnost Drustva u nastavi u proteklih 50 godina (povodom
50. obljetnice HMD-a)’, Glasnik Matematicki 30(50) (1995), 380-384.

In order to understand the aforementioned 40 and 50 years of the Society
it needs to be said that in 1945 the Mathematics and Physics Section of the
Croatian Science Society was founded, and in 1949 the independent Society
of Mathematicians and Physicists. Within the latter society in 1974 two new
sections were founded, one of them being the Mathematics Section. In 1990
it grew into what is known today as the Croatian Mathematical Society. One
must mention that after 1995 not a single possible “round” anniversary of the
Society, no matter how one calculates it, was celebrated.

Professor Pavkovié¢ also wrote about the great Ruder Boskovi¢, as well as his
role-models, professors R. Cesarac and S. Bilinski:

B. Pavkovié,B.A .Rozenfeljd, “Ruder Boskovi¢’, Voprozi istorii estetstvoznanija i
tehniki, Moskva, 1974

B. Pavkovi¢, “Rudolf Cesarec - povodom 100. godi$njice rodenja’, Matematika
1(1990), 78-83.

B.Pavkovi¢,“Stanko Bilinski (povodom 80-togrodendana)’, Istorija matematickib
i mehanickih nauka 4 (1991), 71-83.

B. Pavkovié, “Rudolf Cesarec - znanstvenik i pedagog’, Mathematical Communi-
cations 1 (1996), 67-74.

B. Pavkovi¢, V. Volenec,“In memoriam: Stanko Bilinski (22.4.1909.-6.4.1998.)’,
Glasnik Matematicki 33(55) (1998), 323-333.

Throughout many years he diligently took part in designing different teac-
hing programmes in mathematics, he was a regular lecturer at seminars for te-
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achers, regional and state, at teacher Meetings, and at teacher Conferences. It is
precisely due to his undertaking nature and support that these manifestations
of teacher meetings have continued with their activities (Meetings since 1992,
and Conferences since 2000).

Ever since the beginning of the magazine Matka in 1992 until his final de-
parture, professor Boris Pavkovi¢ was the chief editor of this popular magazine
for primary school pupils. He is awarded the most credit for the quality and the
duration of the magazine as a means of expanding mathematical knowledge
and not of school material, as well as the source for developing creative thin-
king. In the editorial address to the first volume, as the chief editor professor
Boris Pavkovi¢ revealed “what and why so” should a mathematical magazine
for primary school children look like. For this reason we give you the complete
editorial address:

“Dear children! Before you is the first volume of the mathematical magazi-
ne for primary school pupils. We named it Matka, because it is the nickname,
hopefully of endearment, that you gave to mathematics. Mathematics is one of
your school subjects which many of our students face with problems, moreover,
to some it is even a constant nightmare. Yet nowadays you can't do without mat-
hematics. It is present in our everyday life, and directly or indirectly it is applied
in areas which only superficially have no connection to it (medicine, psychology,
linguistics, different social studies, etc.). For this reason, whether you like it or
not, mathematics has to be studied hard if you wish to continue your education
on a higher than primary level. Fear of mathematics is the fear of the unknown.
By means of studying and better acquaintance with mathematics that fear is
gradually overcome. We would like Matka to contribute to that as well, which
was the main incentive for its initiation by the Croatian Mathematical Society.
Our society has been publishing Matematicko~fizicki list for secondary scho-
ol students for over 40 years. Matka is intended for you — the youngest ones.
Mathematics needs to be studied from eatly childhood. We want to introduce
you to ideas and structure of mathematics, ways of thinking and concluding
which we encounter on the way to solving problems. We would like to prepare
you for creative application of mathematical knowledge in the most diverse
situations. We would like to help you in experiencing joy of a mathematical
discovery. We believe that with Matka you will grow to love “matka”. The afore-
mentioned goals have determined the contents of the magazine. Inside it we
will publish articles whose content will not be based on monotonous and dry
listing of the facts, but will deal with ideas that enable solving of certain types
of mathematical problems. The focus should therefore be on the essence of
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mathematics. At the end of each article there are exercises by means of which
one can test the degree of success in acquiring the described method. In other
cases as well the exercises in the magazine will be of particular importance. We
invite you to solve them patiently and persistantly. We will notify you regularly
about mathematics and computer science competitions for primary school pu-
pils, publish the results of the competitions, as well as the names of the winners.
There will be much humour, fun mathematics, mathematical crossword puz-
zles and the section for our youngest ones. Within the variety of texts you will
be introduced to the historical development of mathematics, as well as biogra-
phies of noted mathematicians. We won't neglect computer science either. (...)
Write to us about what you would like to read about in your magazine. Send
us your contributions with anectodes from mathematics classes in your school,
activities of mathematical groups, interesting exercises that you found, etc. We
would love to publish them. Sincerely yours, Boris Pavkovi¢*

Professor Pavkovi¢ has significantly contributed to the foundation of Chil-
drens’ Mathematical Library for Pupils, and as the member of the Board of di-
rectors of the Croatian Mathematical Society he initiated the entry of Croatia
into the international Kangaroo Mathematics Contest.

Professor Boris Pavkovi¢ loved mathematics, taught it and popularized it
with great skill. In this he was aided by his knowledge in foreign languages and

his affinity towards literature, as well as his inborn diligence.

Aside from that he was incredibly funny, often bordering on black humour.
He was also creative in telling jokes. His good spirits did not leave him even
during the most difficult times.

The basic characteristic of this hard-working man was goodness; professor
Pavkovi¢ was good, but also withdrawn.

As a man, professor Pavkovi¢ was in more than one respect like the cha-
racter of boy Nemecek from his favourite book The Boys from Pavel’s Street by
Hungarian writer Ferenz Molnar - withdrawn, unobtrusive, devoted, resolute,
faithful, sincere, noble, dedicated to the common cause and prosperity.

Everyone who has ever met professor Boris Pavkovié received a piece of
knowledge and goodness. By knowing him, we became better people. For this
reason we will value and respect him, forever.

(translated by Zeljka Nemet)
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MATHEMATICS IN PLAY AND LEISURE ACTIVITIES
— LEGO BUILDING BRICKS

Tomislav Rudec!

Abstract. This paper contains some interesting facts as well as two types of exer-
cises referring to LEGO building bricks. Although being of the same type, the
exercises are of different complexity, i.e. some of them are going to be easy even
for pre-school children, whereas some of the exercises will be difficult even for
professional mathematicians. They mostly represent a combination of geometry
and combinatorics.

Key words: combinatorics, geometry

Introduction to LEGO world

The main character in the story of creation of LEGO is Danish carpenter
Ole Kirk Christiansen. More than construction work Ole liked to make woo-
den setups, figures and toys. He carved doll houses and builiding bricks and in
time he became so good at it that he decided to start making only toys. From
Danish words leg and godt (to play and good) he constructd the name of his
firm — LEGO. Until today LEGO belongs to Christiansen family, and since
1979 the presindent is Ole’s grandson Kjedl Kirk Christiansen.

Since 1958 the building bricks are being manufactured in current shape and
size, and until today (2006) more than 300 million building bricks were ma-
nufactured around the world, or in other words around 10 for each person in
the world! Basic and the most common dimensions of the building bricks are
2x2 and 2x4, and beside them LEGO has manufactured tens and thousands
of other shapes and dimensions. Figures, wheels and other toys have shared
feature: they perfectly fit one into another in first and one hundred and first
construction.

! Tomislav Rudec, Lecturer, Faculty of Teacher Education, University of Osijek, L. Jigera 9,
HR - 31000 Osijek, e-mail: tomo@ffos.hr
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Brick with dimensions 2x2 Brick with dimensions 2x4

Today LEGO is world’s fourth toy manufacturer (after firms Mattel, Ha-
sbro and Bandai), and LEGO fun club has around 2 million members. LEGO
bricks have recently been pronounced (by Forbes magazine) the best toy of the
20* century. Construction possibilities are really numerous — from two 2x4
bricks of the same colour one can construct as many as 24 different figures, and
from the six identical bricks, mathematicians have calculated using computers,
one can construct as many as 915 103 756 figures.

Mathematical exercises with LEGO bricks

Exercises with LEGO bricks generally cannot be solved using usual ma-
thematical tools (e.g. equations or geometric formulas). There are mathema-
tical theories on tailing, construction and similar, but reducing the following
exercises to their results would be too complicated for non-experts (as well
as experts). Therefore, the reader of the following exercises does not need any
significant mathematical knowledge — everybody is invited to solve them.

We will assume that all figures are from one part, or in other words, the
building bricks are combined in one form.

1. Ground-plan

Exercise 1. Using as many as you like LEGO bricks 2x2 and 2x4 (the colour
is of no importance), construct a figure whose ground-plan (“view from above”)
is a full rectangle with dimensions 4x6.

Solution: see picture

Figure of the ground-plan with dimensions 4x6 with four big bricks and the other with
three big and one small brick. The second version will be considered as more successful.
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In this exercises we will use only 2x2 and 2x4 bricks, and the aim is to con-
struct a shape, i.e. figure which, viewed from above, we see as a full rectangle
of wanted dimensions. (The shape we see when we look at some object from
above is called the ground-plan of that object.) The wanted figure should be
before all constructed with as few levels (orders, rows) as possible, and then as
few bricks as possible. Let's imagine that every big brick 2x4 is worth three po-
ints, and every little 2x2 is worth two points. The task is to construct the most
economical figure, figure with as few points as possible. (If it is possible, a small
brick should be used instead of a big one (that is of course more difficult), and
it is better (and more difficult) to use one big brick instead of two small because
then the total number of bricks is smaller).

Exercise 2. Construct the most economical figure of the ground-plan whose
dimensions are 4x4

Solution: It is sufficient to put two 2x4 bricks one next to the other. But, we
are not yet finished because that figure is not from one piece, so one more brick
2x2 should be used to connect these two, e.g. from the top. When we put the
constructed figure on the table and look at it from above, we see square whose
dimensions are 4x4, i.e. 4x4 ground-plan of the figure. The figure is constructed
from two rows, and we used two 2x4 bricks and one 2x2 brick, i.e. altogether 8
points and that is the best version.

4x4 ground-plan figure
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Exercise 3. Construct the most economical figure of the ground-plan 3x2

Solution: 2 small bricks are worth 2 points = 4 points

3x2 ground-plan figure

Exercise 4. With as few points as possible construct the figure of the ground-

plan 3x5

Solution: It is not possible to construct the figure with dimensions 3x5 from
two levels (try). One of the solutions is given in the picture. The number of

points is 10.

Figure of the ground-plan with dimensions 3x5

Exercise 5. Using as few levels as possible, and with as few points as possible,

construct a figure of a given ground-plan.

X 2 3 4 5 6 7 10
2 2N 4B

3 X 3N 10B

4 X X 2N 8B

5 X X X

6 X X X X

7 X X X X X

8 X X X X X X

9 X X X X X X

10 X X X X X X
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2. Few bricks for a lot of figures

Exercise 6. How many different figures (shapes) can be constructed from
two 2x2 LEGO bricks of the same colour?

Solution:

Figure A Figure B Figure C

Exercise 7. How many different figures can be constructed from three 2x2

LEGO bricks of the same colour?

Solution: Three bricks can be matched into a figure whose height is three
(with three levels) and a figure whose height is two. If we are constructing a
figure whose height is three, we must firstly construct first and second level, and
we can do that, according to the previous example, in three ways. Therefore,

3.3 =9 ways.

But, this option is wrong and it nicely shows that in exercises with LEGO
bricks we will not be able to use a lot of mathematical tricks.

The error occurs because when we are matching two bricks, the one below
is symmetric, so it doesn't matter how we shall turn it before we put the other
brick on it, which is not the case in already matched bricks.

Nevertheless, we can take something from mathematics, and that is syste-
matics. All possible figures constructed from three bricks can be divided into
different groups according to their appearance. One of the possible divisions,
according to the previous exercise and figures A, B and C from the picture,

looks like this:
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Figures constructed from three bricks

/\

Figures whose height is three figures whose height is two

Two below are A| | two below are B | | two below are C

one brick two bricks

stands on two| | stand on one

3 figures 9 figures 9 figures 5 figures 5 figures
In conclusion, the total number of solutions (3+9+9) + (5+5) = 21+10 = 31.

Exercise 8. How many different figures can be constructed from two 2x2

figures of different colours?

Solution: Let’s say those colours are, to be more specific, blue and yellow.
Obviously, this figures can be divided into those with blue bottom brick and
those with yellow bottom brick, and for each of these cases, according to the
exercise 6, there are three possibilities. In total: 2 forms - 3 figures = 6 wanted

figures. (Here is some mathematics!)

Exercise 9. Fill in the empty fields in the table. In each field enter how many
different figures can be constructed from bricks which determine that field.
Numbers that were calculated in the examples are already entered (e.g. number
31 means that from two small blue and one small blue, i.e. three small blue
bricks, in total 31 different figures can be constructed). Some of the fields in
the table present the same exercise, i.e. fields marked with A. Number inside
the field marked with * is difficult to get, in the field with ** very difficult, and

in the field with ****, of course, very very difficult!

1small | 1small | 2small | 2small | 1smallyellow and 1 big
blue yellow | blue yellow | 1 small green yellow
1 small blue 3 6 31 A
1 big blue A * * *
zbig blue *% *% *kkk *kkk *kkk *%

(translated by Mirta Kopi¢)
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BASIC KNOWLEDGE OF MATHEMATICS
AND TEACHER TRAINING

Sanja Rukavina®

Abstract. The technological development and computer accessibility have led
to numerous discussions about the Mathematical contents to be acquired during
the course of compulsory education. In other words, the question of basic Mat-
hematical literacy is becoming relevant. The main question being raised is about
the actual knowledge and skills a contemporary man should possess in order to
successfully participate in modern society.

Bearing in mind that teachers play an important role in every educational process,
when dealing with teaching Mathematics, a few questions need to be answered:

- What are the basic Mathematical skills each student should acquire during the
process of compulsory education?,

- Which competencies are necessary for realizing the teaching of Mathematics?,
- Which are the main goals and objectives of Mathematics teacher training?

Considering teaching Mathematics in Croatia starts as early as the first grade of
elementary school, the previously mentioned questions affect not only specialized
Mathematics teachers and their education but also teachers who start the process
of systematic Mathematical instruction at the beginning of elementary school.
Taking into account that many students - future elementary teachers - are not
particularly interested in Mathematics nor understand its significance for student
development, special attention should be given to their Mathematical training, as
well as developing a positive attitude towards Mathematics.

Key words: basic knowledge of mathematics, teacher training.

! Sanja Rukavina, Associate Professor, Department of Mathematics, Faculty of Philosophy,

University of Rijeka, Omladinska 14, HR — 51 000 Rijeka, e-mail: sanjar@ffri.hr
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The technological development and computer accessibility have led to nu-
merous discussions about the Mathematical contents to be acquired during the
course of compulsory education. Is it necessary to learn as much Mathematics
as we used to or did the use of computers make it easier for us to manage even
without Mathematics? Do we maybe have to learn more of Mathematics than
before? Which Mathematical skills do we need to acquire? In other words, the
question of basic Mathematical literacy is becoming relevant. These discussions
are accompanied with discussions on scientific literacy and issues dealing with
which are the basic contents to be covered during the course of compulsory

education in Physics, Chemistry, Biology, and other natural sciences.

The main question being raised is about the actual knowledge and skills a
contemporary man should possess in order to successfully participate in mo-
dern society. Furthermore, this question is equally relevant for family life, work,
and the fact that every contemporary adult citizen, with their vote, has the op-
portunity to participate in the decision-making process which affects society as

a whole.

After determining what will be considered as basic knowledge, teachers will
play an important role. When dealing with teaching Mathematics, a few questi-
ons need to be answered:

- What are the basic Mathematical skills each student should acquire during
the process of compulsory education?,

- Which competencies are necessary for realizing the teaching of Mathematics?,
- Which are the main goals and objectives of Mathematics teacher training?

Considering teaching Mathematics in Croatia starts as early as the first gra-
de of elementary school, the previously mentioned questions affect not only
specialized Mathematics teachers and their education but also teachers who
start the process of systematic Mathematical instruction at the beginning of
elementary school. Taking into account that many students - future elemen-
tary teachers - are not particularly interested in Mathematics nor understand
its significance for student development, special attention should be given to
their Mathematical training, as well as developing a positive attitude towards
Mathematics.
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Basic Knowledge of Mathematics

It seems as though the current conflict between supporters of Mathematics
and those who are trying to reduce its contents in schools is additionally ex-
acerbated by the technological development.“The supporters” believe that the
technological development has intensified the need for mathematically skilled
personnel, while the latter claim how we do not even have to know the multi-
plication table anymore because of the existence of various calculating devices.
This conflict is a result of identifying minimal and basic knowledge of Math-
ematics, i.e. minimal and basic Mathematical literacy.

The concepts of minimal and basic literacy greatly differ and we normally,
when not dealing with Mathematics, take this into account, maybe even sub-
consciously. For example, we are ready to call one illiterate when they do not
know or do not follow spelling rules even though they evidently possess a mini-
mal level of literacy (being able to sign their own name). The educational sys-
tem is expected to “produce” a person on a higher level of literacy than what we
consider to be basic literacy. Thus, the difference between minimal and basic
knowledge of Mathematics should also been taken into consideration and it
should be expected from everybody to have acquired basic Mathematical skills
upon the completion of compulsory education.

Most would say that knowing how to add, subtract, multiply, and divide
correctly are basic Mathematical skills to be acquired during the course of com-
pulsory education. Only a few would add percentages to the equation. Conside-
ring the development of information technology has made computation much
easier, this point of view can easily lead to the reduction of Mathematical con-
tents in schools. Regrettably, the “reductionist” point of view is found among
early primary school teachers.

The basic knowledge question in Mathematics is to be answered by thin-
king which prerequisites should be fulfilled in order for one to be considered
a successful member of today’s society and in what way does acquiring certain
Mathematical skills help us in fulfilling those prerequisites.

In every day affairs, we are expected to plan, be responsible, use time and
resources efficiently, think critically, make decisions, communicate, negotiate,
function in a team, and assume leadership in certain situations. Therefore, basic
mathematical skills should include those skills whose practical applicability is
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not self-evident, like for example, solving word problems which most people are
ready to discard as redundant. But with solving word problems, we are learning
how to pose questions, analyze, and recognizing relevant facts. Additionally, we
learn how to subject our own conclusions to scrutiny, use trial and error and
compare results. These are all skills we will need later in life.

Geometry skills are also readily declared irrelevant by “non-Mathematici-
ans”. However, except learning basic properties of geometric figures, we also
learn how to compare different objects, recognize their similarities and diffe-
rences and classify them according to their properties. By solving measurement
problems we are preparing ourselves for numerous life situations, as well as for
mastering other school subjects.

Acquiring different Mathematical skills, we also acquire a logical way of
thinking, techniques of approximation and determining when a result is precise
enough for a given situation, alertness to reasonableness of certain statements,
or how to properly interpret graphics. The demand for those skills is even grea-
ter with the rise of technology. Many careers nowadays require having additio-
nal Mathematical education, in addition to basic Mathematical skills.

Teacher training

It is not to be expected from all classroom teachers to be persons with expli-
cit Mathematical interests. The same request could rightfully be made by other
subjects studied in early primary school. Unfortunately, when Mathematics is
concerned, the situation is often quite the opposite. Many classroom teachers
have come to their occupation by “running away” from Mathematics and have
not developed a liking for Mathematics nor see the importance of Mathemati-
cal education.

Which competencies are expected from classroom teachers when it comes
to teaching Mathematics and how are they to be attained? We would like cla-
ssroom teachers to possess certain Mathematical skills and understand the si-
gnificance of Mathematical education to students. It is not good for students to
start their systematic Mathematical education with a teacher who finds mini-
mal Mathematical knowledge sufficient.

All study programs for future classroom teachers provide for acquisition of
required Mathematical skills. The demand for knowing Mathematical contents
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and understanding Mathematical concepts must surely be satisfied because it
represents a foundation without which quality teaching cannot be realized. In
addition, special attention should be given to developing a positive attitude
towards Mathematics as a school subject, if not for Mathematics as a science.
This positive attitude should be a result of understanding the need for learning
Mathematical contents; considering teachers have to be aware of the fact that
Mathematical skills are not an end in themselves and that through them stu-
dents acquire other necessary knowledge and skills. This fact should never be
forgotten and it should be emphasized whenever it is appropriate.

Students should be encouraged to notice how abstractness, objectivity and
permanence of Mathematics cannot be disrupted. That is the reason Mathe-
matics is extremely useful, both when directly applied as well as a tool in de-
veloping logical thinking. If future classroom teachers become aware that the
acquisition of basic (not minimal) Mathematical skills is something it should
be rightfully insisted upon, their work in the classroom will represent an exce-
llent beginning for Mathematics education.
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SOLVING LINEAR EQUATIONS
USING COMPUTER’S DRAWING TOOLS

Miljenko Stanié!

Abstract. In this paper I shall present a very simple, but effective teaching met-
hod of solving linear equations that is suitable for primary school pupils. I will
present the problem and construct the solution using diagrams only and avoiding
any standard formalism. We would guide pupils towards the solution using sim-
ple common sense operations, such as take out of or put into some geometrical
figures enclosed in drawn entities. According to Piaget’ s theory of cognitive de-
velopment of the child, which is not disputed essentially, primary school pupils
deal with the concept of the conservation of quantity and prefer real operations.
Therefore, this approach is suitable to their ability. The method has to present the
equality of quantity in two entities representing different sides of the equation,
applying the operations of adding/subtracting of objects to the relevant entities.
The purpose is to get the solution of equations defined over the set N by repeating
the above mentioned operations. The teacher can use the same method to extend
solutions over the sets Z and Q. This method is good as an auxiliary support (Vy-
gotsky) in understanding formal laws in arithmetical structures not only over the
set N, but Z and Q, too. For drawing and analysing, we use computer’s drawing
tools, usually Word ones.

Key words: well formed diagrams, conservation of quantity, syntax, semantics.

Many mathematical concepts and problems can undoubtedly be presented
and solved with a diagrammatic approach. This approach is of a great heuristic
value in the teaching of mathematics, while in some proofs it is irreplaceable.
Here we will present the solving of equations in a sequence of diagrams that we

! Miljenko Stani¢, lecturer, Faculty of Teacher education, University of Rijeka, HR — 51 000
Rijeka, e-mail: smiljenko@hotmail.com
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will draw with a computer. I would like to comment on two aspects offered by
such an approach.Firstly, its logical-semantic status and secondly, its methodo-

logical applicability in teaching.

1. Logic of diagrams

Regarding this topic, I would like to deal with the issue whether a diagra-
mmatic presentation of the procedure of solving linear equations is complete.
Namely, is there an equation that cannot be solved by diagrams or, vice versa, is
it possible to present an equation in a diagrammatic way without it having an
equivalent in the formal-linguistic notation? For example, let us consider Venn’s
diagrams. With closed curves and one rectangle we can present operations
among sets quite effectively in the school practice. Yet, the presentation itself is
not complete in the above sense. For example, empty sets cannot be presented
with the standard presentation so that we have to enrich the diagram with new
elements, such as shading or entering a new sign in order to emphasise that
this closed part is empty or that it is not empty, etc. Presentations modified in
this way become complete and gain a status that is bigger than heuristic means
in the teaching of mathematics, namely, they become a legitimate strategy of
presenting the naive theory of sets ([2 ]). The available space does not allow me
to present in its complete the syntax and the semantics of the diagrammatic
solving of linear equations.

Following the terminology from ([1]), as well formed diagrams, wfds, we will
call those diagrams that represents a mathematical concept or object (in our
case linear equation) in a good, purposeful and efficient form, in the complete
sense of the word.
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1.1. Syntax

Primitive diagrammatic objects (icons)

1. House: Kucj =

2. Boxes: Pakln,j: Pak Zn»j: . Pak 3 wi = .

All Pak icons are mutually congruent squares which can differ only in colour.

Let us represent with P ', P >and P ° the set of all coloutless, blue or green
boxes.

3. Sticks: Stp’ - = D Stp?, ;= I Stp?,.= I

All Stp icons are mutually congruent rectangles which can differ only in colour.

4. Sticks /n: Stp hnw is a rectangle with the height that is the h-th part of the
appropriate Stp', ,1< g>h

Let us represent with S', S* and S° the set of all colourless, blue or green
sticks, and their relevant parts. With index j € {1, 2}, we represent that the icon
lies within Kuc, or Kuc,. We call index n by the name of the icon (1 being a na-
tural number), to be determined in the following way. Let Iknkj be a common
representation for icons Stp * ,; Of Pak * . Let us represent with n, the cardinal
number of icons that lie in Kuc (i = s(tick) or i = p(box)), then, to a new icon
Tkn* . jwe will assign the name n = n, +1.

Diagrams:
Let us represent diagrams with s A. A consists of icons in the following way:
A) A = Kuc, U Kuc, (under the condition that: Kuc, N Kuc, = &) is a diagram.

B)If A is a diagram, then A" = A U {Stp* | Stp* hes within Kuc, },
ke{1,2,1/h2/h},h eN/{0}andje{1,2}is also a dzagmm
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C) If A is a diagram, then also A" = A U {Pak" " | Pak*, jlies within Kuc, },
k€{1,2,1/h2/h},h eN/{0} and je{1,2}is alsoa dlagram

Let us represent with: ITj ={ Ikn * ; | Tkn © lies within Kucj}
Let us represent with: ®nj ={ Stp * | | Stp* ,; lies within Pakk'n’j }

It is obvious that: (Dnj c l_[j

Example 1 (diagram) :

The solvable sequences of diagrams

The sequences of diagrams : A0, Al,...., An we will call solvable if the fo-
llowing conditions are satisfied:

a) A0 is a diagram that we will call initial diagram.

b) Ai (0 < i< n-1) is a diagram transformed from diagram Ai-1 by applying
one of the rules

i) Izv: A=Izw(A))

ia) Let for A, be valid that: Stp? , € A, and Stp? € A ,thenis A = A /{
Stp? |, Stp?, )}

ib) Let for Ai-1 be valid that: Pak? € A and Pak’ ,€ A, ,thenisA = A,/
{ Pakzn) " Pakzm,z}

ic) Let for A, be valid that: if from Stp* € A, or Stp* € A, it follows that
k # 2 then s
A=A 0SB O{Sty! b (x=n,+1, =n,+1),Stp' €ll and
1
Stp' ,€ll,
id) Let for A, be valid that: if from Pak* € A  tor Pak* € A, it follows
thatk = 2 then is
A =AU {Pak!  }U{Pak!  }(x= n,+1y= nP2+1), Pak' €Il and
Pak €Tl
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i) Ubc: A =Ubc(A))

iia) Let for Ai-1 be valid that: Stp’ | € Ai-1iStp' € A, thenis
A=A, {8y’ oSty )=
=A, 1 {Stp!, ), Stp! L(x=m,+1 y=n,+1),Stp’ €Il and Stp’ ell,
iib) Let for A be valid that: Pak! € A iPak! € A  thenis
A=A, V{Pak’ 1O{Pak’ =
=A , /{Pak! ,Pak! )} (x= n,+1y= np2+l) , Pak’ eIl and
Pak’ eIl
¥
iic) Let for A, be valid that: if from Stp* , € A or Stp* € A | it follows that
k # 1 thenis
A=A, 0 { Sy Ju {Stpzﬂ b(x=n,+1, y= n,+1), Stp’ €Il  and
Stp? ,ell,
iid) Let for A, be valid that: if from Pak* € A, or Pak* € A, it follows that
k # 1, then is
A=A ,V{Pak’ YOU{Pak?  }, (x=n +1,y=mn,+1),Pak’ €ll and
Pak* eIl
32 2
iii) Pod: A =Pod (A )
Let for A be valid that :

1) IfPakkn,jPakk’nj, € A are, then is k=k'=2 and j’ = j

2) If StpknJ Stpk’n;j, € A are, then is k=k'=1 or is k=k'=2 or k=k'=g/h is and §’
=J

in which is ge{1,....,h }, he N/{0}

3| (a1~ SH| =l (A1 AP

Let us order the set : A N S*={ Stp* | ; Stp* e , Stpka }

Let us order the set: A NP F={ Pakk’ml ; ,Potk";ﬂ2 e , Pakl"mu J,}, in which it

isvalidj#ju<t

In order to represent Ai with a diagram, we have to define the auxilliary fun-

ction:

f:{n,nccon}—>{m,m...,m},k =t-1+1
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Itk >u, rem/(l) = rem(,u) rem(l,u) >0 f(n)=m__ (1)
i rem(/,u) =10

Ifk, < u,ondaje f(n) = 0.

A = (A, S k= oSy | Syt e® o fn) > 0}

fn1)y?
iv) Lom: A, = Lom (A_)
A =(A /] Sthn,j Hhu{St i/hng'j| ¢<€{1,2,3,...,h} } for a heN/{0}.

¢) Diagram A is called a terminal diagram that satisfies for a je{1,2}, I = .

d) The status of solvency of the solvable transformation of diagrams.
Let us consider I1 ;< A under the condition that HJ. =0, ij=f

We can distinguish four cases regarding the contents of the set I'l j.

v
i) iij,: U(D,U-. 0, € 1y, 0y,.... 0} Onijj'z O, (1< i > p) then we will say
i=1
that the initial diagram has been solved in the unique way.

ii) if HJ.,: &, then we will say that the initial diagram has the undeterminate

solution.

iii) if IknknJ, e Hj, then is Ikn=Stp, then we will say that the initial diagram has

no solution.

iv) if Iknkmj, eI, then is Tkn=Pak and ®ni,j'= J,(1< i > p) then we will say
that the initial diagram has the solution 0.

1.2. Semantics — interpretation

Each icon from the system of diagrams is assigned a whole integer or a variable.
Icons: to StpknJ will be assigned a positive integer 1 if k=2 or k=3, i.e. a negative
(-1) for k=1.

To Pakknd, we will assign the variable x if k=2, i.e. (-x) if k=1.

K= | N S| ie. quantity, the cardinal number of white sticks (i=1) or blue
sticks (i=2) in j-house, which we will interpret as (-K) or (k).
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=TT jNPi | e quantity, the cardinal number of white boxes (i=1) or blue
boxes (i=2) in j-house, which we will interpret as (-a ) a negative coefficient or
(a) a positive coeflicient with a variable.

The content of each house is interpreted as one side of the equation, which,
once ordered, can be reduced to the form:ax + b=cx + d.

Solving the set is, actually, a procedure of solving equations in which we use a
consecutive application of the cancellation rule for the operations of adding.

The solution of equities we can read in A terminal diagram in the solving
sequence, as a number of sticks in the box, or x = | ®n j | .

In this presentation of solving linear equities we reduced to coeflicients to
the set of integers, namely a, b, ¢, deZ, but the solutions could be from the set
of rational numbers Q.

2. Teaching Practice

I am constructing the basis for the teaching practice, namely for the games
with diagrams, on the assumption that it is the task of the teaching practice of
mathematics in the early school age to use cognitive competences of children in
implementing mathematical contents. Namely, in an ideal situation, the teacher
tries to discover in the existing, not necessarily school knowledge of the child,
her or his mathematical contents.

Let us begin with the initial diagram.

1. We ask a pupil to give a good look at the diagram. She or he would have
to observe that the diagram consists of two parts, the left and the right one,
confined by «houses».

2. Verbal interpretation: We will acquaint the pupil with the fact that we are
starting from the assumption that both parts of the diagram contain the same
quantity of Stp icons, i.e. the same quantity of «sticks». In this quantity we
can include at will a great number of “sticks” built into the “house’, as if they
were “bricks” from which the house is built. Sticks without colour we can
consider to be “bricks” that we have taken out of from the wall of the house.
Green sticks are building material that we put onto white sticks or “bricks”
that we build in the walls of the house. Sticks coloured in blue are additional



150 Proceeding of the International Scientific Colloquium

material in the house, as if they were its occupants. Within blue rectangles
we have a certain quantity of blue sticks hidden. Within colourless rectangles
there is an unknown number of sticks taken out of the wall of the house. The
part of wall that is removed, we can “mend” with green rectangles.

3. Acquaint pupils with the rules for creating new diagrams from the initial one.

Rule Izv: means taking out of, removing from both sides of the diagram a
“stick” or a “box” simultaneously, while at the same time you can remove a
“stick” or a“box” from the “wall of the house” as well.

Rule Ubc: means putting a “stick” or a “box” into both sides of the diagram
simultaneously.

Rule Pod: means inserting “sticks” from one “house” into “boxes” of another
house.

Rule Lom: means dividing “sticks” from one “house” into an equal number of
“small sticks”,

4. Support of psychology: psychologists believe that children in the age of 7 to
12 years have mastered the concept of conservation of quantities (Piaget [3 ]).
If we go through the rules of transformations, we can easily notice that if we
start from the assumption that the left and the right side of the initial diagram
have the same quantity of “sticks’, by applying the rule of transformations in
the solvable sequence of diagrams we will preserve the equality of quantities of
the left and right side of the transformed diagram.

5. Application in teaching practice: with a good preparation, we can demon-
strate to pupils the transformation of diagrams in the form of a game. The
winner is the pupil who first opens the terminal diagram. It is also possible
to cheat, i.e. the irregular application of syntactic rules.

Counter player should discover the “cheat” or correct the irregular application
in the diagram, taking an extra move as a reward, etc. Mathematical gains
represent mental building bridges

(Vygotsky [3 ]) towards integer, that is rational numbers.

Example 2: Let us apply the solving of one of the problems that I have ta-
ken from the existing school collection of problems for pupils of the 3 grade

((4])-

Problem: The teacher has prepared a number of mathematical problems for
the work in the maths group. It has to be found out how many problems the
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teacher has prepared and how many pupils there are in the group if we know
that:

1. If every pupil is to get 5 problems, 3 problems are missing .

2.If every pupil is to get 4 problems, 3 problems will remain .

Diagrams-iconic interpretation: Sticks are problems. Boxes determine the
number of pupils in a group. Left or right side we interpret as the total number of
problems that the teacher has prepared.

The right side describes claim 1) while the right side claim 2).
_ _ Look: 1 problem has been given to
all puplls A, 2. problem in the same

If we give 5 to every p., then from the «wall» they take 3 more, i.e. if we give
4 to every pupil, then 3 remain non distributed

1 e
S [ - e (1) . To wicks 3

mes consecutlvely
A3 = Pod(A2) Terminal diagram.

The group has 6 pupils and 27 problems have been distributed.

A= Lzv(A app to boxes 4 times

3. Use of Computer

This problem is actually intended for solving with a computer. Each teacher
can easily use the above diagrams using just Drawing tools that every Micro-
soft product is equipped with.

As a helping means, for an easier calculation of solutions, and as an effective
heuristic help for teachers, I have made two computer programmes on Excel
pages, the file named Punavreéa ([5 ]) . On the sheet jednadzbe a programme
has been inserted, with the help of which every teacher can demonstrate to her
or his pupils the rules of transformation in the above diagrams. First, she or he
has to write in the linear equation the solution of which we are looking for. By
fixing the same equation on the screen, we get the initial diagram. By applying
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commands Uzmi or Dodaj we carry out the taking out of/putting into of the
icons in the house, doing it simultaneously, and thus, in the best of possible ways
we demonstrate the rules Izv or Ubc. Offered commands correspond with ot-
her rules and present them in the best way. I can recommend this programme
for the beginning, for motivating and warming up pupils for the game. On the
sheet igra you will find the software that requires a greater interaction of pupils
and the computer. Pupils themselves insert icons and create the initial diagram.
They have to fix the chosen diagram. Then the game can start and it lasts until
the terminal diagram. The computer checks if the content in the boxes is the
right solution.
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DEVELOPING THE PROBLEM-SOLVING SKILLS OF
CHILDREN SUFFERING FROM DYSCALCULIA
THROUGH MATHEMATICAL TASKS WITH A TEXT

Straubingerné Kemler Aniké'

Abstract. My research topic is the analysis of the relationship between mat-
hematics and everyday life in case of children suffering from dyscalculia, more
precisely I am interested how difficulties of everyday life occur on maths lessons
and also what we could do on these lessons so that these children with dyscalculia
could cope more easily in everyday life.

The aim of my lecture is to draw attention to those methods applied in the teac-
hing of Mathematics that are suitable for helping children with learning difficul-
ties catch up and are also suitable for developing these children in the framework
of the classroom community.

Apart from the standard therapy of dyscalculia (concept of numbers, basic rules
of arithmetic, continuous practice), I would recommend the use of problem-sol-
ving activities. Mathematics has to teach not only the calculations, but it also has
to aim at teaching children think logically and enable them to solve problems.
Mathematical tasks provide numerous opportunities for that. It is important
even for children who have difficulties with calculations, since they will be able to
use them in their lives later.

I also find it important to show the above mentioned strategies to teacher trainees
in the framework of their training programme. On the one hand teacher trainees
have to be aware of numerous strategies in order to be able to give an example for
children with different ways of thinking; on the other band they have to be able
to understand the way each individual child thinks. In order to enable them to do
that, I show and analyse examples that can be used in the classroom.

! Straubingerné Kemler Anikd, lecturer, Illyés Gyula College Faculty, University of Pécs, Rdkéc-
zi street 1, HU — 7 100 Szekszdrd, e- mail: kemler@igyfk.pte.hu
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Mathematical tasks with a text are particularly suitable for applying problem-
solving strategies since they provide an opportunity for applying a wide range of
strategies. These tasks can be found in every area of mathematics and they can
also be found at each level of education.

In my lecture I will show different ways of solving tasks with a text that can be
found in the lower primary classes of primary schools paying special attention to
those solutions that can be used with less able children or with children who have
dyscalculia.

For those children, who have difficulty in recognising abstract symbols or for
whom abstract thinking and model-making are difficult, other methods including
trials, parallel changes, demonstrations (repetend-method, heaps or diagrams),
reasoning or the use of charts etc. might be more helpful than the algebraic soluti-
on (an open sentence). From the arithmetic solutions I will focus on one particu-
lar strategy — reverse reasoning. I will also show how thinking methods applied
in mathematics can be made more understandable for children with the belp of
examples and games taken from other areas of life.

Through solving mathematical tasks with a text we can develop children’s skills
to understand, see correlations and solve problems. The possible solutions are
numerous, there is not a single universal method, but numerous ideas can be
offered to choose from. My lecture aims at proving that the other methods shown
can be as valuable as algebraic solution, or from the point of view of developing
logical thinking and problem-solving thinking they are even more valuable than
algebraic solution. That is why they are so important for children with dyscalculia
who are averse to algebraic solutions.

Key words: problem-solving, learning disability, dyscalculia, mathematical
Tasks with a Text.

My research topic is the analysis of the relationship between mathematics
and everyday life in case of children suffering from dyscalculia, more precisely I
am interested how difficulties of everyday life occur on maths lessons and also
what we could do on these lessons so that these children with dyscalculia could
cope more easily in everyday life.

The aim of my lecture is to draw attention to those methods applied in the
teaching of Mathematics that are suitable for helping children with learning
difficulties catch up and are also suitable for developing these children in the
framework of the classroom community. I believe that mathematical correcti-
on should also focus on strengthening and developing of children’s personality,
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since this can serve as a basis for developing other skills and it can enable chil-
dren to live a happy and successful life.

Therefore, besides the traditional therapy for dyscalculia (number concept,
routinising the four basic arithmetical rules through ongoing practice) I would
emphasise the familiarisation with problem-solving methods. This can be im-
portant even for those children who have difliculty with counting and do not
like using abstract mathematical signs, since this is something they would be
able to use in their later lives.

Familiarisation with the strategies shown is important in teacher training,
as well. On one hand, future teachers need to be aware of numerous strategies
so that they could show examples for children with different thinking skills
and also they should be able to transfer knowledge and skills with the help
of which students will be able to solve mathematical tasks with a text. On the
other hand, teachers have to be able to understand each individual child’s way

of thinking,

Mathematical tasks with a text provide numerous opportunities for appl-
ying problem-solving strategies. Mathematical tasks with a text can be found in
every area of mathematics at all levels of primary education.

In my lecture I will show methods for solving mathematical tasks with a text
that occur in the lower primary classes of primary school with a special atten-
tion to those methods that can be applied by children with dyscalculia and also
by less able children, as well.

What is dyscalculia?

+Learning disability” (inability to learn, difficulty, disturbance, disorder), as
a category have become common recently, although it was described as long ago
as the late 1800s in medical journals. The term was first used by Samuel Kirk
in 1962 at a conference, which was organised for experts dealing with children
with brain injury or children having difhiculty with perception. /S. Kirk, 1962./
Then experts from different research and practical fields unified to get to know
the phenomenon more deeply. One of the learning disorders is dyscalculia.
According to Hrivnak Ilona, dyscalculia refers to the partial lack or disorder of
counting skills and it should not bee mixed with the complete lack of counting
skills, which is referred to as acalculia. Children suffering from dyscalculia are
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those children whose skills that are necessary for learning mathematics are be-
aten abnormally compared to other skills that are necessary for learning other

subjects. / Hrivnak Ilona, 2003./

One can find a wide range of data about the frequency of occurance. Among
the age-group of 11-12 year old children, the number is about 6-7 %, and the
rate is the same for boys and girls. This means that there are approximately
60.000 students suffering from dyscalculia in primary and secondary schools in
Hungary, who are looking forward to getting support.

/ Dr. Markus Attila, 1999./

The typical symptoms of serious counting disorder at primary age are the
following:

- counting mistakes of the same type that occur fairly often (with the four basic
arithmetical rules going over ten, keeping the remainder, taking into account
the directions when doing subtractions, with multiplication with multi-digit
multiplier finding the place for multiplication-fragments, using symbols and
signs, creating lines, writing and reading increasing and decreasing lines.)

- Problems with concept (multiplication, division, conceptualising a fraction,
reading and writing decimal fractions, the differences between a plane figures
and a solid body, circumference, superficial extent)

- basic problems with the concept of quantity (converting units of time, len-
gth).

+ The content lack of different formula and relations used in mathematics,
chemistry and physics at school is also related to this question. Therefore, their
application is out of question, in vain is there the calculator at their disposal.
The formation of analogous and abstract thinking is also problematic for chil-
dren suffering from dyscalculia. In Hungary children suffering from dyscalculia
take part in school lessons, but they have extracurricular lessons with experts
(speech therapist, special needs teacher). These lessons are held in Educational
Advisory Centres and Committees for Examining Learning Skills and Abiliti-
es. Fortunately, the number of these institutions and experts is sufficient and
there are special programmes and equipment available. The aim of dyscalculia-
therapy is to set the ground for learning mathematics, to form the skills and
expertise, to help the process of abstraction in order to use it for obtaining in-
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formation independently, and also to develop underdeveloped and wrong psyc-

hic functions or to compensate for them./ Dékdny Judit, 1995./

The success of these activities depends on the cooperation among experts,
parents and school teachers. That is why school teachers have a great respon-
sibility. A supportive and helpful attitude can provide a sense of security for
children with dyscalculia. It is essential that we must make children like mat-
hematics. If children take part in the lessons with pleasure, then we can use the

numerous opportunities hidden in it for development.

The role of mathematical tasks with a text

There are two main areas of work with mathematical tasks with a text in
lower primary classes: interpreting operations and developing problem-solving
skills in the field of model-making. Those children who have problems with
recognising abstract signs or have difficulty with abstract thinking or model-
making, can be helped a lot by getting acquainted with other methods and rea-

soning instead of using algebraic solutions (open sentences).

Mathematical tasks with a text can help to develop children’s skill to under-
stand or their ability to find the essence. Uncovering connections, separating
the known and the unknown can be done in the text even without numbers.
Mathematical tasks with a text can help to develop perception-cognition, atten-
tion, memory, thinking, speech and linguistic skills, as well. They teach children
self-discipline, endurance and being able to concentrate for a longer period of
time. When interpreting the text and solving the problem, children’s logical
thinking will develop. They also help interpret the four fundamental arithmetic
operations, recognise inversion through tasks with a “reverse” text. They can

also help to recognise analogies and they develop abstract thinking.

The method of solving can be found without numbers. That should always
be told by the children. However, it might happen that children will not be able
to use an open sentence to do that. Using mathematical tasks with a text appro-
priately in maths lessons can contribute largely to the success of extracurricular

dyscalculia-therapy.
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Solving strategies

Children often encounter problems that can be solved without using mat-
hematical models. We should exploit their enthusiasm and we should provide
a scope for the variety of solutions, but gradually and carefully we should in-
troduce the use of mathematical tools, since in case of complex problems or
larger numbers, only the use of models can help. In case of children with dys-
calculia this process is much slower. We should be careful to use a relatively
simple system of signs. When looking at college students, we often experience
the opposite of it — they immediately try to find a mathematical model even if
the problem could be solved with other methods in a much simpler way. The
problems described in the following can be solved with open sentences as well,

but now I would like to show the role of other procedures and methods.

1. Acting out or performing a story

In order to be able to solve a problem, one has to understand that. It can be
done by acting the story out or performing it with the help of different objects.
If children are able to do that, then it means that not only has he understo-
od the problem, but has also managed to find the answer to the problem. For,

example in case of the next task the situation is the following:

» There are ducks and rabbits in a courtyard. We know that they have 8 he-
ads and 22 legs altogether. The question is how many animals are there of each

kind?”

The task can be represented with drawings, but moving towards model-ma-
king we can also use paper disks (heads) and plastic sticks (legs), as well. First
we put the heads on the table, then we put two legs under each one and then
we distribute the remaining legs. Ducks will have two legs and rabbits will have
four. In case of children with dyscalculia the problem can even be presented wi-
thout numbers: “They have so many heads and so many legs”. The solution can
be acted out according to the procedure mentioned above. Manipulation with
objects can help to teach concepts, thinking procedures and methods. /Krapf,
1937/. We are also aware that this is an age-related phenomenon, as well but in
case of children with dyscalculia it is even more important, since their abstract

thinking develops at a later age.
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2. Using drawings and signs of relation

Understanding can be helped if children make a drawing about the mathe-
matical task with a text. This drawing is usually reality-based at the beginning
then it can become more and more abstract, this is an important moment in the
process of abstraction. We often apply a reverse technique — children have to
tell what the picture tells. This way children can go along the concrete way of
solution and turning into a mathematical model in parallel, when they translate
the information that can be seen in the picture into the language of mathema-
tics. (operations, open sentences). / C.Neményi 1999./

3. Using illustrations, diagrams

The simplest abstract illustration is the use of periods. This method works
especially well if children learnt how to use the kit if colour plastic sticks as a
tool when learning the concept of numbers and operations. (representing the
number as an index-number). For example, in case of the next task::

+When Dad was 30 years old, his son was 7 years old.. Now dad is twice as
old as his son. How old is the son now?”

1

|— 30 S —
+

7

4. Repbrasing a text

Rephrasing the text in a different format can be a very important tool for
understanding. The story should be told and analysed should first be done alo-
ud in the framework of a dialogue between the teacher and the student. This
can provide an example for children how he/she should think and reason alone
later, possibly having a “dialogue” with him/herself. A lot of children find the
solution this way with the help of a text and reasoning, although they might
not be able to write it down.

When solving problems the method most often followed is the “straight-
direction” train of thought. However, there are often problems when a reverse
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train of thought can make the solution simpler. These are the problems when
we know the final state and we are trying to find the starting phase. In these
cases we have to rephrase the original text in a way that we start out from the
final state. There are numerous areas in mathematics that contain these types
of tasks - ranging from lower-primary mathematics to advanced mathematics.
Reverse train of thought or reverse reasoning can be applied for this kind of ta-
sks. This principle is applied by the method of ,disassembling” used for solving

open sentences in lower primary classes.

The thinking methods used in mathematics can often be made more under-
standable for children with the help of examples, games and procedures taken
from totally different areas of life. For example: let’s give into a child’s hand a
paper figure that has been folded by us and let’s ask him/her to fold the same
figure. The child will disassemble the figure until he/she reaches the starting
state, then he/she will fold it repeating the folds in a reverse order. Thus he/she
has discovered the strategy: reverse reasoning! or: let’s play them a short scene
from a film and then let’s show the same scene starting from the end. This is
humorous this way, but it is even more important that it will be seen how we
can get from the beginning to the end through a series of events - and vice versa,
as well: from the final state to the beginning. Children can also perform such a
series of actions in the right order or in a reverse order. Then we should follow
with a text: what they do in one order and what they do in reverse order.

The following solutions all use the reverse train of thought in a different
format. For example:,I have thought of a number , I have added 5 to it, then I
have divided it by 2, and then I have subtracted 17 from it, thus I had 10 as a
result. Which number have I thought of?”

a) we do not use an open sentence, we just reverse the train of thought from
for the text. Thus even children with dyscalculia can solve the task (without
using any abstract symbols).

b) we illustrate the series of operations with the help of cards (the cards con-
tain the mathematical operations with the numbers related to them), then we
will place the operations that have to be done underneath in a reverse order:

—>+5—>:22—>-17> =10

— 52 +17=10
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Let’s do the series operations placed this way!...So you have thought of 49.

c) based on the series of operations, we can use an open sentence for the
task. This is much more complex than the placement with cards, we have to be
careful about the use of brackets here.

5. The trial/error method

This method has a great significance. On one hand, it can provide a sense
of achievement for children. On the other hand through the trials he/she will
discover connections relationships among quantities.

, There were 2 flowers in the vase. I have added some to them , thus there
were 5 flowers in the vase altogether. How many flowers have I added?” The
story can be written down in the form of an open sentence: 2 +| |= 5 The so-
lution, however, will not work with the inverse of the incomplete operation at
the beginning. Instead, children can try to find the solution with the method of
trial and error. They will try what they will get by adding different numbers to
2 and they will choose the one that makes up 5.

Or for example: ,Peti and Dani were picking apples, they have picked 80
altogether. Peti has collected 10more than Dani. How many apples has each
of them collected ?” Children can disassemble 80, and they can choose the one
where the distinction is 10 a between the two numbers.

6. Using charts

It is worth recording the results of trials in a chart. For the majority of pe-
ople, visual representation helps to recognise connections. By recording infor-
mation in a chart, children will learn to conjugate the quantities related to each
other. The chart can also be used well when there is no evident answer to the
question due to the nature of the data, for example:, The ducks and the rabbits
in the courtyard had 20 legs altogether. How many ducks and rabbits were the-
re?”. Or in more complex mathematical tasks with a text (see the ones described
in 3 above), we can make a chart using one piece of information, from which
we can find out the pair of data that corresponds to the other connection. In
this particular case, we can make a chart about the corresponding ages of the
father and son, and then we try to find when the father will be twice as old as
his son.
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7. The method of equal alterations

Children can be made to discover this problem-solving procedure during
the procedure described in 1. when children put various objects according to
the text. Let's look at the task described there. Let’s see what will change if we
replace a duck for a rabbit or vice versa! The number of heads will not change,
but the number of legs will always decrease or increase by 2. The train of tho-
ught can be traced easily in one’s head, but the differences among children are
indicated by that fact whether they are able to do that in their head, or they
need modelling. This method develops function-like thinking, if we observe
what alteration a particular alteration results in. As a beginning state, it is wor-
th assuming that all of them are the same and make the alterations afterwards.

Summary

Numerous methods can be used to solve mathematical tasks with a text,
we cannot give a general method, but we can provide numerous ideas. In this
lecture I have proved that the other methods shown can be equally valuable,
moreover, from the point of view of developing logical thinking and problem-
solving thinking they can be even more valuable than solving the problem with
an equation. That is why they are especially important for children suffering
from dyscalculia who try to avoid algebraic

From all the methods described above, I would emphasise reverse reasoning,
which is a useful method for problem-solving. Krutetski considers the tran-
sfer from one train of thought to reverse train of thought the most important
fundamental skill of acquiring mathematics. /Krutetski, 1977./ it can provide
great support not only to the acquisition of mathematics, but also to problem-
solving in everyday life.

The most important elements of the dyscalculia-therapy are still the num-
ber-concept, the routinising of the fundamental operations and their continu-
ous repetition, because these children generally have problems with long-term
memory. But it would also be important for these children to acquire knowled-
ge that is useful on the long run, as well, and one of this could be getting to
know problem-solving procedures. In the meantime we can also achieve to
make them happy adults and live a life without psychic injuries. And apart from
experts working for pedagogic services, teachers working in schools can also do
a lot to achieve that.
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THE CONCEPT OF THE SQUARE AND
THE RECTANGLE AT THE AGES OF 10-11

Szildgyné Szinger, Ibolya’

Abstract. I took part in a developing tecahing experiment for which I had perso-
nally designed the material of the lessons and the method of processing it. I parti-
cipated in the lessons as an observer. I invited a training teacher of mathematics
to teach in 4* grade of the Training Primary School of Eétvés Jozsef College. In
the course of the developing teaching I examined the formation of several geome-
tric concepts but in this essay I deal with the development of the concept of the
square and the rectangle in detail.

My question for research is to see how our teaching of geometrics in lower pri-
mary — within this the teaching of the concepts of the square and the rectangle
— relates to the Van Hiele geometric levels and to see how effectively the concrete
material activities occuring at these levels contribute to the development of the
concept of the square and the rectangle.

My bypotbhesis is that in lower primary (grades 1-4) the first two Van Hiele pha-
ses of geometric teaching can be realized. It is not possible to move onto the third
level by the end of lower primary. Although concept classes are formed (rectangle,
square) but there are hardly any links between them. Children do not yet perceive
the inclusive relationship.

P-H. Van Hiele divided the geometric learning process into 5 levels. At the le-
vel of global recognition of geometric objects (level 1), children perceive geomet-
ric objects as a whole. They easily recognize the different objects based on their
shapes, learn the names of objects but do not recognize the relationship between
the objects and their parts. They do not recognize the cuboid in the cube, the
rectangle in the square because these are completely different things for them. At

! Ibolya Szinger Sziligyiné, assistant college professor E6tvos Jozsef College, Department of
Mathematics and Computing H-6500 Baja, Szegedi 1t 2., e-mail: szilagyine.szinger.ibolya@
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the descreptive level (level 2), children dissect objects into parts then put them
together. Observation, measuring, drawing and modelling play an important role
at this level. Students observe and list the properties of objects (parallelism or per-
pendicularity of planes and sides, having right angles, symmetry properties etc.)
but they do not make definitions and do not yet recognize the logical relationships
between properties.

In the essay I present the developing teaching experiment and its observations
which I support with measurement results.

Key words: mathematics teaching, square, rectangle.

Through May-June 2006, I took part in a developing tecahing experiment
for which I had personally designed the material of the lessons and the method
of processing it. I participated in the lessons as an observer. I invited a training
teacher of mathematics to teach in 4™ grade of the Training Primary School of
E6tvds Jézsef College. In the course of the developing teaching I examined the
formation of several geometric concepts but in this essay I deal with the develo-

pment of the concept of the square and the rectangle in detail.

My question for research is to see how our teaching of geometrics in lower
primary — within this the teaching of the concepts of the square and the rec-
tangle — are related to the Van Hiele geometric levels and to see how effectively
the concrete material activities occuring at these levels contribute to the develo-
pment of the concept of the square and the rectangle.

My hypothesis is that in lower primary (grades 1-4) the first two Van Hiele
phases of geometric teaching can be realized. It is not possible to move onto the
third level by the end of lower primary. Although concept classes are formed
(rectangle, square) but there are hardly any links between them. Children do
not yet perceive the inclusive relationship.

For small children a directed process of geometric learning already begins in
kindergarten. The development of the concepts of geometric objects (geometric
bodies, geometric figures) starts by examining the shapes of the environment.
Specifying the properties typical for these sets of objects already represents a

higher level of learning.

P-H. Van Hiele divided the geometric learning process into 5 levels.
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At the level of global object recognition (level 1) children perceive geometric
figures as a whole. They easily recognize them by their shape, they learn the-
ir names but they do not perceive the relationship between the figure and its
parts. They do not recognize the cuboid in the cube, the rectangle in the square
because these are completely different things for them.

At the descreptive level (level 2), children dissect objects into parts then put
them together. They recognize the planes, edges, points of geometrical bodies.
They also recognize geometric figures, which are bordered by curves, sections,
points, as the planes of geometric bodies. Observation, measuring, drawing and
modelling play an important role at this level. Students observe and list the pro-
perties of objects (parallelism or perpendicularity of planes and sides, having
right angles, symmetry properties etc.) but they do not make definitions and do
not yet recognize the logical relationships between properties. Just because they
recognize the common properties of the square and the rectangle, we cannot
expect them to draw the conclusion that a square is a rectangle.

At the level of local logical arrangement (level 3), students establish relati-
onships between objects and their properties. The possibility now appears to
deduce certain properties of objects from others. They understand the role of
specification and definition. But the line of logical deductions is determined
by the textbook (and the teacher). The creation of a need to prove deductions
begins but is limited to certain objects only. At this level a square is already a
rectangle.

Education corresponding to level 4 (attempt at creating a complete logical
structure) and level 5 (axiomatic structure) falls under the competence of se-
condary and higher education.

Each learning period of the Van Hiele model builds on and expands the
thinking developed in the previous phase. Moving from one level to the next
is continuous and gradual while students acquire the mathematical concepts
corresponding to each of the different levels. This process is specifically influen-
ced by teaching, its content and method. In order to develop the right geometri-
cal thinking, none of the levels may be skipped. Each level has its own characte-
ristic language, system of symbols, logical structure. An important educational
aspect of Van Hieles theory is that no students at a lower level should be expec-
ted to understand instructions worded adequately for a higher level. According
to Van Hiele, this is the main reason of failures in mathematical education.
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With regards to the teching of mathematical concepts, R. Skemp, mathema-
tician-psychologist, states the following:

»No concepts of a higher level than the ones he already knows can be com-
municated to anybody through definitions, it can only be done in a way where
a multitude of appropriate examples are provided. Because in mathematics the
before mentioned examples are almost all various concepts, first of all we need
to make sure that the students have already acquired these concepts. ... Choo-
sing the right examples is a lot more difficult as one would think. The examples
must have those common properties which form the concept itself but must
have no other properties in common.” (1975)

When building a concept it has to be placed in the system of already existing
concepts (assimilation). However, it might be necessary to modify the already
existing system, scheme (accomodation) in order to place the new concept in
it. The balance of assimilation and accomodation is essential for proper con-
cept development. If this balance is upset — i.e. assimilation is not followed by
proper accomodation —, the student’s own explanatory principles will gradu-
ally become part of his mathematical concepts which may lead to conceptional
confusion. This is where the role of the teacher, whose task is to maintain this
balance, becomes important.

The developing educational experiment referred to at the beginning of this
essay includes 16 lessons, the aim of which was to implement teaching of ge-
ometry according to the Van Hielle model. In the first lesson I had the 26 fo-
urth grade students write a pre-test which helped me to confirm that stepping
from level one (global recognition of objects) to level two (analysis of objects)
and the further development of geometrical thinking is possible at this stage.
When putting together the pre-test, I took into consideration the material of
the previous year (grade 3) and the experience of the training teacher. The first
lesson of the developing experiment was the first lesson of the 4th grade subject
matter at the same time.

The first two exercises of the pre-test had been designed to demonstrate
the concept formed about the square and the rectangle. The first exercise is
related to the realization (formation) of the concepts of quadrangle, square and
rectangle while the second one is related to the identification (recognition) of
concepts. In exercise one I asked for the drawing of a quadrangle, a rectangle
and a square. In exercise two, from 16 different geometric figures, those ones
had to be chosen which were bordered by straight lines only, those which were
quadrangles, the rectangles and finally the squares.
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The results of exercise 1 (26 students) are summarized in the following
chart:

a) Drew a general quadrangle for a quadrangle (people) 9
Drew a square for a quadrangle (people) 11
Drew a rectangle for a quadrangle (people) 5
Was unable to draw a quadrangle (people)

b) Drew a rectangle correctly (people) 26

c) Drew a square correctly (people) 25

The solution of the task may be called successful as 1 child was unable to
draw a quadrangle and also 1 child was unable to draw a square. The ratio
(42%) of those children who drew a square for a quadrangle also is relatively

high.

Evaluation of exercise 2:

a) Listed without mistake all those geometric figures that are bordered by 24
straight lines only. (people)

b) Listed without mistake quadrangles. (people) 21

c) Defined rectangles correctly by including squares as well. (people) 1
Did not include squares among rectangles but made no other mistake. 5
Did not include squares among rectangles but included general parallelo- | 3
grams. (people)

d) Listed squareswithout mistake. (people) 14
Omitted the square standing on its point from the list. (people) 7

The measured data shows that in case of the rectangle and the square more
development is required in concept identification. Nearly 20% of the students
did not included squares among rectangles but made no other mistakes. A fur-
ther almost 70% did not include squares among rectangles either but included
the general parallelogram. Nearly 90% of the students did not consider the
square to be a rectangle. This perfectly correponds to the first two levels of
Hiele. It is interesting however, that 27% of the children did not recognize the
square in the square standing on its point. The mistakes that occured indicated
that going forward I'll have to place great emphasis on providing and discu-
ssing proper examples and counter examples for the sake of correct concept
development. When using the word ,proper” I mean the appropriate quantity
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of examples and counter examples on one hand and an appropriate variety of
these (e.g. they should encounter rectangles and squares in different positions,
too) on the other. Furthermore, they should make the key properties of con-
cepts recognisable for children while enabling them to filter out the unimpor-
tant ones.

When planning the lessons I focused on making sure that children discover
geometric concepts first through concrete experiences, in real games and ma-
terial activities, then at a visual level (drawing) and finally at a symbolic level
(spoken and written language).

Exrcises for concrete material activities:
E.g.: 1. What is the simpliest way to cut out a square from a rectangle?

2. A rectangle or a square is cut into two triangles along its diagonal and then
further geometric figures are created from these triangles.

3. Creating and naming various geometric figures from a stripe of paper with
single straight cuts.

4. Creating rectangls of different length but a given height from a stripe of pa-
per. Etc.

During this task a boy called Bence turned to the teacher in desperation:
,For one of them all the sides are the same. I've measured it. Each side is 4 cm.
This is a square. It won'tbe good.”

The teacher reacted in the following way:

»Well, this is how it turned out to be. You have got such a special rectangle.
As you can see, the square is a special rectangle. Your solution is good.”

Bence gave a sigh of relief. The teacher showed this rectangle of Bence to the
class. As it turned out he wasn't the only one who managed to cut a rectangle
like that. The teacher repeated to the class she had told Bence previously. We
were happy we had the chance to highlight the relationship betwen the square
and the rectangle.

Some exercises at visual level:
E.g. 1. Making squares and rectangles on a point grid.
2. Making various quadrangles on a point grid.
3. Making various triangles on a point grid.

4. Making quadrangles with specified properties. Etc.
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The discussion of the properties of the various geomtric figures took place
at the symbolic level: determining the number of sides and points for polygons,
quadrangles, rectangles, squares. Examination of the length, parallelism, per-
pendicularity of the sides. Determining the number of symmetry axes and the
size of angles formed by adjoining sides. The properties of the square and the
rectangle were also compared. When the teacher asked whether all the proper-
ties of the rectangle are also true for the square, the majority of the answers was
no. Two children thought that this statement was true. Although the teacher
tried to explain this to the students, several of them told her she was wrong
because, the rectangle has sides of two different lengths while the square hasn't”.
The examination of geometric properties naturally took place together with the
visual presentation of the figure in question.

I closed the developing teaching experiment with a test worksheet. The wor-
ksheet was completed by 25 students in class 4.c. Upon my request, 23 students
in class 4.a. and 24 students in class 4.b. also completed the worksheet. In these
classes mathematics was taught by another training teacher. I hereby present
only those exercises of the worksheet that are related to the development of the
concept of the square and the rectangle.

Exercise one was related to the identification of the concepts of the quadran-
gle, the rectangle and the square where quadrangles, rectangles and squares had
to be chosen from 15 geometric figures.

I summerized the outcome of the exercise in the below chart:

4.c 4, 4.b

a) Listed quadrangles without mistake. (people) 25 16 20
b) Defined rectangles correctly, included squares here. ) ) )
(people)
Did not include squares among rectangles but made 13 1 3

no other mistake. (people)

Did not include suqares among rectangles but inclu-

ded general parallelograms. (people) 10 10 19

d) Listed squares without mistake. (people) 20 9 14

Onmitted the square standing on its point from the list.

(people)
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The recognition of quadrangles was perfect in the experimental class. 52%
of the students did not include squares among rectangles but made no other
mistake. This improvement is significant compared to 20% in the pre-test. 40%
of students did not include suqares among rectangles but included general
parallelograms. Although this is a significant improvement compared to the
previous 70% but I still consider this ratio high. 90% of the children still do
not consider the square a rectangle. The ratio is nearly the same in the control
groups. This data supports my hypothesis that it is not possible to move to level
3 of the Van Hiele model in geometric thinking by the end of lower primary.
Only the completion of the firts two levels is realistic.

There was a positive change in the recognition of squares as well. 80% of
children (as opposed to the eatlier 58%) listed suqares correctly.

Another exercise of the test worksheet was related to the qualities of the
square and the rectangle. Children had to underline those statements from the
ones given that were true about squares and in the second part of the exercise
the ones that were true about rectangles. When evaluating the exercise, I only
include perfect performance. 52% of the students in the experimental group
found all the true statements regarding squares while this ratio was 35% and
42% in the control groups. The source of mistakes can partly be found in the
inappropriate interpretation of the words,opposing” and,,adjoining” and partly
in the fact that the concept or parallelism and perpendicularity are not stable
enough yet.

The last exercise of the test worksheet also supported my hypothesis. In this
exercise the logical value of the following statements had to de determined:

The rectangle is a special square.
The square is a special rectangle.
The sides of the square are not equal.

All squares are rectangles as well.
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The evaluation of the exercise is the following:

4c | 4a | 4b
Determined the logical value of all the statements correctly. 6 4 5
(people)
Determined the false logical value of the statement, The rectangle
. . ” 16 12 | 14
is a special square.” correctly. (people)
Determined the true logical value of the statement, The square is
. B 12 9 | 11
a special rectangle.” correctly. (people)
Determined the false logical value of the statement, The sides of
” 24 19 | 23
the square are not equal.” correctly. (people)
Determined the true logical value of the statement ,All squares
” 12 11 | 11
are rectangles as well.” correctly. (people)
Marked with different logical value the statements, The square is
. ” ” 10 10 | 11
a special rectangle” and , All squares are rectangles as well.” (people)
Determined the logical value of the statements ,IT'he square is a
special rectangle” and ,All squares are rectangles as well.” as true. | 7 5 6
(people)
Determined the logical value of the statements , The square is a
special rectangle.” and , All squares are rectangles as well.” as false. | 8 8 8
(people)

In this exercise the number of perfect answers is low in all student groups.
It's no wonder of course as three statements out of four referred to the hierarchy
between the square and the rectangle. We cannot be sure either that the child-
ren who found the second and fourth statements true were really aware of the
subset relationship existing between the square and the rectangle. Those who
found these statements to have different logical values (40% of the students in
the experimental group, 43% and 46% in the control groups) made mutual-
ly contradictory decisions which indicates the uncertainity in determining the
relationship between the concept class of the square and that of the rectangle.
And those who found both of them false (32%, 34% and 35% of students) re-
ally didn't perceive any kind of hierarchy.

I feel that the developing teaching directed by me contributed effectively to
deepening the concept of the rectangle and the square. The comparison of the
pre-test and the closing worksheet results also proved this. Effectiveness is furt-
her proven by the fact that the results, compared to results experienced in the
other two parallel classes, were generally better and in some cases much better
in the control group.
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For a closing thought let me quote Gyérgy Pélya: ,Nothing should be mi-
ssed that has a chance to bring mathematics closer to students. Mathematics is
a very abstract science and that's why it must be presented in a very concrete

way. (1977)
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THE USE OF COMPUTERS IN
TEACHING MATHEMATICS

Sanja VaroSanec'

Abstract. It is only natural that modern mathematics teaching should follow
technological developments and that its aim is to introduce new teaching tools
into the educational process in order to bring mathematics closer to the pupils, to
motivate them for work, and to improve understanding, detecting and learning
of mathematical concepts, phenomena and patterns. Just as overhead projectors,
slide projectors, epi scopes, tape recorders and similar equipments were intro-
duced into the teaching process in the past decades, so are we now witnessing in-
creasingly frequent use of computers, related electronic devices and software in the
process of teaching and learning. As is the case with the use of any other teaching
tool, even the use of computers has its advantages as well as its disadvantages. In
deciding when, where, why and how to use new technology, the teacher is using
the following basic rules as guidance:

« The decision about when and how to use or not to use the computer in lessons
depends on whether its implementation improves the existing teaching practice.

« The decision must be directly conditioned by evaluation whether the use of the
computer will bring abut more efficient realisation of the individual teaching unit
objectives.

« The use of the computer must enable the teacher and the students to achieve
something which they wouldn't be able to achieve without the use of the computer,
i.e. it must enable more efficient teaching to the teacher and more efficient lear-
ning to the student than it would be possible without this technology.

Considering that in mathematics teaching in senior grades of the Elementary
school, geometry is being taught to the great extent, I shall refer to the use of the
dynamic geometry software. It is a tool which enables different understanding of
traditional geometrical contents and by means of which research and experimen-
tal methods obtain new and more important place in mathematics teaching.

Key words: teaching tools, computer, dynamic geometry software.
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FROM ACTIVE EXPERIMENTING
TO ABSTRACT NOTION CONCEPT

Amalija Zakelj', Aco Cankar?

Abstract. We are trying to present in this article certain didactic aspects of pro-
cess-didactic approach to teaching and learning which we developed in our rese-
arch, called »Process-didactic approach and understanding of mathematical noti-
ons in primary schools, (Zakelj, 2004). The research took place in 2001/02 and
2002/2003 with pupils aged 12 to 15. The main scientific question was how to
research the link between children’s thinking (cognitive structures, meta-cogni-
tion, and mental strategies) and the approaches in teaching mathematics. We

verified it from the aspect of its impact on the quality and type of knowledge.

We conceived our didactic model on the basis of the theoretical knowledge about
children’s mental development, including the newly established recognitions about
children’s thinking as well as our knowledge on social cognition. We have leaned
on the theory of development psychology, which studies the development of noti-
ons in regard with the development level of children’s thinking, and we took note
of newly established cognitive-constructivistic recognitions of pedagogical science
on learning, which underline children’s activity in the learning process.

Key words: mathematics teaching, active experimenting.

Experience learning

While establishing the process-didactic approach we took note that the lear-
ning process is essentially influenced by the level of thinking development, the
structure of existing knowledge and the organisation of children’s activities as
well a by the encouragements for the environment. At the same time children’s

! Amalija Zakelj, Ph.D,, Slovenian Education Institute, Poljanska 28, SI — 1000 Ljubljana, e-
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thinking was interpreted from the point of view of new recognitions on meta-
cognition and from the connection between thinking and language.

The process-didactic method introduces the experience learning in practice,
dialogue and all forms of participation (influence of social interactions) as an im-
portant part of knowledge construction. Experience learning includes: modelling,
active experimenting, independent search for sources, searching for similarities and
connections, looking for examples and contra examples, it encourages development
of problem knowledge (solving open problems, understanding of problem situa-
tion, putting questions, learning of strategies for solving problems, establishing
solutions, presentation of results, clarifying) and introduces forms of the applica-
bility of mathematics in other areas and provides linking/combining of knowledge.
While solving problems the emphasis is on the processes and strategies of solving
problems, on clarifying, verifying solutions, presenting results and exchange of
views. Teachers encourage motivation in the cognitive and social-cognitive con-
flict. Teachers’ role is also in offering children various approaches to learning.
What approaches children would use depends on their prior knowledge, on the-
ir cognitive maturity, on their orientations and their learning styles.

What is necessary to consider when introducing new notions?

In the assignment, we are describing below, we illustrate, that children’s su-
ccess in solving problems depends on their notion concepts and on their cogni-
tive maturity.

Assignment 1: When do you think two quantities are directly proportional? Give
some examples.

Didactic aspect: Demonstration of understanding of the notion direct proportion
by giving examples.

Assignment 1 was tested in the research (Zakelj, 2004) in which we among
others studied also understanding of the notion direct proportional quantity.
Even 77 percents of pupils gave a correct answer, however only 44 percents
could give examples of direct proportional quantities. Although the cell of the
definitions was full, the cell of notion concepts was by pupils, who could not
give any example, empty or it was filled with wrong concepts. The cell of notion
concepts fills up by the process of acquiring experiences.

Assignment 2: Calculate what percentage of the figure is coloured.
Didactic aspect: solving problem at a symbolic level.
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Also the Assignment 2 was tested in the research (Zakelj, 2004) by which we
tested the capability of 12 year old pupils in solving problems at a symbolic level.
Only rare pupils could solve the exercise entirely and mathematically totally
correct. Most pupils solved the assignment so that they chose the concrete data by
themselves, some of them determined them by measuring, others drew a network
and defined the area unit or they reached the approximate result by assessing.
Various pupils’ approaches in solving problems show a link between the cognitive
development of children, experiences children have and the way they solve assi-
gnments.

From the way of solving the first and the second assignment we can assume
that it is very important that teachers when selecting teaching approaches and
when they define assignment difficulty levels make their choice from different
presentations of notions, by which they introduce notions gradually and thus
make sense in adjusting to the pupils’ cognitive maturity and consequently in-
fluence their development. In the first example children had too little experi-
ence in acquiring notion conceptions, since besides the definition many pupils
were not able to give not a single example, which points at their weak concep-
tions of notions, which are besides the definition a part of a notion structure.
The second example shows that pupils have to walk gradually through all the
phases: from concrete experiences, and from imaginative and symbolic level to
abstract level. Thoughtless and too quick introduction of demanding abstract
notions, overtaking their cognitive development, are from the point of view of
establishing one’s notion conceptions for children extremely difficult and often
also ineffective.

From active experimenting to abstract conceptualisation

Development of mental concepts and understanding mathematical notions
is for understanding of mathematics essential for the construction of knowled-
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ge and it is also a precondition for the transfer of knowledge. It would be impo-
ssible to learn a new strategy for each problem. However it happens quite often
that many pupils cannot make connection and present information as isola-
ted part. If they listen to the same topic at two different subjects, they cannot
connect it, but have two »separate knowledges«. The same thing happens when
connecting notions within mathematics. If a pupil understands the relation as
dividing two whole numbers, he would not be able to use that notion for lear-
ning direct and reverse proportion. It is therefore very important how we learn.
A gradual transfer from concrete presentations of notions, through imagery
and symbols, to abstract conceptualisation, is indispensable in the constructi-
on of notion concepts. It is natural because it in all cases follows the phases of
cognitive development. Learning by experience foresees all those phases: active
experimenting, researching, finding characteristics on a concrete model, acqui-
sition of concrete experiences, thoughtful observations, which in the last phase
can bring to the abstract conceptualisation of a notion.

Inductive and deductive approach to solving problems

Pupils for whom it is correct that they first find a theory, the principle, and
the rule solve problems deductively. However, if they have difficulties in the
transfer from general to concrete, they should solve problems in an inductive
way.

At a given problem situation or challenge we always can put several questi-
ons, which demand different level and type of knowledge. Therefore the decisi-
on on what question and to what depth an individual is going to reach depends
on his knowledge. We are giving an example where we can reach out for diffe-
rent levels (from the primary school level to the secondary school level). The
approaches to solving problems depend on the level and extent of knowledge.
Pupils can solve the challenges of finding areas of shadowed geometrical figures
by measuring, collecting partial solutions and put a hypothesis on the basis of
the collected data. Of course, when using that approach it is necessary to talk
to pupils and tell them that the results and solutions acquired by measuring,
can be only an approximate estimation, since measuring only partly provides
accurate data or findings. The established findings are always followed by cla-
rifications. It is mostly descriptive at the primary stage possibly with examples.
In the given case we can also at the level of primary schools clarify our findings
with the help of mathematical facts on congruent of figures and on geometrical
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figures, equal in area. In the secondary schools the assignment can be linked
with solving of extremal problems by using derivative.

Challenge 2: In an ad hoc position of the point T on the diagonal of a rectangle
with sides a and b we draw two parallels to both sides. Calculate the areas of sha-
dowed rectangles on the picture.

a

Picture 2

Didactic aspect of challenge

We encourage pupils at their work to do the research, to observe, to measu-
re, to compare and to put hypotheses. They make links and use notions of simi-
larity, congruent in figures, equal in areas. This might be one of the chances for
pupils to complement and correct possible wrong notion concepts. From the
didactic point of view this kind of exercise is useful for building concepts of the
notion of areas, of figures, equal in areas, congruent figures and similar figures.

Activity of pupils

The problem requires productive use of mathematical knowledge: are-
as of rectangle, theorem on congruent and similarities of triangles, linking of
knowledge and analysing a given problem situation.

1. Consideration on the challenge and asking question

The insight into the problem enables us to have a careful look at the picture
and at finding relationships between geometric elements. For instance, while
observing pupils find out: The areas of shadowed rectangles are changing with
the movement of the point T along the diagonal. Questions follow:
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Formation of question

How do the areas of the shadowed rectangles change if we move the point

T along the diagonal?
What is the proportion between the areas of both shadowed rectangles?

What is the proportion between the sum of areas of both shadowed rectangles
and the area of the entire rectangle?

At what position of the point T is the sum of areas of both shadowed rectan-
P p
gles the greatest?

2. Performance

There are several ways of solving problems. Allow us to show two approa-
ches.

a) Inductive approach — by measuring

We can get the necessary data also by measuring and calculating.

Picture 3

We draw several different situations: Point T is located for example close to
the vertex, or in the centre of diagonal ... For the selected concrete examples of
measurements we define the length of the sides, which we need to calculate the
areas of shadowed figures. On the basis of measured data we calculate the areas.
It is wise to put down the results of measurements and arrange/draw a table. In
case of systematically organised data we can see the solution much faster.

The data are written in the table in a general way and pupils are of course
going to work with concrete data.
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Table 1: Areas of shadowed rectangles when moving point T along the diagonal

Dflv1s‘1zn ¢ Area of the The sum of | Proportion between the sum
:h st te O’ first and se- areas of both | of areas of both shadowed
le‘retc I y cond shadowed | shadowed rectangles and the area of the
gemeon rectangle rectangles entire rectangle
parts
0 b 0 0
7ab/64 3 )
8 a/8 |7b/8 72b/64 14ab/64 14/64=2-7/8
3ab/16 3 5
4 a/4 | 3b/4 3ab/16 6ab/16 6/16 =2-3/4
2 12y, |24 ab/2 = 2ab/4 | 2/4=2-1/2?
ab/4
7ab/64 3 )
8 7a/8 |b/8 72b/64 14ab/64 14/64 =2-7/8
0 0 0 General: 2(n - 1)/n?

3. Conclusion
By observing a concrete sequence children in the primary schools can make
conclusions:

e proportion between the sum of areas of the shadowed rectangles and the area

of the entire rectangle is 2(n - 1)/n%
e areas of both shadowed rectangles are equal;

o the sum of areas of both shadowed rectangles is the biggest if the point T is

in the centre of the diagonal.

4, Clarification
Conclusions can also in the primary schools be clarified with the help of
theorems on congruent.

b) Deductive approach — assumption, linking and the use of mathematical

notions and rules

By considering similarities we get the result that, form x, = a/4 the noting of

proportion is followed:
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a:b=2a/4: ¥y from which it follows that y,= b/4 and y = 3b/4. The area of
shadowed rectangles is: a/4 - 3b/4 and second 3a/4 - b/4. The areas of sha-

dowed rectangles are equal.

In general: if X, = a/n, then by using similarity we get the proportion: a : b
= a/n :y,, from which we can assume thaty = b/n oz.y = (n-1)b/n. Areas of
shadowed rectangles are: a/n - (n-1)b/n in (n-1)a/n - b/n, from which we can
assume that they are equal at each n.

Where is the area the biggest? At the primary school level it can be found
out on the basis of observation of the sequence, and at the secondary school le-
vel by the help of derivative. Area a/n - (n-1)b/n is the biggest when n = 2. This

means in cases when the point T is in the centre of the diagonal.

Joint findings

Of we slide the point T along the diagonal, the sum of areas of both sha-
dowed rectangles change from the value 0, when the point T is in the vertex, to
the biggest value ab/2, when the point T is in the centre of the diagonal.

The proportion of the areas of shadowed rectangles is 1 : 1 or the areas are
equal at all positions of point T. Areas are the biggest when the point T is in the
centre of the diagonal. The proportion between the sum of areas of shadowed
rectangles and the area of the entire rectangle is 2 -(n-1)/n %

CONCLUSIONS

With the challenges shown above we wanted to indicate that for successful
teaching and learning also the process is important and not only final aims. In
case of such open problems we learn on one hand the strategy of solving pro-
blems and on the other the active search for solutions or understanding of no-
tions by various approaches helps pupils to take different views on the contents
and eases the construction and understanding of basic notions.

At the transmissive approach to learning and teaching the situation often
resembles the one where questions follow each other in fast sequence and there
is no time for thinking or checking and clarifying. In the challenge Investigate
the area of shadowed rectangles a pupil is confronted with a rather different de-
mand as it were the case if the assignment said: Calculate the area of shadowed
figure at the given data. The difference is essential. In the first case pupils inde-
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pendently ask questions which they later investigate. For example: are the areas
equal, what is the proportion between the areas of shadowed figures, how do
the areas change if we slide the point along the diagonal, what is the share of
shadowed figure in the rectangle. While solving the problems pupils try to find
various ways of solving and different solutions. For example they draw pictu-
res, shape models, measure lengths and calculate areas, analyse pictures and
link data, they calculate, compare results, look for congruent of figures, they
establish hypotheses, as for example: »areas are equal«. They also clarify and
demonstrate their findings. In the second case the pupils would on the basis of
given data calculate a required area by using a form. They would often perform
it as a routine without any thinking. By accumulating various experiences from
the first case they gradually fill their notion concepts, which are, as we said in
the beginning, the key item for understanding notions.

We can draw a conclusion that learning is more effective if words are given a
sense and if the content is not learned by heart, if we repeat with our own words,
if we help ourselves by modelling, active experimenting etc. When establishing
notion concepts it is not important only that pupils solve as many exercises as
possible, but it is also important that they solve complex assignments where
they link their knowledge. More complex problems usually include understan-
ding and the use of notions and the mastering of various procedures. Open
problems are very good, they initiate discussions among pupils, asking research
as well as they open up in the continuation the vast opportunity for further
discussions both about the ways of solving problems and about solutions.
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PRIKAZ ODOBRENOG PROGRAMA IZ METODIKE
NASTAVE MATEMATIKE U SKLADU S BOLONJSKOM
DEKLARACIJOM NA PRIRODNO-MATEMATICKOM
FAKULTETU U SARAJEVU

Sefket Arslanagic!
SaZetak. Akademske 2005./2006. godine na Univerzitetu u Sarajevu zapocelo
je obrazovanje studenata prema novim programima uskladenim s bolonjskom
deklaracijom. Na Odsjeku za matematiku Prirodno-matematickoga fakulteta u
Sarajevu studira se po shemi 3+2 godina. Nakon trogodisnjega studija matema-
tike, student moze nastaviti studij na 4 moguéa smjera.

Zavrsetkom jednog od tih smjerova kandidat stice naucni stepen magistar meto-
dike nastave matematike.

U clanku se daje prikaz studija na smjeru Metodika nastave matematike.

Kljuéne rijeci: matematika, nastava matematike, znanost.

Nakon trogodi$njeg studija matematike na Odjelu za matematiku PMF u
Sarajevu stice se diploma visoke spreme, a poslije zavrSene jo§ dvije godine zva-
nje magistra (odredenog smjera).

Postoje slijedeca Cetiri smjera:

- Teorijska matematika

- Primijenjena matematika

- Teorijska kompjuterska nauka

- Metodika nastave matematike.

!izv. prof. dr. sc. Sefket Arslanagi¢, Prirodoslovno-matematicki fakultet u Sarajevu, Univerzitet
u Sarajevu, Zmaja od Bosne 35, BiH - 71000 Sarajevo, e-mail: asefket@pmf.unsa.ba
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Dakle, postdiplomski studij traje etiri semestra. Uspje$nim zavr§etkom
postdiplomskog studija na prva tri smjera, kandidat sti¢e nau¢ni stepen magi-
stra matematickih nauka (uz naznaku smjera), a zavr§etkom studija Metodika
nastave matematike, kandidat sti¢e nau¢ni stepen magistar metodike nastave
matematike.

Predavanja za smjer Metodika nastave matematike (4. i 5. godina studija)
odvijace se prema slijede¢em planu (rasporedu):

Semestar Predmet Nastavnik

I. semestar

Algebarske i geometrijske prof. dr. sc. Sefket Arslanagi¢

nejednakosti

Osnovi geometrije prof. dr. Mirjana Malenica
II. semestar - o

Apstre.lkcga i generalizacija u prof. dr. Hasan Jamak

algebri

Matematicka logika prof. dr. Medo Pepi¢

IIL. semestar Historija i filozofija matematike | prof. dr. Muharem Avdispahi¢

Osnovi teorije brojeva doc. dr. Lejla Smajlovi¢

IV. semestar Aspekti rada s matematicki

nadareni uéenicima (MNU)

prof. dr. sc. Sefket Arslanagi¢

Historija graduacija prof. dr. Mirjana Vukovié

Od osam ponudenih predmeta kandidat bira Sest koje ¢ée slusati. Kandidat
je duzan poloziti najmanje pet predmeta koje je odslusao. Jedan od odslusanih
predmeta kandidat moZe zamijeniti sa nekim drugim predmetom postdi-
plomskog studija nekog drugog srodnog fakulteta ili univerziteta uz prethodnu
suglasnost Vijeéa postdiplomskog studija.

Voditelj smjera Metodika nastave matematike je prof. dr. sc. Sefket Arslanagié.

Uslovi za upis na postdiplomski studij su zavr$en dodiplomski studij mate-
matike ili srodnih nauka s prosje¢nom ocjenom najmanje osam (8) i poznavanje

jednog svjetskog jezika.

Kandidati koji su diplomirali srodne nauke, podlijezu provjeri osposoblje-
nosti za postdiplomski studij Metodike nastave matematike.

Odredba iz prethodnog stava moZe se primijeniti i na zainteresovane kandida-
te koji su zavriili studij matematike s prosje¢nom ocjenom manjom od osam (8).

Nakon polozZenih ispita kandidat brani magistarski rad koga je izradio u
suradnji sa svojim mentorom.
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VLOGA RAZLICNIH REPREZENTACI]
MATEMATICNIH KONCEPTOV PRI UCENJU
7. RAZUMEVANJEM

Tatjana Hodnik Cades!

Povzetek. Reprezentacija je v prvi vrsti nekaj, kar stoji namesto necesa drugega.
Pri vsaki reprezentaciji moramo opredeliti: (1) reprezentirajoci svet, (2) svet, ki
ga reprezentirajoci svet reprezentira (v nadaljevanju svet, ki ga reprezentira),
(3) kateri vidiki sveta, ki ga reprezentira, so reprezentirani, (4) kateri vidiki
reprezentirajocega sveta reprezentirajo ter (5) povezavo med svetom, ki ga repre-
zentira, in reprezentirajotim svetom (Palmer, 1978).

Ideja o reprezentacijah je v matematiki stalno prisotna. Za komunikacijo mate-
maticnib idej je reprezentacija le-teh nujna. Razlikujemo med notranjimi (mi-
selne predstave) in zunanjimi reprezentacijami (okolje). Zunanje reprezentacije
so sestavljene iz strukturiranib simbolnib elementov, katerib vloga je zunanja’
predstavitev dolocene matematicne ‘realnosti. Pri pouku matematike v glavnem
uporabljamo konkretne reprezentacije, graficne reprezentacije in reprezentaci-
je z matematicnimi simboli. V prispevku se osredotoéamo na pomen uporabe
razlicnib zunanjib reprezentacij v procesu poucevanja in ulenja matematike.
Povezovanje reprezentacij, kot kljucni dejavnik pri uéenju o matematicnib poj-
mih, ponazarjamo z modelom reprezentacijskih preslikav. V okviru tega modela
definiramo dva koncepta: razumevanje in pomenjanje. Utencevo razumevanje
razumemo kot njegovo sposobnost prehajanja med razlicnimi zunanjimi repre-
zentacijami, pomenjanje pa kot sposobnost rokovanja z doloceno zunanjo repre-
zentacijo.

Kljucne besede: matematika, pouk matematike, ucenje z razumevanjem.

! Dr. Tatjana Hodnik Cadez, doc., Univerza v Ljubljani, Pedagoska fakulteta, Kardeljava plo-
§¢ad 16, ST - 1000 Ljubljana, e-mail: tatjana.hodnik-cadez@pef.uni-lj.si
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1. Uvod

Reprezentacije matemati¢nih idej, bodisi s konkretne, grafi¢ne bodisi z ma-
temati¢nimi simboli so klju¢nega pomena pri komunikacij v matematiki.

Razlikujemo med notranjimi (miselne predstave) in zunanjimi reprezenta-
cijami (okolje). Kognitivni razvoj temelji na dinami¢nem procesu prepletanja
miselnih predstav in okolja (Karmiloff-Smith, 1992). To pomeni, da je uspesno
ucenje aktivno oblikovanje znanja v procesu interakcij med zunanjimi in notra-
njimi reprezentacijami.

Notranje reprezentacije, poznamo jih tudi pod izrazom kognitivne repre-
zentacije (Palmer, 1978), bi lahko opredelili kot miselne predstave, ki ustrezajo
na$im notranjim formulacijam ,realnosti. Notranje reprezentacije opredelimo
torej kot miselne predstave oziroma miselne prezentacije (ne re-prezentacije):
nekaj, kar nima originala, notranji svet izkusen;.

Zunanje reprezentacije so sestavljene iz strukturiranih simbolnih elemen-
tov, katerih vloga je ,zunanja' predstavitev dolo¢ene matemati¢ne ,realnosti. Z
izrazom ‘simbolni elementi’ 0zna¢ujemo elemente, ki jih izberemo za reprezen-
tacijo necesa drugega. Objekt, ki reprezentira drug objekt (pojem) razumemo
kot simbol. Pri pouku matematike lo¢imo tri vrste simbolnih elementov oziro-
ma tri vrste zunanjih reprezentacij: konkreten (didakticni) material, graficne po-
nazoritve in matematicne simbole. V nadaljevanju vsako od omenjenih zunanjih
reprezentacij kratko predstavjamo.

2.Zunanje reprezentacije
2.1 Konkretne reprezentacije

Izraz konkretne reprezentacije lahko razli¢nim ljudem pomeni razli¢ne reéi.
Za nekatere so konkretne reprezentacije v matematiki zgolj strukturirane re-
prezentacije, ki se uporabljajo izkljuéno pri poudevanju in ufenju matematike
in nimajo posebnega pomena zunaj tega procesa. Tak material bomo imenovali
strukturiran material in eden najbolj pogosto uporabljenih pri pouku matema-
tike so prav gotovo Dienisove plo§ée, s katerimi ponazarjamo desetiske enote
(enice, desetice, stotice, tisocice). Prav tako pa je pri procesu poucdevanja in ude-
nja matematike aktualen tudi nestrukturiran konkreten material, s katerim si
ucenci pomagajo pri usvajanju matemati¢nih pojmov. Omenimo link’ kocke, s
katerimi ucenci v Sloveniji ponazarjajo $tevila, z zdruZevanjem kock v stolpce
po 10 ponazarjajo desetice... Sicer pa je uporaba nestrukturiranega materiala
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pri usvajanju §tevil in preprostega racunanja na zacetku $olanja zelo raznovrs-
tna: igrace, Zetoni, kamenje, perle.'. Prav gotovo pa so za raunanje v obsegu
vedjih Stevil (do 1000) bolj uporabne desetiske enote (Dienesove plosce), saj s
svojo obliko ponazarjajo desetiske enote oz. odnose med njimi (proste kocke
— enice, pali¢ice — desetice, plod¢e — stotice, kocke — tisocice). Z omenjenimi
plos¢ami se uéenci v Sloveniji u¢ijo tudi ra¢unanja s prehodomn, kjer je v ospre-
dju procedura,zamenjevanja’ (pri odstevanju npr. 1 desetico zamenjamo za 10
enic, pri seStevanju pa npr. 13 desetic zamenjamo za 1 stotico in 3 desetice).

Obstaja splosno prepricanje (uditeljev, vzgojiteljev, star$ev), da se u¢encilaZe
udijo matematiko, ¢e imajo moznost rokovanja s konkretnim materialom. Razi-
skave s tega podrodja v tem niso enotne. Na primer, v letih 1960 do 1970 so na
Nizozemskem zelo poudarjali uporabo Dienesovih plo$¢ pri uéenju aritmetike,
a izkusnje na tem podrodju so jih pripeljale do ugotovitve, da so plosée po eni
strani zelo primerne, uporabne za ponazoritev strukture desetiskega sistema,
po drugi strani pa manj uporabne pri reprezentacijah kompleksnih ra¢unskih
operacij (Beishuizen, 1999), kar jih je vodilo do uporabe druga¢nih ponazoril,
med drugim do nestrukturiranega materiala (Anghileri, 2001).

Omenimo $e nekatere druge izsledke s podroéja raziskovanja uporabe kon-
kretnega materiala pri matematiki. Fennema (1972) in Friedman (1978) ute-
meljujeta njegovo vlogo v niZjih razredih osnovne $ole in ne zagovarjata upo-
rabe konkretenga materiala v vi§jih razredih, Suydam in Higgins (1977) pa
porocata o pozitivni vlogi uporabe konkretnega materiala za vse uence. Labi-
nowicz (1985) je opazoval ucence razredne stopnje pri rokovanju z Dieneso-
vimi plo§¢ami in ugotovil, da imajo uéenci teZave s povezovanjem teh plo§é¢ z
zakonitostmi desetiSkega sistema, po drugi strani pa sta Fuson in Briars (1990)
ugotovila zelo pozitivno vlogo teh plos¢ pri uéencevem razumevanju sesteva-
nja in odstevanja naravnih $tevil. Thompson (1992) ter Resnick in Omanson
(1987) pa so ugotovili, da imajo Dienesove plosce zelo malo vpliva na uéencevo
razumevanje algoritmov na razredni stopnji. Te nasprotujoce si ugotovitve nas
opozarjajo, da konkreten material sam po sebi ne zagotavlja uspe$nega uéenja
oziroma da je u¢enje kompleksen proces, katerega sestavni del je tudi rokovanje
s konkretnim materialom. Prepri¢ani smo, da rokovanje s konkretnim materia-
lom, ki ni osmiSljeno z natanéno refleksijo procesa rokovanja in ni obravnavano
v relaciji z drugimi reprezentacijami v matematiki, ne more voditi k uspesnemu
ucenju o matemati¢nih pojmih. Narava matemati¢nega pojma, nacin uporabe
konkretnega materiala in material sam so dejavniki, ki vplivajo na proces ucenja
in poucevanja.
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2.2. Grafitne reprezentacije

Grafi¢ne reprezentacije so v matematiki na razredni stopnji najbolj zasto-
pane pri ponazarjanju matemati¢nih idej. Matemati¢ni u¢beniki, delovni zve-
zki ter drugo matemati¢no gradivo so polni grafiénih reprezenatacij, ki se med
seboj razlikujejo po domiselnosti, izvirnosti ter korektnosti. Nekatere so celo
matemati¢no vprasljive in didakti¢no neustrezne.

Poglejmo si primer grafi¢nih reprezentacij, s katerimi ponazarjamo koncept
§tevil. Konkretna reprezentacija za $tevila so vsi $tevni predmeti, ki obkroZajo
otroka, u¢enca. Seveda pa ne $tejemo vsega po vrsti. Stejemo lahko samo pred-
mete, ki imajo dolo¢ene skupne lastnosti in jih hkrati lahko razlo¢ujemo. Lahko
$tejemo balone, barvnike, slike, ne moremo pa $teti balonov in barvnikov skupaj
iz preprostega razloga: majhen otrok ne zna opredeliti, kaj je prestel oz. nada-
ljevati stavka, Presteli smo 13 ... (13 ¢esa?). Grafi¢ne reprezentacije $tevil so v
glavnem ilustracije predmetov, Zivali in oseb, ki jih uéenci izrazijo tudi s simboli
oz. s §tevilkami. Grafiénih reprezentacij pa ne uporablajmo zgolj za matema-
ticne pojme, ampak tudi pri ponazarjanju dolocenih matemati¢nih simbolov.
Ucenje o matemati¢nih pojmih in simbolih zanje poteka v glavnem socasno
(npr. simboli za relacije: <, >, =).

Grafi¢ne reprezentacije predstavljajo nekakSen most med konkretnimi re-
prezentacijami in reprezentacijami z matemati¢nimi simboli. Heedens (1986)
je most, ki vodi od konkretnega proti abstraktnemu, predstavil kot most grafi¢-
nih reprezentacij, ki so bodisi semikonkretne bodisi semiabstrakene (slika 1).

kankretna semikankretna semiahstraktna maternaticni
reprezentacija reprezentacija : reprezentacija simboli

43—,—403 @ &"inzl 3-2=1
d@ precrtamo
lodvzamemo precrtamo

Slika 1: Graficne reprezentacije kot most med konkretnimi reprezentacijami in matematic-
nimi simboli
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Grafi¢na reprezentacija na sliki 1, narisani avtomobili, je semikonkretna,
pravokotniki pa predstavljajo semiabstraktno reprezentacijo (je bolj oddaljena
od udencevega izkusenjskega sveta). Reprezentacija s pravokotniki (slika 1) bi
lahko bila v neki drugi situaciji tudi semikonkretna reprezentacija. Semikon-
kratni reprezentaciji simbolov 1 in 3 sta lahko zapisa $tevil z rimskimi $tevilka-
mi I in II1, saj sta bolj ‘konkretna’ od simbolov 1 in 3.

Pri u¢enju matematike se torej sre¢ujemo z razli¢nimi grafi¢nimi reprezenta-
cijami. Izbiro grafi¢ne reprezentacije dolo¢a narava matemati¢nega koncepta in
uporaba konkretnega materiala pri obravnavi tega koncepta. Omenimo Se §te-
vilsko os, kot poseben primer semiabstraktne reprezentacije v matematiki. Ste-
vilska os povzroc¢a nemalo teZav uéencem, saj tak$na ponazoritev stevil vkljucu-
je tako ordinalni kot kardinalni vidik §tevil. Po eni strani je §tevilo predstavljeno
kot pozicija na osi, po drugi strani pa §tevilo predstavlja tudi §tevilo premikov
po Stevilski osi. Zanimivo razli¢ico §tevilske osi so razvili na Nizozemskem,
tako imenovano ‘prazno $tevilsko os’ (slika 2), ki podpira razvijanje uéencevih
strategij racunanja. Prazno $tevilsko os so razvili kot odgovor na izkusnje udi-
teljev, ki so pokazale, da u¢enci predolgo uporabljajo konkreten material: link
kocke, Dienesove plosce in reprezentacije na $tevilski osi 0z. da so pri ra¢unanju
na nek nadin pasivni; zgolj berejo rezultate, ki jih ponujajo ponazorila. Prazna
Stevilska os pa omogoca uéencem, da poljubno ‘skacejo’ po osi, si predstavljajo
$tevila na svoj nadin in razvijajo lastne strategije raunanja (Anghileri, 2001).

7494123

24 04 Ti+ 116 11810112 123

Slika 2: Prazna stevilska os

Ucenci morajo $tevila obravnavati celostno (holisti¢no), kar pomeni, da ne
operirajo z enicami, deseticami, stoticami..., ampak s §tevili v celoti’ (Anghileri,
2001). Anghileri (1998) celo zagovarja, da rokovanje s konkretnim materialom
ni tako pomembno in da bi uéencem racunanje do 100 lahko predstavili zgol;
na simbolnem nivoju. Prakti¢no je nemogoce pri¢akovati, da bi tovrstne ideje
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lahko zaZivele v slovenskem prostoru, saj ucitelji in star§i moéno verjamejo v
ucenje s pomodjo konkretnih ponazoril. Je pa ideja o prazni $tevilski osi ter
ucenju osnovnih racunskih operacij zgolj na simbolnem lahko velik izziv za ra-
ziskovanje na tem podrodju.

Omenimo $e kratko rokovanje z matemati¢nimi simboli.

2.3 Matematiéni simboli

Ucenci v prvih letih $olanja spoznajo §tevke od 0 do 9, znake za operacije (-,
+, 1, x) ter simbole za relacije (<, >, =). Stevilo znakov je majhno, a je nesko¢no
$tevilo kombinacij teh simbolov in pravila, ki veljajo za posamezne kombinacije
tisto, kar povzroda u¢enem nemalo teZav pri rokovanju z matemati¢nimi sim-
boli. Nemalokrat ucenci rokujejo s simboli mehani¢no, brez razumevanja. V
procesu zgodnjega uenja matematike je rokovanje s simboli tesno povezano s
konkretnimi in grafi¢nimi reprezentacijami. Hiebert (1988) definira matema-
tine simbole kot reprezentacijski simbol, opredeljen s petimi stopnjami, ki jih
mora usvojiti uenec, da lahko s simboli uspe$no rokuje. Omenili bomo zgolj
prvo stopnjo, to je zagotavljanje relacij med simboli in referencami za simbole;
kar pomeni, da moramo v procesu ucenja in poucevanja omogociti ucencem
rokovanje s konkretnim in grafinim materialom in vzpostavljati relacije med
temi reprezentacijami in simboli. Idejo o vzpostavljanju relacij med razli¢nimi
reprezentacijami (ne zgolj med simboli in ostalimi) bomo podrobneje predsta-
vili v naslednjem razdelku.

3. Realcije med razli¢nimi reprezentacijami.

Model reprezentacijskih preslikav

Poznamo veliko razli¢nih razlag pojmov razumevanje in pomenjanje. Mi
bomo definirali pomenjanje kot process, tesno povezan s specifiéno reprezenta-
cijo, razumevanje pa kot u¢encevo sposobnost prehajanja (prevajanja) med ra-
zliénimi reprezentacijami. S pomenjanjem torej opredelimo ucencevo sposob-
nost dati doloéeni reprezentaciji pomen oz. izvesti predvidemo transformacijo
v okviru dolocene reprezentacije. RazloZimo oba procesa na primeru operacije
deljenja. Ce uéenec lahko izvede operacijo deljenja s konkretnim materialom,
pomeni, da tej reprezentaciji da dolocen pomen. Ucenec, ki reprezentacijo s
konkretnim materialom lahko prevede (spremeni) v grafi¢no reprezentacijo in/
ali reprezentacijo z matemati¢nimi simboli, pa operacijo deljenja tudi razume.
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Model reprezentacijskih preslikav smo grafi¢no predstavili s sliko 3 (Hod-
nik Cadez, 2001, 2003).

— - - 7 = |
- - - - - - - - - = I
I kanstrukcija pomena I [
[ reprezent. |1 " —E1| | !
. transformacia N I I ;]
. [ I I

I I
Q- - - - - - - - - - - - - - - == [ I
| konstrukcija pomena : = 1|
I reprezent. |2 — E2| | !
. transfarmacija 12 I _ y o
e | I N

| |
- - - - - - - - —-—-—-—= e
[ kaonstrukcija pomena A e L
| reprezent. 13 — nE3 |
. tranformacija 13 | ;|
e I — |

I I

_ R

razurmevan|e
prehajanje med E1, EZ in E3

I 1:konkretna reprezentacija
I 2 : grafi¢na reprezentacija
I 3 : reprezentacija z matemati¢nimi simboli
E 1,E 2, E 3: reprezentacije 11,12,13.
Slika 3: Model reprezentacijskib preslikav

Slika 3 predstavlja osnovno teorijo nase raziskave (Hodnik Cadez, 2001,
2003). Uporabili smo ga za analiziranje uéencevega razumevanja operacij seste-
vanja in odstevanja, a verjamemo, da bi ga lahko uporabili tudi pri preucevanju
drugih matemati¢nih konceptov. V nasi raziskavi smo potrdili osnovno hipo-
tezo, ki je trdila, da ucenec, ki popolnoma prehaja med razli¢nimi reprezenta-
cijami se§tevanja in od$tevanja do 100, lahko razvije svojo u¢inkovito strategijo
ra¢unanja (za sestevanje in odstevanje) v obsegu stevil do 1000.

RazloZimo zgornji model reprezentacijskih preslikav z naslednjim pri-
merom. Implicitna reprezentacija I1 je lahko reprezentacija s strukturiranim
materialom. Ce ucenec lahko izvede operacijo, npr. 28 + 5 s tem materialom,
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pomeni, da je implicitno reprezentacijo spremenil (tranformiral) v eksplicit-
no reprezentacijo, dal ji je pomen. To z drugimi besedami pomeni, da nobena
reprezentacija ne reprezentira sama po sebi, vedno je nujen interpretor, ki im-
plicitno reprezentacijo pretvori v eksplicitno. Ce je ucenec nato sposoben vzpo-
stavljanja relacij med posameznimi eksplicitnimi reprezentacijami, ali z drugimi
besedami, prepozna isti koncept, predstavljen na razli¢ne nacine, z razli¢nimi
reprezentacijami, lahko re¢emo, da razume matemati¢ni algoritem, v naSem
primeru pritevanje enic k poljubnemu dvomestnemu $tevilu. Razumevanje pa
ponavadi rezultira v transferu Ze usvojenega na novo ucenje. V nasi raziskavi je
to pomenilo, da je bil u¢enec sposoben prenesti znanje racunskih algoritmov v
obsegu do 100, na samostojno oblikovanje ra¢unskih algoritmov v obsegu $tevil
do 1000 (uéenci se o algoritmih v obsegu do 1000 niso uéili na klasi¢en naéin,
ustvarili so jih samostojno).

4, Zakljuéek

Poudarimo $e enkrat, da reprezentacije v matematiki, konkretne, grafi¢ne, s
simboli, ne reprezentirajo same po sebi, potrebujejo interpretorja. Obstaja veli-
ko zunanjih reprezentacij, ki obkroZajo u¢enca pri uéenju matematike; uéenec je
tisti, ki jih interpretira, vzpostavlja miselne interakcije s temi reprezentacijami.
Velikega pomena je nadin predstavitve matemati¢nega koncepta z zunanjimi
reprezentacijami. V procesu poucevanja in ucenja matematike pogosto razu-
memo prehajanje med konkretnimi, grafi¢nimi in simbolnimi reprezentacijami
kot nekaj naravnega, spontanega. Nemalokrat pozabimo, da zunanje reprezen-
tacije potrebujejo razlago, dinami¢no’ interpretacijo, v kateri so udeleZeni tako
ucenci kot tudi uditelj. Ne pozabimo, da lahko tudi u¢enci samostojno ustvarja-
jo zunanje reprezentacije, jih predstavljajo drugim, o njih diskutirajo. Napa¢no
je predvidavati, da raznovrstne reprezentacije, ki so ponavadi tudi zelo privla¢ne
na pogled, vedno sluZijo svojemu namenu, to je, ustvarjanju povezav med misel-
nim procesom in reprezentacijami. V veliko pomo¢ pri osmisljanju reprezenta-
cij je jezik, prav tako reprezentacijski sistem, ki je v tesni relaciji s konkretnimi,
grafiénimi in simbolnimi reprezentacijami.
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ZNANSTVENI OKVIRI NASTAVE MATEMATIKE

Zdravko Kurnik!

SaZetak. U procesu spoznaje i upoznavanja zakona prirode istrazivaci pri-
mjenjuju posebna sredstva — znanstvene metode istrazivanja. Osnovne metode
znanstvenog misljenja i istrazivanja su: analiza i sinteza, analogija, apstrakcija i
konkretizacija, generalizacija i specijalizacija, indukcija i dedukcija.

Matematika kao znanost i matematika kao nastavni predmet usko su povezane.
Tu vezu uspostavlja pored ostalog nacelo znanstvenosti. Jacanje te veze znatno
je utjecalo na promjene u nastavi matematike. Teziste suvremene nastave ma-
tematike danas lezi na uvodenju ucenika u istrazivacki rad i razvoju njihovog
misljenja. Evo nekih postavki:

¢ Rad nastavnika matematike s ucenicima u razredu u mnogo emu se razli-
kuje od rada matematicara-znanstvenika, ali postoje i neke zajednicke znacajke.
Utenici u nastavnom procesu samostalno ili uz pomo¢ nastavnika takoder ot-
krivaju i spoznaju nove matematicke istine. Posebno vazno je otkrivanje puta k
samostalnom stvaralackom radu ucenika. Zato su navedene znanstvene metode
vazne i za suvremenu nastavu matematike. Kreativan nastavnik, birajuéi po-
godne probleme i primjenjujuci te metode, moze ucenike osposobiti za rad koji je
vrlo blizak istrazivackom radu.

¢ Matematika u nastajanju je konkretna i induktivna znanost, a sama mate-
matika je apstraktna i deduktivna znanost.

¢ Vazan znanstveni postupak je analogija. Ona prozima Citavo nase misljenge,
svakidasnji govor, umjetnicko stvaralastvo, ali i visoka znanstvena istrazivanja.
Analogija je vrlo korisna i u nastavi matematike kao zorno sredstvo povezivanja
i lakieg svladavanja nastavnog gradiva, te kao sredstvo razvijanja stvaralackog
misljenja i kreativnosti ucenika. Pri rjeSavanju nekog problema ucenici se usmje-

!izv. prof. dr. sc. Zdravko Kurnik, Prirodoslovno-matematicki fakultet - Matematicki odjel,
Sveudilidte u Zagrebu, Bijenicka cesta 30, HR - 10000 Zagreb, e-mail: zdravko.kurnik@zg.t-

com.hr
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ravaju na razmatranje nekog bliskog, srodnog problema i oponasanje postupka
njegova rjesavanja.

¢ Pri obradi matematickib pojmova nastavnik ostvaruje nacelo znanstvenosti
ako pravilno provodi proces formiranja pojma (opazanje, predodzba o pojmu,
formiranje pojma) i pridrzava se osnovnib pravila koja mora zadovoljavati defi-
nicija pojma (primjerenost, minimalnost sadrZaja, sazetost, prirodnost, priklad-
nost, primjenjivost, suvremenost). Sam proces je postupan i njegovu uspjesnost
osigurava pet znacajnib znanstvenih postupaka: analiza, sinteza, konkretizacija,
apstrabiranje i poopéavanje. Kritiéno mjesto obrade nekog pojma je prijelaz na
onaj stupanj u kojem pocinje postupak apstrabiranija, jer je prijelaz s konkretnog
na apstraktno za neke ucenike dosta tezak.

¢ Pri obradi poucaka nastavnik ostvaruje nacelo znanstvenosti ako svoje uceni-
ke nauci ispravno i precizno formulirati poucak, jasno razlikovati pretpostavku
od tvrdnje poucka, formulirati obrat poucka, formulirati suprotnu tvrdnju, te ako
postigne razumijevanje metodike dokazivanja poucaka.

¢ Nacelo znanstvenosti ostvaruje se takoder jasnim razlikovanjem definicija i
poucaka.

Obrada nekih matematickih sadrzaja u nasim udzbenicima Cesto nije u skladu s
nacelom znanstvenosti.

Kljuéne rijeéi: matematika, nastava matematike, znanost.

Nastava matematike danas se pretezno odvija u stru¢nim okvirima. Medu-
tim, nastava matematike je sloZen i zahtjevan proces. Za njezinu uspjesnost
strucnost je nuzan preduvjet, ali nije dovoljan. SloZenost se uspjesno raztjesuje
ja¢im povezivanjem matematike s drugim znanostima. Tako dobivamo proces
koji se treba skladno odvijati unutar nekoliko okvira.

Glavni okviri su jezicni okviri, stru¢ni okviri, metodicki okviri, znanstveni okvi-
ri, pedagoski okviri i psiholoski okviri.

Kako sklad nije lako postiéi, u nastavi matematike desavaju se propusti i na-
staju slabosti koji zna¢ajno utjecu na kakvoéu matematickog obrazovanja uéeni-
ka.To se onda lose odrazava na ostvarenje ciljeva suvremene nastave matematike
koja teZiste postavlja na uvodenje uéenika u samostalan i istrazivacki rad, razvija-
nje sposobnosti za rje§avanje problema, te na razvoj njihovog misljenja.

U ovom ¢lanku opisat éemo nekoliko postavki i problema koji nastaju unu-
tar znanstvenih okvira nastave matematike.
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¢ Vezu izmedu matematike kao nastavnog predmeta i matematike kao zna-
nosti uspostavlja, pored ostalog, natelo znanstvenosti. Nacdelo znanstvenosti
nastave matematike sastoji se u nuZznom skladu nastavnih sadrZaja i nastavnih
metoda s jedne strane i zahtjeva i zakonitosti matematike kao znanosti s dru-
ge strane. To znadi da nastavnik matematike treba ucenike upoznavati s onim
¢injenicama i u njihovom misljenju formirati one matematicke pojmove koji su
danas znanstveno potvrdeni.

Pri obradi matematickih pojmova nastavnik ostvaruje nadelo znanstvenosti
ako pravilno provodi proces formiranja pojma (opaZanje, predodzba o pojmu,
formiranje pojma) i pridrZava se osnovnih pravila koja mora zadovoljavati de-
finicija pojma (primjerenost, minimalnost sadrZaja, saZetost, prirodnost, pri-
kladnost, primjenjivost, suvremenost).

Pri obradi poudaka nastavnik ostvaruje naelo znanstvenosti ako svoje uce-
nike naudi ispravno i precizno formulirati poudak, jasno razlikovati pretpostav-
ku od tvrdnje poucka, formulirati obrat poucka, formulirati suprotnu tvrdnju,
te ako postigne razumijevanje metodike dokazivanja poucaka.

P 1. Kriti¢no mjesto obrade nekog pojma je prijelaz na onaj stupanj u ko-
jem podinje postupak apstrahiranja, jer je prijelaz s konkretnog na apstraktno
za neke ucenike dosta tezak. Isti zaklju¢ak vrijedi i za izvodenje generalizacija
preko induktivnih nizova konkretnih slucajeva.

Nacelo znanstvenosti ostvaruje se takoder jasnim razlikovanjem definicija i
poucaka.

P 2. Tesko da ¢ée ucenici dobiti jasnu predodzbu o matematici ako se u udz-
benicima mogu naéi i ovakve postavke:

1) Paralelogram je Cetverokut koji ima dva para medusobno paralelnih stra-
nica jednakih duljina.

U definiciji pojma paralelogram nalaze se dva njegova bitna obiljeZja: «na-
suprotne stranice su paralelne» i «nasuprotne stranice su jednakih duljina».
Medutim, obiljeZja su ekvivalentna, pa je svako od ovih dovoljno za odrede-
nje paralelograma. Zato u definiciju treba uéi samo prvo obiljeZje, $to je posve
primjereno terminu paralelogram, a drugo izostaviti i odvojeno dokazati kao
poucak.

2) Mozemo dokazati da je a°= 1.
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Formulacija ukazuje na zaklju¢ak da se radi o tvrdnji, o poucku. Medutim a°
= 1 je dogovorna definicija koja se uvodi zato da bi pravilo dijeljenja potencija
a”:a" = a""vrijedilo i za slu¢aj m = n.

3) Pravci koji zatvaraju pravi kut nazivaju se okomiti pravci.
Kut ¢iji su kraci medusobno okomiti naziva se pravi kut.

Ovo je primjer cirkularne definicije: okomiti pravci definiraju se pomoéu
pravog kuta, a pravi kut pomoéu okomitih pravaca. Zapravo se ne zna $to je
definirano.

P 3. Pocetak metoditkog obrazovanja studenata je prva metodicka radioni-
ca pod nazivom MATEMATICKI POJMOVI 1. Ta se tema na predavanjima
obraduje znatno kasnije, ali je izabrana kao pocetak zato da se provjeri razina
predznanja studenata o tako vaZnom matematickom sadrZaju. Matematicki
pojmovi koje studenti trebaju definirati u ovoj metodickoj radionici su:

Elipsa, homotetija, kompleksni broj, konveksan skup, korjenovanje, kvadratna
jednadzba, logaritamska funkcija, nultocka polinoma, ortocentar trokuta, obrnuto
proporcionalne velicine, polinom, postotak, pravi kut, povrsina, relacija, sfera, slic-
nost, translacija, vektor, visina pravokutnika.

Rezultati su onakvi kakve je profesor metodike i oéekivao: vrlo slabi. Po-
kazuje se da je znanje studenata o matematickim pojmovima dosta zbrkano.
U njihovim radovima rijetko se mozZe procitati neka korektna definicija. Ne
znajuéi u tom trenutku nacela definiranja matematickog pojma, studenti u de-
finiciju unose sve §to o pojmu znaju (primjere, svojstva). Tako umjesto kratke,
precizne i potpune definicije pojma dobiva se opSiran tekst iz kojeg se na kraju
ipak ne moZe doznati o ¢emu se radi! Ovakva zbrka, a moZe se slobodno reéi i
neznanje, ne bi mogla biti sredstvo uspjesne nastave. Rezultati ukazuju na po-
trebu ozbiljnog pristupa ovoj temi. Kasnije, u poglavlju o oblicima misljenja
tema se metodicki detaljno obraduje, a nakon toga slijedi metodicka radionica
MATEMATICKI POJMOVT I1. U njoj su studenti trebali definirati sljedece

pojmove $kolske matematike:

Centralna simetrija, funkcija, hiperbola, izometrija, kut, kvadar, linearna jed-
nadzba, logaritam, mimoilazni pravci, okomite ravnine, piramida, proporcionalne
velicine, pravokutnik, rjesenje sustava linearnih jednadzbi, simetrala duzine, tetiva
kruznice, trapez, valjak, volumen, zatvoreni interval.
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Gotovo je suvi$no kazati da su sada rezultati bolji, iako to jo§ uvijek nije ona-
kvo znanje kakvo treba biti. Neke se praznine u znanju malo teZe popunjavaju,
a da bi uspjes$no izvodili nastavu matematike, studenti moraju potpuno vladati

materijom.

¢ U procesu spoznaje i upoznavanja zakona prirode istraZivaéi primjenjuju
posebna sredstva — znanstvene metode istraZivanja. Osnovne metode znan-
stvenog misljenja i istraZivanja su: analiza i sinteza, analogija, apstrakcija i kon-
kretizacija, generalizacija i specijalizacija, indukcija i dedukcija.

Evo kratkog opisa tih metoda:

Analiza je znanstvena metoda istraZivanja koja se zasniva na ra$¢lanjivanju
cjeline na dijelove, proucavanju dijelova i izvodenju zaklju¢aka o cjelini na teme-
lju dobivenih rezultata. Njezina suprotnost je sinteza.

Analogija je jedna vrsta sli¢nosti. Zakljucivanje po analogiji je misaoni postu-
pak pri kojem se iz opaZanja da se dva objekta podudaraju u odredenom broju
svojstava ili odnosa izvodi zaklju¢ak da se oni podudaraju i u drugim svojstvima
ili odnosima koji se kod jednog objekta nisu izravno opazali.

Apstrakcija je misaono odvlacenje opéeg bitnog svojstva promatranog objek-
ta ili pojave od ostalih svojstava, nebitnih za odredeno proucavanje, i odbaci-
vanje tih nebitnih svojstava. Njezina suprotnost je konkretizacija. MoZemo je
karakterizirati kao misaonu aktivnost kojom se jednostrano fiksira neka strana

promatranog objekta izvan veze s njegovim drugim stranama.

Generalizacija ili poopéavange je prijelaz s razmatranja danog skupa objekata
na odgovarajuce razmatranje njegova nadskupa, tj. generalizacija metoda kojom
se prelazi granica danog skupa objekata i izgraduju opdenitiji pojmovi i opce-
nitije tvrdnje. Njezina suprotnost jest specijalizacija, odnosno metoda kojom se
udvricuje unutrasnja struktura danog skupa objekata.

Indukcija je nadin zakljudivanja kojim se iz dvaju ili vide pojedina¢nih ili po-
sebnih sudova dobiva novi opéi sud, a kao metoda indukcija je metoda istraZiva-
nja kojom se pri prouc¢avanju nekog skupa objekata promatraju posebni objekti
iz toga skupa i utvrduju kod njih ona svojstva koja se zatim pripisuju ¢itavom

skupu. Njezina suprotnost je dedukcija.
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¢ Rad nastavnika matematike s uéenicima u razredu u mnogo ¢emu se ra-
zlikuje od rada matemati¢ara-znanstvenika, ali postoje i neke zajednicke zna-
¢ajke. Uéenici u nastavnom procesu samostalno ili uz pomo¢ nastavnika tako-
der otkrivaju i spoznaju nove matematicke istine. Posebno vazno je otkrivanje
puta k samostalnom stvarala¢kom radu ucenika. Zato su navedene znanstvene
metode vaZne i za suvremenu nastavu matematike. One ¢vr§ée povezuju mate-
matiku kao nastavni predmet i matematiku kao znanost. Kreativan nastavnik,
birajudi pogodne probleme i primjenjujuéi te metode, mozZe ucenike osposobiti
za rad koji je vrlo blizak istraZzivackom radu.

P 4. Tijekom nastavnog sata nastavnik matematike ¢esto govori: «analiza
pokazuje», «pogledajmo nekoliko konkretnih primjera», «analogno se doka-
zuje», «ovaj niz ¢injenica inducira zaklju¢ak», «rezultat ovih razmatranja je ge-
neralizacija», «specijalizacijom dobivamo formulu», «<matemati¢ki pojmovi su
apstrakeni» i sl. Razumiju li uéenici ove rije¢i? Kako provjeravamo da oni to
razumiju?

Problem je ozbiljan, jer ¢ak i studenti matematike nastavnickih profila imaju
problema u vezi s razumijevanjem gornjih pojmova. Zato treba krenuti dosta
rano i uéenike postupno i primjereno njihovoj dobi nauditi analizirati, sinte-
tizirati, konkretizirati, apstrahirati, inducirati, deducirati, generalizirati, speci-
jalizirati, uo¢avati analogije, bez obzira hoée li se oni kasnije ozbiljnije baviti
matematikom ili ne. Za razliku od obi¢nog usvajanja gradiva, ovo je visa razina
matematickog obrazovanja, a matematicki na¢in misljenja dragocjena je stecevi-
na matematickog obrazovanja, primjenjiva i u mnogim drugim djelatnostima.

P 5. Neuspjesi u¢enika u matematici i neznanje koje ispoljavaju nakon zavr-
$enog skolovanja dobrim dijelom su posljedica ¢injenice da se nastava veéinom
izvodi na niZoj razini gdje se suvise inzistira samo na usvajanju gradiva, a zapo-
stavljena je navedena visa razina.

P 6. U nastavi matematike sintezi naj¢esée ne prethodi analiza, a to utjece na
jasnocu poucavanja i razumijevanje problema, $to znatno umanjuje spoznajnu
vrijednost nastave. Analiza je u manjoj ili ve¢oj mjeri nuzna u svim istraZuiva-
njima i ne smije se izbjegavati.

Primjer matematickih sadrZaja gdje je analiza vaZna su skolski tekstualni
zadaci. Zasto takvi zadaci ipak ¢esto zadaju dosta teskoca i uéenicima i nastav-
nicima, pa ih neki nastavnici izbjegavaju? Objasnjenje dobrim dijelom leZi u
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naravi samih zadataka. Svaki takav zadatak sastoji se zapravo od dva zadatka:
sastavljanja jednadzbi prevodenjem s obi¢nog jezika na matematicki jezik i rje-
$avanja jednadZbi. Prvi od njih nije uvijek lagan, zahtijeva prili¢an umni napor
i poznavanje postupka ra$¢lanjivanja, analize, $to se nerijetko pretpostavlja da
ulenici znaju i bez obja$njenja. Odatle teskoée, a rezultat je najéesée odbojnost
prema takvim problemima. Medutim, svodenje problema na rjeSavanje jed-
nadzbi visestruko je korisno jer ono omogucuje razvijanje logickog misljenja,
dosjetljivosti, opazanja i umije¢a samostalnog provodenja nevelikih istraZivanja.
Zato takve probleme nije dobro izbjegavati, ve¢ ih treba metodi¢ki primjereno
objagnjavati, kako bi oni ispunili svoju obrazovnu svrhu.

¢ Matematika u nastajanju je konkretna i induktivna znanost, a sama ma-
tematika je apstraktna i deduktivna znanost. Kako je s nastavom matematike u
tom pogledu? I nastava matematike u osnovnoj skoli pretezno je konkretna i
induktivna. Utitelj matematike dolazi do apstrakenih postavki, do generalizaci-
ja, razmatranjem konkretnih objekata i konkretnih primjera i induktivnim za-
klju¢ivanjem. Taj naéin je blizak i primjeren uéenicima toga uzrasta. Induktivni
postupak sastoji se od niza induktivnih koraka kojima se dolazi do shvaéanja
opcleg. Po¢inje se s konkretnim objektima i specijalnim slu¢ajevima, induktivni
zakljuéci nizu se analogijom, a promatrane ¢injenice nastoje se generalizirati.
To znad¢i da je indukcija tijesno povezana s konkretizacijom, specijalizacijom,
analogijom i generalizacijom. Prednosti primjene indukcije: ostvarenje nacela od
lakseg ka teZem, od jednostavnog ka sloZenom, proucavanje novih apstraktnih
pojmova iizreka preko promatranja i provjeravanja, navodenje u¢enika na nove
pojmove, iskazivanje novih tvrdnji i dr. Mnogo je sadrZaja u skolskoj matema-
tici za ¢iju je obradu potreban i za razvoj u¢enikova misljenja vaZzan induktivni
postupak. Medu takve sadrZaje posebno se ubrajaju razna pravila, zakoni, for-
mule i teoremi, pogotovo ako se oni strogo ne izvode ili ne dokazuju.

Obrnuti postupak od indukcije je dedukcija. Deduktivni na¢in misljenja i
dokazivanja provodi se poslije indukcije i na viSoj razini nastave matematike i
obrazovanja ucenika.

P 7. U induktivnoj nastavi potreban je primjeren broj pojedina¢nih i poseb-
nih slu¢ajeva. Cesto uitelj matematike razmatra premali broj takvih slucaje-
va, pa izvedene tvrdnje postaju neuvjetljive i nejasne, a posljedica je manjkavo
znanje ucenika. Cest je i drugi propust uéitelja kad ne daje priliku veéem broju
ucenika da sudjeluju u izgradnji induktivnog niza.
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P 8. Izvodenje generalizacija takoder je kriti¢no mjesto nastave matematike,
jer prijelaz s konkretnog i pojedina¢nog k opéem neki uéenici tesko svladavaju.
Zato je pred uliteljem matematike odgovorna zadaéa da svojim metodickim
pristupom i umje$nos$éu ucenicima uéini taj prijelaz $to laksim.

¢ Vazan znanstveni postupak je analogija. Ona proZima ¢itavo nase misljenje,
svakidasnji govor, umjetnicko stvaralastvo, ali i visoka znanstvena istraZivanja.
Analogija je vrlo korisna i u nastavi matematike. Tijekom nastavnog sata na-
stavnik Cesto govori ili pita: “slicno se izvodi’, “analogno se dobiva’, “ na isti
nacin se dokazuje’, “trokuti se podudaraju’, “ovo je srodan zadatak’, “u kojem su
odnosu promatrani likovi?’, “ovdje moZemo ponoviti opisani postupak’, “Sto u
prostoru odgovara pravokutniku?” i sl. Te jednostavne recenice imaju dubok
smisao i vazan cilj. Ponavljanjem takvog na¢ina govora u svom izlaganju nastav-
nik svjesno ukazuje na analogiju. Na taj nacin analogija postaje zorno sredstvo
povezivanja i lak$eg svladavanja nastavnog gradiva, jer se odredeno ranije us-
vojeno gradivo ponovo obnavlja i utvrduje kao sredstvo razvijanja stvaralackog
miSljenja i kreativnosti u¢enika. Pri rjeSavanju nekog problema ucenici se usm-
jeravaju na razmatranje nekog bliskog, srodnog problema i oponasanje postup-
ka njegova rjeSavanja. Jo§ je vaZnije $to analogija daje nastavniku moguénost
neprestane izmjene nastavnih oblika i metoda u svrhu postizanja uéinkovitije
nastave.

P 9. U nastavi matematike analogija nije dovoljno iskoristena.

To je prava $teta, pogotovo §to postoji toliko mnogo srodnih objekata i
njihovih svojstva. Nabrojimo samo neke: trokut i tetraedar, kvadrat i kocka,
pravokutnik i kvadar, kruznica i sfera, krug i kugla, pravila za brojeve, elipsa i
hiperbola, analogne formule i dr.

P 10. Ako autori udZbenika pri opisu nekog matematickog sadrZaja nisu
opisali moguénost primjene analogije, onda najéesée izostaje njezina primjena i
pri obradi toga gradiva u razredu.

Na temelju svega $to je gore receno lako je zakljuciti da znanstvene meto-
de imaju svoje mjesto u nastavi matematike. Uz jednu napomenu: nastavnik
matematike ne mora biti znanstvenik da bi u nastavi pravilno i primjereno pri-
mjenjivao nacelo znanstvenosti i znanstvene metode. To se u nastavi matema-
tike namece samo po sebi. Rjesavanje svakog problema ima nesto otkrivalacko
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i stvaralacko. Zato je potrebno samo da nastavnik u svojih ucenicika razvija
radoznalost duha, sklonost za samostalan umni rad i da im ukazuje na putove
do novih otkriéa. Ako se znanstveni postupci primjereno i pravilno primjenju-
ju, s nuznim osjecajem za teZzinu matematickih sadrZaja i matematickog nadi-
na miéljenja, uvazavajudi matematicke sposobnosti svakog pojedinog ucenika,
moze se ocekivati da ée nastava matematike biti uspjesna. U protivhom, ucenici
¢e imati znatnih poteskoca pri svladavanju nastavnog gradiva i oni s vremenom
mogu steéi pogre$an dojam da je matematika teZi predmet nego $to to ona ui-
stinu jest. Na Zalost, ¢esto se u udZbenicima matematike, a onda kao posljedica
iu nastavnom procesu, ne poklanja dovoljno pozornosti na pravilnost primjene
znanstvenih postupaka. Za obrade nekih matematickih sadrZaja moze se ¢ak
ustanoviti da su s tog gledi$ta pogresne. Time je povrijedeno nacelo znanstve-
nosti.



208 Proceeding of the International Scientific Colloquium

MATEMATICKI DAROVITA DJECA:
STO IH MOZEMO POUCITII STO BISMO
MOGLI NAUCITI OD NJIH?

Vesna Vlabovié-Steti¢!

SaZetak. Pocetak istrazivackog interesa psihologa za rjesavanje matematickib
problema i za nadarenost vremenski se poklapaju i sezu u 20-te godine proslog
stoljeca. Istrazivanja Thorndikea (matematika) i Termana (nadarenost) otvori-
la su dva nova podruéja u psibologiji koja i danas imaju brojne dodirne tocke.

Definicije nadarenosti su vrlo brojne i mogu se svrstati u Cetiri osnovne skupine:
one usmjerene na urodenost odnosno genetske Cinitelje, one usmjerene na ko-
gnitivne modele, one usmjerene na postignuée i sustavski usmjerene. Genetski
usmjeren pristup govori o vaznosti urodenih predispozicija a u novije vrijeme
ukazuje na visestruke inteligencije tj. ideju da darovitost nadilazi ideju visoke
inteligencije i da se ogleda u razlicitim domenama. Kognitivno usmjerena istrazi-
vanja i definicije darovitosti jasno govore o razlicitom kognitivnom funkcionira-
nju darovitib u pojedinim domenama. Tako e daroviti matematicari puno bolje
procesirati numericke informacije dok ce verbalne informacije procesirati kao i
prosjecni ispitanici. S druge strane verbalno daroviti e efikasnije procesirati ver-
balne informacije ali ée numericke procesirati kao i prosjecni ispitanici. Pristup
usmjeren na postignuce ukazao je na vaznost neintelektualnih cinitelja (moti-
vacija i kreativnost) za darovitost. Sustavski pristup ukazuje na ulogu razli¢itih
drustvenih sustava u razvoju darovitosti (obitelj, skola, obrazovni sustav).

Danas znanost ve¢ puno zna o kognitivnom funkcioniranju matematicki daro-
vite djece, o njihovim obrazovnim postignucima i potrebama. Znamo da kroz
akceleraciju i obogacivanje programa mozemo zadovoljiti neke njihove potrebe.
Otvoreno je pitanje koliko ucitelji u praksi znaju o specificnim potrebama darovi-
tih uenika i koliko su uvjezbani za rad s njima. Cak i kad su ucitelji svjesni koje

!izv.prof.dr.sc. Vesna Vlahovié-Stetié, Odsjek za psihologiju, Filozofski fakultet, Sveudiliste u
Zagrebu, I. Ludi¢a 3, HR — 10 000 Zagreb, e-mail: vlahovi@ffzg.hr
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sadrzaje treba poucavati to nije dovoljno. Naime brojna istrazivanja govore kako
samo novi sadrzaji nisu dovoljni — daroviti ucenici trebaju i poticaje za osobni
razvoj $to posebno vrijedi za programe rada s matematicki darovitima. Tesko
je dati odgovor na pitanje koliko su ucitelji svjesni socio-emocionalnib potreba
matematicki darovitib ucenika i koliko ih uvazavaju u svom radu. Istrazivanja
pokazuju da su daroviti ucenici spremni iskazati svoje potrebe a mi moramo biti
spremni uciti.

Kljuéne rijeci: darovita djeca, definicije darovitosti, matematicka darovitost.

Pocetkom proslog stolje¢a psihologija se, kao jos relativno mlada znanost, po-
¢inje baviti nekim sasvim novim podruéjima. Tako 1922. godine E.L. Thorndike
objavljuje svoju knjigu The psychology of arithmetics koja se danas smatra po-
¢etkom znanstvenog bavljenja psihologa matematikom. Istodobno L.Terman
zapodinje svoje veliko longitudinalno istraZivanje darovitih koje je pridonijelo
sasvim novim spoznajama o razvoju darovitih pojedinaca i uvelike promijenilo
dotadasnje predrasude (Terman i Oden, 1959).

U meduvremenu su se ta dva podrudja psihologije, istrazivanje darovitosti
i istraZivanje matematickog rezoniranja, i teorijski i empirijski snazno razvila.
tj. matematicka darovitost, spoznaje u tom podruéju i njihove prakti¢ne impli-
kacije.

Kad je rije¢ o darovitosti onda danas imamo brojne definicije tog pojma,
odnosno razlicite pristupe darovitosti koji se prema Ménksu i Masonu (2000.)
mogu razvrstati u Cetiri skupine:

+ definicije usmjerene na urodenost odnosno geneticke ¢initelje
+ definicije usmjerene na kognitivne modele
+ definicije usmjerene na postignude

+ definicije sa sustavskim pristupom.

Nabrojeni pristupi imaju svoje znanstveno utemeljenje i vaZne implikacije za
rad s darovitim pojedincima (Vlahovié-Stetié, 2005), pa tako i s matematicki
darovitima.

Prvu skupinu definicija ¢ine pristupi koji prvenstveno isti¢u vaznost genetié¢-
kih ¢initelja za razvoj darovitosti ali to ne zna¢i da negiraju okolinske ¢initelje.
Prema njima daroviti su oni pojedinci koji u najve¢oj mjeri u populaciji posje-
duju neku osobinu, a to je uvelike odredeno genetikom. Jedan od najpoznati-
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jih, novijih autora koji pripada ovom pristupu je Howard Gardner (1983.) koji
kaZe: “Postoji sedam razlic¢itih specifiénih sposobnosti, talenata ili inteligencija:
logi¢ko-matematicka, lingvistitka, vizualno—spacijalna, tjelesno-kinesteticka,
glazbena, interpersonalna i intrapersonalna.” Drustvo kroz sustav vrijednosti
definira §to se smatra darovitim, Zapadne civilizacije vise cijene neke oblike kao
§to su verbalna i matemati¢ko-logicka darovitost. Tako matematicki daroviti
imaju relativno dobar tretman — njihove sposobnosti se u $kolskom okruZenju
cijene. Gardner isti¢e kako je svaka individua specifiéna kombinacija spomenu-
tih sposobnosti i visok rezultat u jednom podruéju, primjerice matematic¢kom,
ne zna¢i da je pojedinac natprosje¢an i u ostalim podruéjima. Drugim rije¢ima
matematicki darovito dijete vrlo vjerojatno ima i u obitelji matematicki darovi-
tih pojedinaca (iako to moZe biti latentna a ne nuZno manifestna darovitost) i
ono moze biti darovito samo u podruéju matematike a da u drugim podrudji-
ma postiZe prosjecne ili ¢ak ispodprosje¢ne rezultate. Kao vazno za obrazovni
sustav Gardner istice da bi uditelji kroz svoje predmete trebali poticati razli¢ite
oblike talenata ili inteligencija — tako bi primjerice u¢iteljica matematike trebala
razmiSljati kako kroz svoj predmet poticati ne samo matematicku darovitost ve¢
i kako poticati interpersonalnu ili glazbenu darovitost. Istodobno bi primjerice
ucitelj povijesti trebao razmisljati kako kroz svoj predmet poticati matematicku
darovitost.

Druga skupina definicija orijentirana je na kognitivne modele. Sternberg
(2001.) govori o darovitosti kao putu od pocetnika koji ima potencijal do ek-
sperta u podruéju‘ Za taj razvoj, nuzne su metakognitivne vjestine, vjestine
ucenja, vjestine miSljenja, deklarativno i proceduralno znanje te motivacija kao
glavni pokretad. Daroviti pojedinci superiorno kombiniraju spomenute elemen-
te, brze napreduju i postizu vi§u razinu ekspertnosti od prosje¢nih. IstraZivaéi
ovog teorijskog pristupa proudavali su razlike u kognitivnom funkcioniranju iz-
medu darovitih i prosje¢nih pojedinaca. Upotreba novih tehnologija omogudila
je zadavanje sloZenih podraZaja u istraZivanjima i tako omoguéila nove spoznaje
u podrudju rjeavanja problema, vremena reakcije, kratkoro¢nog i dugoroénog
paméenja. Dark i Benbow (1991.) su pokazale da je matemati¢ka darovitost
povezana s boljim pamdenjem brojki i spacijalnih lokacija dok je verbalna da-
rovitost povezana s boljim pamdcenjem rije¢i. Nadareni se razlikuju po vrsti in-
formacija koju lako zadrZavaju u radnoj memoriji, nema generalnog kapaciteta
zapaméivanja kod nadarenih, on je vezan uz vrstu informacije i vrstu nadareno-
sti. Drugim rije¢ima od darovitih matematicara moZemo ocekivati superiorno
baratanje numeri¢kim informacijama, bolje pohranjivanje takvih informacija u
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dugoroéno pamdenje i lakse dozivanje, ali to ne znadi da ¢e oni efikasnije pamtiti
druge vrste informacija.

Trecu skupinu pristupa ¢ine oni usmjereni na postignuée. Renzulli (1986.),
autor troprstenaste teorije darovitosti kaZe:“Darovito ponasanje pokazuje in-
terakciju triju osnovnih skupina ljudskih osobina: iznadprosje¢ne opée i/ili
specifiéne sposobnosti, visoke usmjerenosti na zadatak i visokog stupnja krea-
tivnosti. Pojedinci koji pokazuju nadareno ponasanje su oni koji imaju ili mogu
razviti ovu kombinaciju osobina i primijeniti je u nekom vrijednom podruéju
ljudske aktivnosti.” Sposobnosti, motivacija i kreativnost mogu se prikazati kao
kruZnice Vennovog dijagrama. Njihov presjek je darovitost. Drugim rije¢ima
intelektualni potencijal kao $to je sposobnost za matematicko rezoniranje nije
dovoljan za darovitost — kod pojedinca moraju istodobno postojati i motivacija
i kreativnost. Renzulli kaZe da darovita djeca ne moraju nuZno pokazivati sve
tri karakteristike darovitog ponasanja ali trebaju imati kapacitet da kasnije u
Zivotu razviju te osobine. Ovdje je moguée raspravljati pitanje odnosa matema-
ticke darovitosti i matematicke kreativnosti. Rije¢ je o odnosu koji se javlja u
razli¢itim podrudjima: kreativni jesu istodobno i daroviti ali daroviti nisu nuz-
no i kreativni. Pitanje koje se moZe postaviti je i jesu li matematicki kreativni
samo vrhunski profesionalci ili o kreativnosti moZemo govoriti i na niZim razi-
nama matematitkog znanja? Sriraman (2005.) detaljno raspravlja ovo pitanje
i zaklju¢uje da o matematickoj kreativnosti moZemo govoriti na svim dobnim
uzrastima i da uditelji mogu poticati (poucavati) svoje matematicki darovite
ucenike da budu kreativni te tako Siriti podskup kreativnih matematicara u
skupu darovitih matematicdara.

Noviji pristupi darovitosti tzv. sustavski naglasavaju brojnih ¢initelja u ra-
zvoju darovitosti. Tannenbaum (1983.) je dao prvu definiciju i model darovito-
sti vezan uz sustavski pristup. Cinitelji koji moraju biti optimalni da bi poten-
cijal darovitog pojedinca bio realiziran kao postignuée su: opéa intelektualna
sposobnost, specifi¢ne sposobnosti, ne-intelektualni ¢initelji (nezavisnost, unu-
tarnja kontrola, motivacija, samopostovanje, fleksibilnost), okolinska podrska
(uze i $ire okoline) i slu¢ajnost odnosno sreca. Svaki od navedenih ¢initelja nu-
zan je ali i sam po sebi nedovoljan za realizaciju potencijala. Kombinacija od
Cetiri spomenuta ¢initelja ne moZe nadoknaditi ozbiljan nedostatak na petom,
a njihova relativna vaznost mijenja se s obzirom na vrstu nadarenosti. Dakle
nedostatna podrska okoline ili nedostatak motivacije ili samopostovanja dovest
¢e do toga da se objektivno visok potencijal neée manifestirati kao darovitost.
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Drustvo je odgovorno za okolinsku podrsku koju mora pruzati i kroz skolski
sustav. Sustavski pristupi isti¢u i ulogu drustvenih vrijednosti i odnosa drustva
prema darovitima. Ukoliko i pruzamo obrazovnu podrsku darovitim matema-
ticarima ali istodobno toleriramo klimu da su to zapravo neobi¢na djeca ili ¢u-
daci ne moZemo ocekivati primjeren razvoj matematicki darovitih.

Razli¢iti pristupi darovitosti imaju naglasak na razli¢itim faktorima no pre-
ma Sternbergu (2004) postoje i neke njihove zajednicke tocke:

1. darovitost je vi§e od samo kvocijenta inteligencije
2. darovitost se sastoji od kognitivnih i nekognitivnih ¢éinitelja

3. okolina je klju¢na za realizaciju darovitosti

Kako ove zajednicke tocke vrijede za matematicki nadarenu djecu?

1. Matematicka darovitost je bez sumnje fenomen koji nadilazi ideju kvoci-
jenta inteligencije kojeg je kao mjeru darovitosti uveo jo§ Terman. To jest mjera
opceg intelektualnog funkcioniranja ali iz samog opéeg kvocijenta ne vidimo
koje su djetetove jake strane odnosno u kojem podrudju je darovito. Ovisno o
primijenjenom instrumentu kvocijent je mjera izvedena na temelju udjela razli-
¢itih sposobnosti (generalne ali i specifiénih kao primjerice: verbalnih i nume-
rickih). Jednak kvocijent inteligencije moZe se postiéi ve¢im udjelom verbalnih
ili ve¢im udjelom neverbalnih sposobnosti tj. te dvije mjere nisu kod pojedinaca
nuzno uskladene. Dapace istrazivanja pokazuju da je neuskladenost pojedinih
komponenti kvocijenta veéa kod intelektualno superiornih pojedinaca nego
kod prosje¢nih (Detterman i Daniel, 1989., Wilkinson, 1993.). Podjednako je
zanimljiv podatak da su verbalno darovita djeca u pravilu bolje «uskladena» po
verbalnim i matemati¢kim sposobnostima nego matematicki daroviti — oni ée
e$ée uz visoke numericke sposobnosti i sposobnosti matematickog rezoniranja
pokazivati prosjecne ili ¢ak ispodprosje¢ne rezultate na verbalnim sposobnosti-
ma. Drugim rije¢ima matematicki daroviti imaju manje $anse da ih se uspjes-
no identificira ukoliko se kao mjera koristi samo kvocijent inteligencije. Sli¢ne
nalaze daju i studije slu¢ajeva pa je Bloomova (1985.) retrospektivna studija
dvadeset matematicki nadarenih odraslih pokazala da nijedan nije naudio ¢itati
prije $kole, a njih Sest je imalo poteskoée u svladavanju ¢itanja. Iako ne valja
matemati¢ku darovitost izjednadavati s opéim intelektualnim funkcioniranjem
valja re¢i da studije pokazuju kako su intelektualne sposobnosti matematicki

darovitih iznadprosje¢ne (Lubinsky i Humphreys, 1990).
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2. Matematicka darovitost nije vezana samo uz sposobnosti i znanja veé i
uz nekognitivne ¢initelje kao $to su fleksibilnost, otvorenost za nova iskustva,
tolerancija na neizvjesnost, pozitivna slika o sebi, znatiZelja, spremnost na rizik
i predanost zadatku (Wieczerkowski, Cropley i Prado, 2000.). Wieczerkowski
(1988., prema Wieczerkowski i sur., 2000.) je identificirao dva ¢initelja koja
su u podlozi motivacije za bavljenjem matematikom kod darovite djece. Prvi
¢initelj je djedje uvjerenje o teZini matematike povezano s njihovim uvjerenjem
da su sposobni za takva postignuca. Drugi ¢initelj je dje¢ja procjena vrijednosti
matematike koja uklju¢uje njezinu zanimljivost, moguénost da kroz nju ostva-
re neke osobne potrebe kao §to su uspjeh, drustveni polozaj ili osjecaj vlastite
vrijednosti, te korisnost matematike za postizanje Zivotnih ciljeva: akademskog
uspjeha ili dobrog posla. Realizirana matemati¢ka darovitost bit ¢e rezultat ko-
gnitivnih ali i nekognitivnih ¢initelja pa tako osim poucavanja sadrZaja valja vo-
diti ra¢una i o dje¢jim uvjerenjima i stavovima vezanim uz matematiku. O tome
posebice valja voditi ra¢una kad je rije¢ o matemati¢ki darovitim djevojkama.
Naime istraZivanja provedena na uzorcima iz populacije u pravilu ukazuju na
pozitivniji stav mladi¢a prema matematici (Hyde i sur.,,1990., Norman, 1977.)

te na vedi strah od matematike kod djevojaka (Arambasi¢ i sur., 2005., Gierl i
Bisanz, 1995., Hyde i sur., 1990., Ma, 1999.).

3. Neka darovita djeca uspjet e i bez podrske svoje okoline, no oni su prije
iznimka nego pravilo. Kao i ostali, tako i matematicki daroviti trebaju podrs-
ku blize (obitelj) i $ire okoline (8kola). Obitelj je ta koja moZe od vrlo rane
dobi njegovati djeéje potencijale. Obitelj koja pokazuje da joj je stalo do dje¢jih
postignuéa, ona koja omoguéava obrazovnu podrsku (literatura, pristup radi-
onicama) bez sumnje e olaksati razvoj matemati¢ki darovitog djeteta. Skola je
sustav koji je odgovoran za djedji razvoj i u kojem je moguée realizirati razli¢i-
te oblike podrske darovitima. Oblici koji se najce$ée spominju su akceleracija
(acceleration) i obogadivanje programa (enrichment). Kod nas su moguéa dva
oblika akceleracije: raniji upis u skolu i tzv. preskakanje razreda. Nema drugih
oblika kao $to bi primjerice bila moguénost da dijete bude akcelerirano samo
u predmetu za koje je darovito i koji ga posebno zanima — da daroviti u¢enik
6. razreda sluSa matematiku s ucenicima 7. razreda, a sve ostale predmete sa
svojim vr$njacima. Kod obogadenja programa najcesce je rije¢ o satima dodatne
nastave koji se u brojnim slucajevima pretvaraju u vjezbanje za natjecanja pa je
pitanje koliko stvarno zadovoljavaju potrebe darovitih u¢enika za novim znanji-
ma i novim oblicima rada. Drugi je problem $to je podrska koja se pruza unutar
skolskog sustava najcesée orijentirana na sadrZaj a nije usmjerena na osobni
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razvoj darovitih matemati¢ara. Uz matematicka znanja valjalo bi istodobno ra-
zvijati komunikacijske vjestine, vjestine timskog rada ili pak dobru sliku o sebi
— vjestine i znanja od kojih ée daroviti uéenici profitirati i na osobnoj razini.

Kognitivna psihologija obrazovanja i kognitivna razvojna psihologija govore
o moguénostima djece razli¢ite dobi. Sigurno je da daroviti matemati¢ari mogu
nauditi brZe i vi§e od svojih vr§njaka. Pitanje je to ih trebamo poudavati. Naime
uobidajen sadrzaj je darovitima nedovoljno izazovan i valja ga mijenjati tako da
se povecaju moguénosti primjene i elaboracije onoga §to se uéi kao i da se ide
u povecanje dubine i §irine ponudenih sadrZaja. Iskusni nastavnici matematike
znat ée odabrati primjerene i djeci zanimljive sadrZaje.

Posebna se paZnja mora obratiti na promjene u na¢inu poudavanja. Valja po-
$tovati njihov odabir na¢ina poucavanja §to najcesce znadi da treba izbjegavati
klasi¢no poucavanje i rabiti rad u malim grupama, rad na projektima ili rad s
mentorom. Ako s darovitima samo rjeSavamo nesto teZe zadatke (one koji se
pojavljuju na natjecanjima) uskoro i to postaje samo poznata rutina. Njih valja
poucavati sloZzenim vjestinama, poticati stjecanje temeljnih znanja a ne samo
specifi¢nih ¢injenica, organizirati sadrZaje koji su dovoljno izazovni i raznoli-
ki da poti¢u vi§e misaone procese (sintezu, analizu, generalizaciju, evaluaciju).
Pouka darovitih mora uklju¢ivati i vjestine kao $to su kreativno i kriticko mi-
§ljenje, heuristika, te sloZene metode rje$avanja problema i donos$enja odluka.
Valja ih poucavati metakognitivne vjestine — vjestine kontrole vlastitog ucenja
i pradenja misaonih procesa i znanja. U radu s darovitima treba insistirati na
tome da djeca budu proizvodadi, a ne samo konzumenti znanja (nesto $to je
kroni¢ni nedostatak nase skole) te ih nauditi da znaju jasno i razumljivo pre-
zentirati svoje uratke. Sve ovo, dakako, vrijedi za razli¢ite oblike darovitosti no
posebno je relevantno za matematicki darovite — oni teZe od verbalno darovitih
komuniciraju svoja postignuca $iroj okolini.

Odgovor na pitanje $to ih moZemo pouciti je jednostavan — gotovo sve. Na-
ravno na nama je da nademo razumnu mjeru — pouditi ih ono $to ih zanima,
ono §to im je izazov i §to e osigurati da i dalje vole matematiku. Pritom valja
misliti da je cilj dobrobit u¢enika u najsirem smislu te rije¢. To zna¢i da naglasak
valja stavljati i na sadrZaje koji ¢e doprinijeti socijalnom i emocionalnom razvo-
ju djeteta. Daroviti matematicar treba istodobno biti i sretno, u okolinu dobro
uklopljeno dijete. Tu je prostor za ucenje odraslih — nauditi kako prepoznati
dje¢je granice i djedje potrebe i kako ne iéi preko njih.
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TESKOCE U NASTAVI MATEMATIKE U
DRUGOM RAZREDU OSNOVNE SKOLE

Maja Cindrié' i Josip Cindrié®

Sazetak. Rad upuéuje na ucenicke teskoée s zbrajanjem i oduzimanjem prirod-
nib brojeva do 100 u drugom razredu osnovne skole. Dan je statisticki prikaz
uspjeba ucenika u prvom polugodistu drugog razreda u usporedbi s uspjehom u
ostala tri razreda na uzorku od 104 ucenika, te rezultate testiranja grupe uce-
nika drugog razreda osnovne skole na temu zbrajanja i oduzimanja prirodnib
brojeva do 100. Nadalje se rad osvrée na moguée uzroke losijeg uspjeba i alterna-
tivna rjesenja tib problema.

Kljuéne rijedi: nastava matematike, teskoée u nastavi matematike.

Uvod

Prije samog opisa problematike kojom se ovaj rad bavi poZeljno je iznijeti ci-
ljeve i obrazovne zadace za nastavnu cijelinu“Zbrajanje i oduzimanje prirodnih
brojeva do 100" istaknute i promovirane od strane autora hrvatskog nacional-
nog obrazovnog standarda. Zbrajanje i oduzimanje prirodnih brojeva do 100
sugerira se predocavati i poucavati postepeno sljedeéim redosljedom:

¢ Zbrajanje i oduzimanje desetica
%* Zbrajanje dvoznamenkastog i jednoznamenkastog broja ( prvotno bez prije-
laza desetice, a kada se to usvoji i s prijelazom desetice)

% Oduzimanje jednoznamenkastog broja od dvoznamenkastog ( prvotno bez
prijelaza desetice, a kada se to usvoji i s prijelazom desetice)

! Maja Cindri¢, asistent, Odjel za izobrazbu uditelja i odgojitelja predskolske djece, Sveudiliste
u Zadru

2 Josip Cindri¢, predavag, Odjel za izobrazbu uditelja i odgojitelja predskolske djece, Sveudiliste
u Zadru
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%* Zbrajanje dva dvoznamenkasta broja ( prvotno bez prijelaza desetice, a kada
se to usvojiis prijelazom desetice)

% Oduzimanje dva dvoznamenkasta broja ( prvotno bez prijelaza desetice, a
kada se to usvoji i s prijelazom desetice)

%* Zbrajanje i oduzimanje viSe od dva dvoznamenkasta broja, sa i bez koriste-
nja zagrade

Iako se direktno nigdje ne govori podrazumijeva se usvajanje prikazanih ra-
¢una“napamet”, a ne pismeno potpisivanjem dva broja jedan ispod drugog, sto
medutim predlaZe i svaki udZbenik odobren od strane Ministarstva znanosti,
obrazovanja i §porta. Takva tehnika zbrajanja i oduzimanja zna¢i usmeno zbra-
janje i oduzimanje prikazano sljedeéim primjerima:

%* 20 + 40 = 60 — na prikazu konkretnih objekata postavlja se analogija s zbra-
janjem jednoznamenkastih brojeva

% 53 + 2 = 55 — konkretnim objektima pokazuje se da broj desetica ostaje
nepromijenjen dok se jedinice zbrajaju i pribrajaju desetici

% 36 + 4 = 40 - takoder preko konkretnih primjera prikazuje sa da jedinice
zbrojene daju jednu deseticu koja se pribraja postojecoj desetici
% 84 + 8 = 92 - rastavljajudi drugi pribrojnik nadopunjuje se prvi do sljedece

veée desetice i pribrojava se ostatak npr.84 + 8 =84+ 6 +2=90+2=92

% 67 — 5 = 62 - konkretnim objektima pokazuje se da se jednoznamenkasti
broj oduzima od jedinica dvoznamenkastog broja , a broj desetica ostaje
nepromijenjen

41 -7=34 -tuse ponovo poziva na rastavljanje umanjitelja npr.
41-7=41-1-6=40-6=34

$36+57=36+50+7=86+7=95

$62-35=62-30-5=32-5=27

Kao $to je mogude uoditi svaki postupak zahtijeva dobro usvojeni prethodni
postupak 1to usvojen do razine automatizacije, te takoder automatizaciju racu-
nanja u skupu brojeva do 20 koju su morali usvojiti u prvom razredu osnovne
$kole. Automatizacija ra¢unanja podrazumijeva automatsko prizivanje ¢injeni-
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ca iz memorije bez oslanjanja na proceduru ra¢unanja, kao $to je racunanje na
prste.

Vazno je naglasiti da se za usvajanje navedene tehnike ra¢unanja, uz ponavlja-
nje znanja iz prvog razreda osnovne $kole, predvideno otprilike ¢etiri mjeseca.

Da li je takav postupak problemati¢an za usvajanje ? Kako ga usvajaju
sedmogodis$njaci ? Predstavlja li im savladavanje navedene tehnike ra¢unanja
problem?

Prilikom individualnog rada s u¢enicima drugog razreda uo¢ili smo kod po-
jedinih ucenika velike teskode s ucenjem zbrajanja i oduzimanja u skupu pri-
rodnih brojeva do 100 i vodeni tom spoznajom istrazili smo kakav uspjeh na
prvom polugodi§tu drugog razreda pokazuje slu¢ajni uzorak od 104 uéenika
jedne osnovne skole u Zadru.

Uspjeh ucenika drugog razreda osnovne $kole u zbrajanju i oduzimanju bro-
jeva do 100

Za opisano istrazivanje odabran je slu¢ajan uzorak od 104 ucenika osnov-
ne skole koji su ove skolske 2006./07. godine u petom razredu osnovne sko-
le. Odabrana metoda je kvantitativan opis uspjeha svakog pojedinog ucenika
u prvom, drugom, treéem i ¢etvrtom razredu na polugodistu i kraju nastavne
godine, osim prvog razreda gdje se kvantitativno biljeZi uspjeh u¢enika samo na
kraju nastavne godine. Uspjeh 104 uéenika u pojedinim razredima prikazuje
dana tablica i stupcasti dijagram:

srednja ocjena
1. razred 4,71
2.razred - 1.polugodiste 3,81
2.razred - 2.polugodiste 4,07
3.razred - 1.polugodiste 4,28
3.razred - 2.polugodiste 4,28
4.razred - 1.polugodiste 3,78
4.razred - 2.polugodiste 3,75

Slikal. : Tablicni prikaz prosjecne ocjene iz matematike za 104 ucenika



222 Proceeding of the International Scientific Colloquium
srednja ocjena
S T—
45 1 — —
4 — —
35 7
3 i —
2,8 ] O srednja ocjena
1,5 1
1 i —
0,5 7
0 T T T T T T
> @ X9 O xQ @ xQ
A
&S S S S
N o\\) N W o\\) N o\\)
SIS N IR AR
@6 @6 @6 @6 @6 @6
(L (L (b. rb. v. v.

Slika 2. : Histogram prosjecne ocjene iz matematike za 104 ucenika

Podatci prikazuju nagli pad uspjeha ucenika u prvom polugodistu drugog
razreda , dok uspjeh u drugom polugodistu raste i tendencija rasta nastavlja se
do kraja treéeg razreda,te ponovo pokazuje pad kvantitativnog uspjeha u ce-
tvrtom razredu. Uspjeh postignut u prvom razredu osnovne $kole ne ponavlja
se u prva Cetiri razreda. Odlican uspjeh u prvom razredu mogude je objasniti
tolerantnoscu ucitelja prema pocetnicima u uéenju, ali i programu prikladnom
djeci te dobi. U usporedbi s prvim razredom na prvom polugodistu drugog
razreda uocava se znatniji pad uspjeha. Kvantitativno gledajuéi 3,81 nije lo$
uspjeh, no pregled ocjena iz matematike ucenika u drugom razredu pokazuje
¢ak ¢etiri nedovoljne ocjene na prvom polugodistu drugog razreda.

ocjene

nedovoljan 4
dovoljan 14
dobar 20
vrlo dobar 25
odli¢an 41

Slika 3. : Tablican prikaz ocjena iz matematike na prvom polugodistu drugog razreda za

104 uéenika
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Slika 4. : Histogram broja ocjena iz matematike na prvom polugodistu drugog razreda za
104 ucenika

Taj pokazatelj upuéuje na potpuno neusvojeno zbrajanje i oduzimanje bro-
jeva do 100 kod éetiri u¢enika. Da li bi takav uspjeh trebao biti zabrinjavajuéi?
U razgovoru sa osam uditeljica veéina ucenika s teskocom usvaja zbrajanje i
oduzimanje u potpunosti, a najveci problem je zbrajanje i oduzimanje s prela-
skom desetice i to usvajaju samo rijetki uéenici. MozZemo li dopustiti da savla-
davanje tehnike ra¢unanja nije kod veéine uéenika svladano?

Vrijeme koje se utrosi na svladavanje tehnike ra¢unanja je preveliko u odno-
su na rezultate koje uéenici pokazuju. Da li je potrebno troiti toliko vremena
na usvajanje tehnike ra¢unanja koja je uéenicima teska, kada se u treem razredu
udi zbrajati pismeno potpisivanjem? Zasto gubiti vrijeme na ucenje zbrajanja i
oduzimanja napamet, a nakon toga potpisivanjem? Ovaj osvrt ne zeli negirati
vrijednosti usmenog uéenja racunanja, ve¢ uz njegove prednosti istaknuti i ne-
dostatke.

Daljnje istraZivanje sastojalo se u testiranju 98 udenika drugog razreda
osnovne $kole . Naravno ne radi se o istim uéenicima, jer su uéenici ¢iji se uspjeh
promatrao kroz éetiri godine sadasnji ucenici petog razreda. Izazov ovom radu
bio bi daljnje pracenje ovih 98 ucenika u uspjehu iduée dvije godine. Test se
sastojao od sljedeéih zadataka :
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1. Izracunaj :
a)51+27= b)48+39= ¢)68-46= d)87-59=

2. Ana i Iva su prijateljice. Ana je za BozZi¢ dobila 39 kockica, a Iva je dobila 33
kockice. Da bi sagradile dvorac kakav Zele potrebno im je 100 kockica.

a)

Oboji crvenom bojicom onoliko | Oboji plavom bojicom onoliko kvadratiéa
kvadratiéa koliko kockica ima Ana koliko kockica ima Iva

b) Koliko kockica zajedno imaju Ana i Iva.

¢) Oboji onoliko kvadratiéa koliko kockica zajedno imaju Ana i Iva.

d) Dali imaju dovoljno za sagraditi Zeljeni dvorac ?
e) Koliko im kockica nedostaje?

3. Ante, Lucija i Valentina i8li su u magkare. Ante je dobio 18 kuna, Lucija 24
kune i Valentina 29. Zajedno Zele kupiti loptu koja kosta 80 kuna.

a) Koliko kuna su dobili zajedno ?
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b) Koliko im kuna nedostaje da bi kupili loptu ?

4. U kinu se nalazi 93 ljudi (muskaraca, Zena i djece) . Muskaraca je 34, Zena je
17 vi$e nego muskaraca.

a) Koliko je u kinu Zena ?
b) Koliko je u kinu djece ?

Test je sastavljen da ispita sposobnost rjeSavanja problemskih zadataka i
koristenja tehnike ra¢unanja . Prvi zadatak ispituje tehniku racunanja, drugi
zadatak ispituje sposobnost rjeSavanja problemskog zadatka uz pomo¢ crtanja
konkretne situacije. Tre¢i zadatak je analogan drugom zadatku samo bez crtan-
ja konkretne situacije.

Statistika prvog zadatka ukazuje da je 71 % uéenika u potpunosti savladalo
tehniku zbrajanja i oduzimanja do 100.

120%

100%

80%
60%
40% -
20%
0% : ; 1
a) b) o) d)

Kao $to je za olekivati zbrajanje i oduzimanje sa prijelazom desetica poka-

zuje manji postotak uspje$nosti. Zanimljivo je istaknuti gresku u 1. d) zadatku
gdje se kao odgovor javljaju 32 i 22, §to udenici dobivaju oduzimajudi veéu
znamenku jedinica od manje znamenke jedinica , bez obzira koji je broj um-
anjienik , a koji umanjitelj. Takva greska nije slu¢ajna jer mnogi roditelji da bi
pomogli svojoj djeci koja teze savladavaju ovakvu tehniku ra¢unanja, poudavaju
ih zbrajanju i oduzimanju na principu pismenog zbrajanja i oduzimanja sto je
u suprotnosti s onim §to se radi u $koli i to djecu jo§ vi§e zbunjuje. Tada djeca
zaboravljaju na prenoSenje desetica , jer za to ne vide logi¢no objasnjenje, ili
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oduzimaju ono §to im je blize dakle u izrazu 87 — 59 oduzimaju 9 - 7., §to im

daje rezultat 32 ili 22.

Analiza rje$enja drugog zadatka pokazala je da samo 34 % uéenika u pot-
punosti rijesilo taj zadatak, dok je jo§ 18% dalo rjeSenje uz uspjesno obojane
kvadrati¢e. Nakon zavr§enog testiranja ispitano je tih 18 % ucenika o postupku
rjeSavanja zadatka i na¢inu na koji su dosli do rjeSenja. Uéenici bojajuéi i pre-
brojavajuéi kvadratiée rijesili su zadatak. Tih 18 % udenika problem rjesavaju
koristeéi konkretne objekte, a ne oslanjajuéi se na znanja o zbrajanju i oduzi-
manju brojeva. Rezultati treceg zadatka ukazuju na bolji uspjeh, 43 % ucenika
uspjesno je rijesilo taj zadatak, dok je Cetvrti zadatak uspjesno rijesilo samo
18% uéenika. Sagledavajudi te rezultate postavlja se pitanje da li se uéi zbrajati
i oduzimati radi rjeSavanja problema ili se problemski zadaci rjeSavaju da bi se
ilustriralo zbrajanje i oduzimanje i ono se podiglo na jednu vi$u razinu. Ciljevi
nastave matematike trebali bi biti poticanje i usmjeravanje ucenika ka rjesava-
nju problema i koristenje matematickih znanja u tu svrhu.

Moguéa rjesenja teskoéa u zbrajanju i oduzimanju brojeva do 100

Pratedi teZnje reformiranog obrazovnog sustava za smanjenjem nastavnih
sati iz matematike, koji je od ove $kolske godine 2006./07. smanjilo nastavu
matematike sa pet sati tjedno na Cetiri sata tjedno, trebalo bi uvesti i efikasniji
nacin rada. Ako su ciljevi nastave matematike stjecanje temeljnih matematickih
znanja potrebnih za razumijevanje pojava i zakonitosti u prirodi i drustvu, stje-
canje osnovne matematicke pismenosti i razvijanje sposobnosti i umijeéa rjesa-
vanja matematickih problema, tada naglasak treba dati na rjeSavanje problema
kao u testnim zadatcima ,a ne naglasak na tehniku racunanja. Hrvatski nacio-
nalni obrazovni standard ( HNOS) nadalje isti¢e odgojnu vrijednost matema-
tike u formiranju li¢nosti, razvijanju intelekta, razvijanju logi¢kog misljenja i
razvijanju stvaralacke sposobnosti pri rjeSavanju problema. Neuspjeh ucenika
te dobi neée pridonijeti pozitivnom razvoju li¢nosti veé strahu od matematike
i nesigurnosti u svoje sposobnosti, §to djeca ¢esto formuliraju : “Nisam ja za
matematiku”,

Prema analizi drugog zadatka koja pokazuje da djeca pribjegavaju neformal-
nim znanjima, trebalo bi im omoguditi uéenje uz vizualizaciju brojeva preko
konkretnih objekata i to ne samo prilikom uvodenja nastavnog sata , veé i pri-
likom rjesavanja problemskih zadataka. U tu svrhu mogudée je koristiti poma-
gala kao $to je ra¢naljka (abacus) ili dinamicki prikaz zbrajanja $to je mogucée
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pomocu ra¢unalne tehnologije. Kao na primjer procedure izradene u program-
skom jeziku Logu. Prikazani program upisivanjem zbroja ili razlike dva broja
program iscrtava crvene i plave kvadrate kao u primjeru drugog zadatka Aninih
i Ivinih kockica, a zbrajanje i oduzimanje prati proceduru zbrajanja i oduzima-

nja opisanu u uvodu.

Ako Zelimo zbrojiti 26 + 38 program crta 26 crvenih kvdrata na sljedeéi nadin:

a potom dodaje 38 plavih kvadrata tako da prvo pribraja desetice ,

a zatim jedinice:
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Na analogan naéin, pratedi nacin poucdavanja, mogucée je prikazati i oduzi-
manje. Sada$nje uéenje zbrajanja i oduzimanja iziskuje mnogo truda i vremena
kojim uéitelji ne raspolazu, dakle treba pribjeéi novim metodama kao pomodéi
pri brzem i lakSem svladavanju tehnike ra¢unanja. Takoder bi valjalo ispitati
funkcionalnost i moguénosti uvodenja pismenog zbrajanja i oduzimanja para-
lelno s usmenim zbrajanjem i oduzimanjem.
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OTROK IN PREPROSTE
KOMBINATORICNE SITUACIJE

Mara Cotit', Darjo Felda®

Povzetek. V sedanjem slovenskem ucnem nacrtu za matematiko za osnovno
Solo so prvi¢ vpeljane vsebine iz statistike, kombinatorike in verjetnosti pod sku-
pnim imenom obdelava podatkov, in to Ze na samem zacetku Solanja (v prvem
triletju).

Namen matematicnega izobrazevanja je predvsem dvojen: razvijati matema-
ticno pismenost in matematicno misljenje. Matematic¢na pismenost naj bi bila v
osnovni Soli cilj za vse ucence. Razvijanje sposobnosti matematicnega misljenja
pa je zelo kompleksna dejavnost, namenjena predvsem, ne pa izkljuéno, ucen-
cem s posebnim interesom za matematiko. Medtem ko statistika v glavnem sodi
v podrodje matematicne pismenosti, pa pri kombinatoriki razvijamo predvsem
matematicno misljenje. Z ucenjem resevanja kombinatoricnih situacij namrec
vzpodbujamo razmiiljanje in sklepanje, razvijamo sposobnost opazovanja in
obéutek za relacijo enakosti oziroma neenakosti, poskusamo ustvariti red med
neurejenostjo, is¢emo sorodne ali enake vzorce, postavljamo predpostavke o za-
konitostih in opazamo strukturo sistema. Ni dovolj, da ucitelj pozna cilje pou-
cevanja kombinatorike, poznati mora tudi model razvoja osnovnib pojmov iz
kombinatorike, ki smo ga priredili in nato dopolnili po Brunerjevem modelu
razvoja matematicnib pojmov. Model v grobem sestoji iz treh nivojev: enaktivne-
ga (konkretnega), ikonicnega (graficnega) in simbolnega. Vsak nivo je razdeljen
Se na posamezne podnivoje. Tako v prvem enaktivnem nivoju najprej zastavimo
izhodistno problemsko situacijo in jo analiziramo, nato pa izvedemo dejavnost
s predmeti. V ikonicnem nivoju graficno prikazemo izvedeno dejavnost najprej

!izr. prof. dr. Mara Coti¢, Univerza na Primorskem, Pedagoska fakulteta Koper, e-mail: mara.
cotic@pef.upr.si
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agramom in kombinatoricnim drevesom). Na koncu, v simbolnem nivoju, pri-
kazemo dejavnost v Se splosnejsi obliki in posplosimo problem. Pomembno je
poudariti, da otrok na zacetku Solanja resuje preproste kombinatoricne situacije
predvsem z neposredno izkusnjo (igro) na konkretnem nivoju, nekateri otroci pa
so sposobni resevati kombinatoriéne probleme tudi na graficnem nivoju. Zaradi
razlicnib sposobnosti otrok je potrebno pri teh vsebinah izvajati pri pouku tako
diferenciacijo kot individualizacijo.

Utenje teh vsebin v visjib razredib osnovne Sole in predvsem v srednji Soli uéencu
razkrije »srce« matematike: kombinatoriéni koncepti se izrazajo z jezikom teori-
je mnozic, rezultati in metode iz kombinatorike so zelo uporabni in koristni tudi
na drugih matematicnib podrojib, prav posebej v teoriji verjetnosti.

Bodoci ucitelj bi moral v ¢asu Studija razviti ustrezne kompetence, da bi znal v
okviru svoje profesije otroku priblizati razumevanje preprostih kombinatoricnib
situacij.

Kljuéne besede: matematicki pouk, statistika, kombinatorika in verjetnost.

Uvod

Kombinatorika je matemati¢na vsebina, ki so se je doslej u¢enci v Sloveni-
ji zaleli uciti razmeroma pozno (v srednji Soli), in Se to le na formalni ravni.
Ker je pouk matematike v srednji $oli praviloma deduktiven in na abstraktnem
nivoju, ucitelji kljub za udence popolnoma novim pojmom iz kombinatorike
(permutacije, variacije, kombinacije, osnovni izrek kombinatorike ...) ne upo-
rabljajo ustreznih konkretnih ponazoritev in modelov. To je zagotovo eden od
razlogov za teZave, ki jih imajo uéenci pri razumevanju kombinatorike. Mialaret
(1969) je z raziskavo dokazal, kako zelo je od abstraktne ali konkretne for-
mulacije matemati¢nega problema odvisna uspesnost uéencevega razumevanja
in reSevanja celo v srednji Soli. Raziskave pa so potrdile tudi, da imajo uéenci
v srednji $oli teZave pri kombinatoriki celo takrat, ko resujejo kombinatori¢-
ne probleme z ustreznimi uénimi ponazorili. Skozi svoje dotedanje $olanje so
namre¢ premalo ali skoraj ni¢ uporabljali konkretna ponazorila pri razvijanju
osnovnih matemati¢nih pojmov, hkrati pa se pri matematiki Se niso srecali s
preprostimi kombinatori¢nimi situacijami, niti s takimi, ki so tesno povezane z

vsakdanjim Zivljenjem.
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Didakti¢na navodila in cilji

Z novim kurikulumom za matematiko (1998) smo Zeleli to pomanjkljivost
odpraviti, zato smo Ze na samo zadetno stopnjo $olanja v osnovni $oli (1. trile-
tje) vpeljali kombinatoriko, éeprav veliko drZav v svojih kurikulumih matema-
tike v osnovni $oli nima te vsebine. Na zacetku $olanja $e ne gre za pravo uéenje
kombinatorike, ampak uéenec pridobiva prva znanja zgolj na konkretnem nivo-
ju skozi igro. S tem ga postopoma pripravljamo na abstraktno misljenje.

Pri uvajanju kombinatorike v pouk matematike na zacetni stopnji $olanja v
osnovni $oli se pojavljajo dileme, ali je u¢enec na tej stopnji sposoben resevati
tovrstne probleme. Po Piagetu in Inhelderjevi (1951) je namre¢ otrok sposoben
reSevanja takih vrst problemov $ele na stopnji formalnih operacij (11 - 15 let).
Zakljueki Piageta in Inhelderjeve, da kombinatorika ni primerna na stopnji
konkretnih operacij otrokovega razvoja (7 - 11 let), temeljijo samo na sponta-
nih odgovorih otrok, ne da bi te vsebine prej uvajala. Tu je nujno poudariti, da v
prvih letih $olanja ne gre za pravo uenje kombinatorike, saj ta kot matemati¢na
disciplina zahteva metode, ki nam omogoc¢ajo, da v kombinatornih situacijah
brez direktnega prestevanja dolo¢imo §tevilo elementov neke konéne mnozi-
ce. Ulenci ne uporabljajo teh metod oziroma se srecujejo s tako preprostimi
kombinatornimi situacijami, v katerih mnoZica ni“prebogata’, zato lahko njene
elemente preprosto prestejejo.

Opravljene matemati¢no didakti¢ne raziskave o primernosti uvajanja kom-
binatorike na zaetni stopnji $olanja v osnovni $oli pa so ovrgle trditev Piageja
in Inhelderjeve. Tu bi omenili predvsem empiri¢no raziskavo, ki jo je opravil
Fischbein v Izraelu Ze leta 1970, in empiri¢no raziskavo, ki sta jo v Sloveniji
leta 1993 v projektu Inoviranje osnovne $ole izvedli M. Coti¢ in T. Hodnik.
Vsebina je bila vpeljana na nadin, ki je primeren razvojni stopnji otroka v tem
obdobju. Uéenec zaéne re$evati kombinatori¢ne situacije z neposredno izkus-
njo (igro); to pomeni, da manipulira s predmeti (seveda mora biti $tevilo pred-
metov majhno) (Fischbein, 1975). Uporablja naj predmete iz svojega vsakdana
in z njimi naj izvaja primerne aktivnosti, na primer:

- iz lesenih kroglic razli¢nih velikosti ali barv narediti ¢im ve¢ razli¢nih veriZic,

- razporediti raznobarvne Zetone (ali modele geometrijskih likov oziroma teles)
na vse mozne nacine,

- ob upostevanju dolocenih navodil sestaviti iz danih dveh, treh, $tirih érk ali
zlogov ¢im vec razli¢nih besed,
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- iz danih Stevk sestaviti vsa moZna $tevila itd. (Fischbein, 1984).

Ob teh konkretnih aktivnostih naj bi u¢enec z uéiteljevo pomodéjo uvidel, da
se je dolo¢enih kombinatornih situacij nujno potrebno lotiti predvsem siste-
mati¢no. Pri tem moramo otroke nauditi uporabljati razli¢ne graficne prikaze
(drevo, ¢reni prikaz, preglednica).

V Zivljenju se velikokrat sre¢amo s poplavo podatkov, ki jih moramo znati
urejevati in uporabljati. Ucenje reSevanja kombinatornih situacij je zato zelo
pomembno, saj z njim:

- razvijamo sposobnost opazovanja,
- razvijamo obcutek za relacijo enakosti oziroma neenakosti,
- poskusamo ustvariti red med neurejenostjo,

- i§¢emo sorodne ali enake vzorce in postavljamo predpostavke o zakonitostih,
opazamo strukturo sistema (Felda, 1996).

Ucéencevi nivoji pri reSevanju kombinatori¢nih situacij

Ucenec na zacetni stopnji Solanja v osnovni $oli pri reSevanju preprostih
kombinatori¢nih situacij oziroma pri usvajanju novih pojmov iz kombinatorike
(permutacije, kombinacije, variacije, osnovni izrek kombinatorike ...) “prehodi”
nivoje, ki smo jih priredili in nato dopolnili po Brunerjevem oziroma Dérfler-
jevem modelu razvoja matemati¢nih pojmov (Kokol-Volj¢, 1996). Uspesnost
tega modela izgradnje osnovnih pojmov iz kombinatorike smo empiri¢no pre-
verili z raziskavo, v kateri je sodelovalo 180 ucencey, starih od 7 do 9 let (Cotié,
1998). Utenci so na preizkusu, ki smo ga opravili po kon¢anem projektu, dose-
gli v povpredju 80 % moznih tock.

I. KONKRETNI NIVO
1. Zastavitev izhodi§¢ne problemske situacije
2. Analiza izhodis¢ne problemske situacije

3. Izvedba aktivnosti: - igranje situacij
- predstavitev s predmeti

II. GRAFICNI NIVO
4, Shematizacija dejavnosti (risba, skica)
5. Shematizacija dejavnosti s sistemati¢nimi prikazi (preglednica, kombina-
torno drevo, éreni prikaz)
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III. SIMBOLNI NIVO

6. Prikaz dejavnosti v $e splo$nejsi obliki (nastavitev ratuna za posamezen
primer)

7. Posplositev problema

IV. UPORABA RAZVITEGA POJMA V NOVI SITUACIJI

(razviti pojem deluje kot instrument)

Enaktivnega, ikoni¢nega in simbolnega nivoja ne smemo gledati stati¢no,
kot da bi proces uéenja pojmov potekal najprej samo enaktivno, nato ikonié-
no in slednji¢ simboli¢no. Te razli¢ne predstavitvene nivoje moramo pojmovati
zelo fleksibilno in jih razli¢no vkljudevati v pouk; ti trije nivoji si lahko sledijo
zaporedno, npr. konkretno enaktivnost prenesemo v sliko in nato sliko opisemo
in zapiSemo s simboli, in tudi tako, da konkretno enaktivnost prenesemo takoj
na simbolno raven. Nadalje lahko po sliki konkretno “operiramo” in obratno, da

po sliki opiSemo potek in ga zapisemo s simboli (Tomi¢, 1984).

Pomembno je poudariti, da na zadetni stopnji $olanja v osnovni $oli, ko je
ucenec na stopnji konkretnih operacij, pri oblikovanju matemati¢nih pojmov ne
smemo nikdar izpustiti konkretnega nivoja, hkrati pa ta tudi ne sme biti pre-
kratek. Razlog za nerazumevanje osnovnih matemati¢nih pojmov je najveckrat

ravno v tem, da je konkretni nivo izpuséen ali pa je prekratek.

Prehod iz konkretnega nivoja na abstrakeni nivo tudi ni cilj ene ure ali dne-
va, ampak je to dolgoroéni cilj. Nujno je $e omeniti nekatere znacilnosti tega
zaporedja nivojev:

- uéenci celo na najvi§jem nivoju izvajajo aktivnosti z materiali;

- udenci se najprej osredotocijo na procese in intuitivne odnose in Sele potem na
odgovore ali simbolizacije re§itev z matemati¢nimi izrazi;

- Sele po precej$njih aktivnostih na dolo¢enem nivoju se ucenec lahko za¢ne
ukvarjati s podobnimi aktivnostmi na vi§jem nivoju predstavitve;

- v razredu se lahko razli¢ni uéenci kadarkoli igrajo isto igro na razli¢nih nivo-
jih, ucitelji “‘nadzorujejo” u¢enca pri prehodu na vi§ji nivo;

- uéenci imajo priloZnost, da sami usmerjajo nastajanje lastnih problemov in
predstavljenih operacij (Labinowitz, 1989).
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Prikazano ogrodje modela razvoja pojma bomo konkretizirali s primerom.
Za primer smo izbrali pojem osnovni izrek kombinatorike, ker je eden najele-
mentarnejsih pojmov iz kombinatorike.

I. Enaktivni (konkretni) nivo
1. Zastavitev izhodis¢ne problemske situacije

Utenci, stari od 6 do 7 let naj dobijo modele enakih (skladnih) pravokot-
nikov in enakih (skladnih) enakokrakih trikotnikov, ki imajo osnovnico enako
dolgo, kot je dolga ena izmed stranic pravokotnika. Liki naj bodo razli¢nih barv.
Ucenci naj se z modeli najprej igrajo: sestavljajo iz njih razli¢ne figure, jih raz-
vr§cajo po barvi oziroma obliki ... Nato jim zastavimo naslednji problem: Ko-
liko razli¢nib hisk labko naredite iz trikotnikov treh razlicnib barv (rdece, modre in
rumene) in pravokotnikov dveh razlicnib barv (zelene, oranzne), ée je vsaka hiska
sestavljena iz enega pravokotnika in enega trikotnika?

2. Analiza izbodis¢ne problemske situacije

Ucenci analizirajo, na kaksen nacin bodo resili dano problemsko situacijo: iz
koliko in katerih likov bo sestavljena hiska, na kaj bodo morali vse paziti, kako
bodo prepoznali enake oziroma razli¢ne hiske ...

3. Izvedba aktivnosti

Ucenci sestavljajo hiske. Ker je §tevilo pravokotnikov in trikotnikov majhno,
bo pretezna vecina uencev nasla vse razliéne hiske (6 hisk). Nekateri uéenci
hiske sestavljajo nesistemati¢no, zato se jim zgodi, da dobijo tudi “enake” hiske
ali pa kak$no od moznosti izpustijo. Ti naj bi z uditeljevo pomogjo ugotovili,
da se je kombinatori¢nih situacij nujno potrebno lotiti sistemati¢no, ée Zelimo
dobiti vse razli¢ne hiske. Redki ucenci pa se Ze takoj odlodijo za dolocen sistem.
Ob izvajanju aktivnosti naj uéenci ubesedijo svoje delo oziroma postopke.

IT. Ikoniéni (slikovni) nivo

4. Shematizacija dejavnosti (risba, skica)

V tem koraku uéenec grafiéno prikaZe svoje resitve, ki jih je sestavil z modeli
likov. Najprej nastane nesistemati¢na slika:
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Slika 1. Nesistematicna slika

Nekateri uéenci odkrijejo sistem, oblikujejo na primer dve ulici, v vsaki ulici
so procelja hi§ enake barve. Tako nastane naslednja slika:

M
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Slika 2. Dve ulici

5. Shematizacija dejavnosti s sistematiénimi prikazi

Utence pocasi navajamo, da kombinatori¢ne situacije prikaZejo s ¢rtnim pri-
kazom, preglednico in kombinatori¢nim drevesom.

Slika 3. Crtni prikaz
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Slika 4. Preglednica
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Slika 5. Kombinatoricno drevo

II1. Simbolni nivo

6. Prikaz dejavnosti v splo$nejsi obliki (nastavitev rauna za posamezen primer)

Iz preglednice, pus¢i¢nega prikaza in kombinatori¢nega drevesa ucenec uvi-
di, da izracuna §tevilo vseh razli¢nih hisk z mnoZenjem $tevila pravokotnikov

razli¢nih barv in $tevila trikotnikov razliénih barv; v nagem primeru: 2 -3 = 6.

7. Posplositev problema (formalno pravilo)

K pravokotnikoma dveh razli¢nih barv (zelen, oranzen) dodamo $e bel pra-
vokotnik. Z uporabo razli¢nih grafi¢nih prikazov uéenci ugotovijo, da je stevilo
razli¢nih hisk sedaj enako: 3 -3 =9.
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Nato dodamo k trikotnikom treh razli¢nih barv (rdece, modre, rumene) $e
en trikotnik rjave barve. Udenci ob grafi¢tnem prikazu zapisejo racun, s katerim
izra¢unajo $tevilo vseh razli¢nih hisk: 3.4=12.

Z dodajanjem pravokotnikov in trikotnikov razli¢nih barv ucenci pridejo do
osnovnega izreka kombinatorike. Ce je sestavljen izbor tak, da zbiramo najprej
med m mozZnostmi, nato pa neodvisno od prvega izbora med n moZnostmi,

potem je vseh moZnosti:

IV. Uporaba razvitega pojma v novi situaciji

Pojem osnovnega izreka kombinatorike uporabimo v novih problemskih si-

tuacijah (npr. pri izgradnji drugih pojmov iz kombinatorike in verjetnosti itd.).

SKLEP

Opisani model izgradnje pojma osnovnega izreka kombinatorike smo zara-
di nazornosti predstavili v med seboj lo¢enih korakih. Vendar je Ze iz vsebine
razvidno, da se ti “koraki” dejansko med seboj prepletajo in da je tezko med
njimi potegniti lo¢nico. Vedno si tudi ne sledijo v tako strogo dolo¢enem vrs-
tnem redu oziroma je véasih kaksen tudi izpuséen (Kokol-Volj¢, 1996). Zato
pri uvajanju novih pojmov iz kombinatorike ne bomo korake med seboj tako
strogo lo¢evali, ampak bomo oblikovanje posameznih pojmov prikazali kot ce-
lovit proces. Poleg tega u¢enci na zacetni stopnji Solanja v osnovni $oli ne “pre-
hodijo” vseh korakov, ampak najveckrat doseZejo peti korak, odvisno od narave
in zahtevnosti kombinatori¢ne situacije ter uéencéevih sposobnosti. Zaradi tako
velikih razlik med sposobnostmi uéencev je nujno, da se pri poucevanju kombi-
natorike na zacetni stopnji $olanja v osnovni Soli posebno poudari individuali-
zacijo in diferenciacijo postopkov in zahtev.
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NACIONALNI MATEMATICKI KURIKUL
ZA PRIMARNO OBRAZOVANJE - EUROPSKA
ISKUSTVAITRENDOVI

Aleksandra Cizmesija'

Sazetak. U izlaganju prezentiramo rezultate istrazivanja nacionalnih kurikulskib
dokumentata za obvezno obrazovanje u 11 europskih drzava i pokrajina, s posebnim
naglaskom na njihove dijelove posvecene primarnom matematickom obrazovanju.
Analizirani su nacionalni matematicki kurikuli sljede¢ib zemalja: Austrija, Finska,
Irska, Madarska, Nizozemska, Norveska, Njemacka (Nordrhein - Westfalen), Slo-
venija, Svedska i Velika Britanija (Engleska, Skotska). Pri tome je reprezentativni
uzorak zemalja odabran tako da obubvaéa europske zemlje razvijenih i dokazano
uspjesnib obrazovnih sustava (skandinavske i anglosaksonske zemlje), zemlje Ciji su
obrazovni sustavi do sada znacajno utjecali na hrvatski sustav odgoja i obrazovanja
(Njemacka, Austrija), kao i Hrvatskoj susjedne tranzicijske zemlje slicne obrazovne
tradicije (Slovenija, Madarska). Bududi da se radi uglavnom o dokumentima novi-
jeg datuma, nastalima mahom nakon 2000. godine, njihova komparativna analiza
omoguiava identifikaciju aktualnib europskib trendova u primarnom matematic-
kom obrazovanju te njihovu usporedbu s dijelom novog Nastavnog plana i progra-
ma za osnovnu Skolu u Republici Hrvatskoj koji se odnosi na nastavu matematike.
Cilj istrazivanja bio je uociti slicnosti i zajednicke elemente matematickib kurikula
svih navedenih zemalja, kao i njihove specificnosti, te utvrditi u kojoj mjeri korespon-
diraju trenutnoj brvatskoj praksi ili, eventualno, od nje odudaraju. Misljenja smo da
recentna europska iskustva svakako mogu pomoti u izgradnji brvatskog nacional-
nog kurikula, kao i doprinijeti uocavanju potencijalnih slabosti u organizaciji nasta-
ve matematike u nasim osnovnim skolama te njihovom otklanjanju. Istrazivanje je
provedeno u sklopu znanstvenoistrazivackog projekta MZOS 0100500 Evaluacija
nastavnih programa i razvoj modela kurikuluma za obvezno obrazovanje, Centar
za istrazivanje i razvoj obrazovanja, Institut za drustvena istrazivanja, Zagreb (vo-
diteljica projekta: dr. sc. Branislava Baranovic).

Kljuéne rijedi: nacionalni matematicki kurikul, nastava matematike

! prof. dr. sc. Aleksandra Ciimeéija, PMF - Matematicki odjel, Sveudilidte u Zagrebu, Bijenicka
cesta 30, HR — 10 000 Zagreb, e-mail: cizmesij@math.hr



MATHEMATICS AND CHILDREN 241

DINAMICNA NASTAVA
MATEMATIKE I PAMETNA PLOCA
(Poster)

Sasa Duka', Damir Tomié?

SaZetak. Na skupu ée se demonstrirati nekoliko prikladnib primjera primjene
pametne ploce u nastavi matematike s ucenicima mlade skolske dobi. Koristenje
pametne ploce na nastavi matematike motivira ucenike mlade skolske dobi na
aktivno sudjelovanje u nastavnom procesu te ¢ini nastavu zanimljivijom.

Kljuéne rijeci: nastava matematike, pametna ploca.

! Saa Duka, predava¢, predavaé, Uéiteljski fakultet, SveudiliSte u Osijeku, L. Jigera 9, HR
— 31000 Osijek, e-mail: duka@ufos.hr

2 Damir Tomi¢, asistent, Utiteljski fakultet, Sveudiliste u Osijeku, L. Jigera 9, HR — 31000
Osijek, e-mail: damir@ufos.hr
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DIJETE S DISKALKULIJOM, MATEMATIKA
I STUDENTI UCITELJSKIH STUDIJA

Lidija Goljevacki®, Aleksandra Krampac - Grljusi¢*
Sazetak. Prema anketi provedenoj u okviru predmeta Metodika matematike
(Teaching Mathematics) medu apsolventima uciteljskib studija u Osijeku aka-
demske 2003./04. godine, najmanje samopouzdanja uoci zaposljavanja studen-
ti imaju u podrudju detekcije ucenika s posebnim potrebama, izradi prilagodenih
programa i poucavanju djece s tesSkocama u ucenju. U clanku se razmatraju mo-
guénosti i prilike stjecanja samopouzdanja i kompetencija studenata uciteljskib

studija za uspjesno ukljucivanje djece s diskalkulijom u nastavu matematike.

Kljuéne rijeéi: diskalkulija, diskalkuli¢no dijete, kompetencije studenata ucitelj-

skib studija, samopouzdanie studenata uciteljskih studija.

1. Sto je diskalkulija

Diskalkulija je skup specifiénih teskoca koje dijete ima pri u¢enju matemati-
ke. Mogu se pojaviti u svim ili samo nekim podru¢jima matematike, bez obzira
na prosje¢no intelektualno funkcioniranje djeteta. Diskalkulija moZe utjecati
na sposobnost paméenja matematickih podataka te na pojam vremena i novca.
Diskalkuliju ne moZemo otkloniti kod djeteta, ali mu moZemo pomoéi da ra-
zvije vjeStine koje ¢e mu omoguéiti noSenje s tim problemima. Stoga je najvaz-

nije rano otkrivanje diskalkuli¢noga djeteta.

? Lidija Goljevacki, predava¢, Utiteljski fakultet u Osijeku, Sveudiliste u Osijeku, L. Jeagera 9,

HR - 31 000 Osijek, e-mail: lidija.goljevacki@os.t-com.hr
* Aleksandra Krampa¢ — Grljusi¢, defektolog, osnovna skola, HR - 31 000 Osijek, e-mail:

krampac@hi.t-com.hr
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2. Detektirani udenici osnovne $kole s posebnim potrebama u
osjecko-baranjskoj Zupaniji u skolskoj 2006./07. godini

Prema najnovijim podacima od sije¢nja 2007., u Osjecko-baranjskoj Zupa-
niji osnovnoskolskim obrazovanjem obuhvaéeno je 727 ucenika s posebnim
obrazovnim potrebama koji su integrirani u redovite razredne odjele. Za te uce-
nike izraden je primjeren model $kolovanja. Takoder je 95 ucenika djelomi¢no
integrirano u posebne razredne odjele. Iz tablice 1. i§¢itava se da je u ukupnoj
populaciji u¢enika osnovne $kole u osjecko-baranjskoj Zupaniji njih 2,799% de-
tektirano s posebnim obrazovnim potrebama, §to je znacajno ispod svjetskih

pokazatelja koji govore o 10% takvih ucenika u populaciji.

Tablica 1. Podaci o uéenicima s posebnim obrazovnim potrebama u Osjecko-

baranjskoj Zupaniji u $kolskoj 2006./07. godini

Podrugje Br. kola liiijrjj Br.uéenika  U& POP

Osijek 20 396 9223 224
Osijek — okruzje 9 174 2899 91
Baranjsko podrudje 11 215 3446 119
Doljnjo-miholjacko podrudje 4 94 1753 48
Dakovacko podrudje 14 282 5488 150
Nasicko podrudje 6 161 3250 114
Valpovacko podrudje 6 156 3290 76
UKUPNO 70 1451 29358 822

Istrazivanje provedeno medu uditeljima razredne nastave u osjeckim osnov-
nim $kolama (Pavlekovi¢ i dr., 2007.) govori o uvjerenju uditelja iz prakse da je
broj u¢enika s teskoéama u uéenju matematike za koje je potreban prilagoden
ili poseban program znacajno veéi od detektiranih ucenika s posebnim obra-
zovnim potrebama. Glavnim uzrokom ovakvoga stanja je nedostatak psihologa

i defektologa skoli, §to potvrduju uditelji i iskustva u praksi.

Izostanak stru¢ne podrske uéiteljima u praksi ima za posljedicu izostanak
prilika studentima uditeljskih studija za postizanje nuZnih kompetencija i sa-

mopouzdanja za rad s u¢enicama posebnih potreba.
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3. Kako prepoznati ucenika s diskalkulijom
® pojam broja usvaja znatno kasnije od prosje¢noga djeteta

o tesko razumije razdvajanje cjeline na dijelove

e pokazuje poteskoée pri izgradnji novih cjelina

e sklon je neispravnoj uporabi brojeva pri ¢itanju, pisanju i racunanju
e zrcalno okreée znamenke te 6 ¢ita kao 9 i obratno

e prilikom ¢itanja i pisanja vi§eznamenkastih brojeva narusava i/ili zrcalno
okreée redoslijed ( npr. 43 ¢ita kao 34)

e vizualno grije$e kod prepoznavanja znakova racunskih operacija, pa "+" pre-
poznaju kao "-" i zbog toga obavljaju pogrjesnu operaciju

e ponavljaju isti broj ili radnju viSe puta (ako se u prvom zadatku zbrajalo uce-
nici ée vr§iti ra¢unsku operaciju zbrajanja u svim zadatcima na jednoj stranici,
bez obzira na promjenu racunskih operacija u sljedeéem zadatku)

e imaju poteskoéa u pamdéenju i prepoznavanju brojevnog niza (npr. svoj tele-
fonski broj 580 042 nece prepoznati ako je napisan na na¢in 58 00 42)

e zamjenjuju jednu znamenku drugom znamenkom, a pri tome te znamenke
nisu sli¢nog oblika

e najcesée pogre$no zapisuju izgovoreni broj
e sporiji su od svojih vrinjaka
e imaju poteskoce u pravilnom potpisivanju pribrojnika

e izostavljaju korake u rjeSavanju zadatka

4., Kako poucavati dijete s diskalkulijom
e dati prednost usmenim oblicima poucavanja i provjeravanja pred pismenim
oblicima

e pri obradi novih sadrZaja koristiti poznato ( ucenikova iskustva), konkretne
primjere, pokuse

® koristiti istovremeno razlidite vrste podrazaja — vidne, slusne, dodirne kod
obrade novih nastavnih sadrZaja

e izbjegavati u¢enikovo glasno ¢itanje
e koristiti u¢enje unaprijed u dogovoru s roditeljima
e provjeriti je li uéenik razumio sadrZaj, definiciju

® koristiti tiskani tekst, a izbjegavati tekst pisan rukom
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® povecati razmak izmedu slova i redova u tekstu

® podebljati slova, znamenke kad god je to prikladno

o tekst ne treba podcrtavati jer to mozZe dovesti do vizualnog spajanja rijeci
e poravnati tekst na lijevoj strani

o tekst podijeliti na manje cjeline, organizirati ga natuknicama ili pomo¢u nu-
merickog nabrajanja u odvojenim redovima

¢ u udZbenicima jasno oznaciti bitne dijelove teksta (definicije, postupke, pra-
vila)

e pri pisanju na plo¢u koristiti natuknice umjesto cjelovitoga teksta

® jasno odvojiti skupine zadataka u kojima se koristi ista ra¢unska operacija

® pri pismenim zadadama provjeriti je li uéenik razumio uputu

® po potrebi ucitelj ili drugi uéenik-pomaga¢ moze proditati zadatak uceniku s
diskalkulijom

® na jednoj stranici treba biti manji broj zadataka

e zadatke poredati od jednostavnijih k sloZenijima, od laksih k teZima

¢ u sloZenijim zadatcima naznaditi podzadatke koji vode ka rjesenju

® ograniditi vrijeme rjeSavanja zadataka

e dobar uradak i ponasanje pohvaliti i nagraditi

e prilikom ocjenjivanja vrjednovati motivaciju i zalaganje na satu, a ocjena zna-
nja treba biti motiviraju¢a

5.Kako razviti kompetencije i samopouzdanje studenata uditelj-
skih studija za aktivno ukljucivanje diskalkuli¢noga djeteta u
nastavni proces.

Iskustva pokazuju da studenti mogu steéi samopouzdanje i kompetencije za
uspjesno ukljudivanje diskalkulinoga ucenika u nastavu matematike neposred-
nim radom s bar jednim djetetom kroz dulje vremensko razdoblje (najmanje
jedan semestar) u njegovom razrednom okruZenju. Kroz to vrijeme vaZno je
da student bude aktivno uklju¢en u sve etape rada s djetetom posebnih potreba
(od detekcije do vrednovanja napretka djetetovih postignuéa) pod neposred-
nim nadzorom mentora i stru¢noga tima odgovarajuée osnovne $kole. Ovakav
rad podrazumijeva i suradnju studenata s roditeljem djeteta.
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Uradak 11-godisnjega diskalkulicnoga djeteta s dodatnim teskocama u pisanju — iz di-
plomskoga rada studentice Kristine Dapic¢ (2007)

Postizanje samopouzdanja i kompetencija studenata uditeljskih studija za
organizaciju nastave (matematike) u koju su integrirana djeca s diskalkulijom,
disleksijom i disgrafijom pretpostavlja razradenu strategiju partnerskoga odno-
sa uditeljskoga fakulteta s osnovnom skolom cjelovitoga tima stru¢nih sluzbi
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(pedagog, psiholog, defektolog) u kojoj, pored integracije djece s poteskoéama u

redovne razrede, postoji praksa djelomi¢ne integracije djece u redovne razrede.
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NEHEZ-E A MATEMATIKA NYELVE?
(A matematika nyelv hasznélatinak szintje
a tanitoképzds hallgatéknal)

Fva Kopasz!

Osszefoglalé. Kodoldnyi Gyula a Magyar Szemlében azt nehezményezi, hogy
»a matematika nyelve kiszoritja a szavak nyelvét’, és hogy szdzadunk nyelve a
matematika lesz. Ha ez egy kissé sotét kép is, azt mindenképpen tapasztaljuk,
hogy a beszélt nyelv roviditi, ferditi a szavakat. Kiilsndsen a fiatalok kérében
lehetiink ennek tandi. Ezért 4gy gondoljuk, oda kell figyelniink arra, hogy a
leendd pedagogusok mennyire érté szinten haszndljdk a matematika nyelvét. A
fogalomalkotds kezdetben — az iskoldskor elején is — a beszédhez kitott. Egyetér-
timk Vigotszkijjal abban, hogy a tanitds folyamatdban fejlédnek a tudomdnyos
fogalmak is, és hogy a ,koznapi fogalmakbél nyert kovetkeztetések dtvitele a tu-
domdnyos fogalmakra nem egyenletes”. Az dtvitelt tovdbb nebeziti az, hogy a tu-
domadnyos fogalmak tartalma — habdr a sz6 azonos — nem fedi vagy nem teljesen
fedi a kéznapi fogalmakét.

Eléaddsomban az kivinom vizsgdlni, hogy a bajai tanitoképzés hallgatoknak
milyen nyelvi nehézségei vannak a matematika tanuldsa sordn.

Az a bhipotézisem, hogy a tanitéképzds hallgaték matematikdval kapcsolatos
problémdinak egy jelentds része nyelvi gyokerd. Bizonyos szavakat koznyelvi
értelemben haszndlnak, amelyek részben ellentmondanak a matematikai tartal-
maknak. A szavak rejtette fogalmak nem teljes korii értése nebeziti a matema-
tikatanuldst.

2005. novemberében vettem fel egy pretesztet az aritmetika témakorébsl. Ebben
az elsé évfolyamos bajai tanitoképzos hallgatok koziil 49-en vettek részt. A pre-
teszt hdrom f6 részbdl all:

1. kulcsszavak kozil kivdlasztani azt, amelyik igazza/hamissd teszi az dllitdst

2. négy lehetdség koziil kivilasztani az igaz dllitdst

! Dr. Kopasz Eva, Eotvos Jézsef Féiskola Matematika és Szamitastechnika Tanszék, H — 6 500

Baja, Szegedi tit 2., e-mail: kopasz.eva@ejf.hu
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3. definiciék dtfogalmazdsa.
A 15 tesztkérdés koziil hdrmat vdlasztottam bemutatdsra.

Ez a vizsgalédds egy hosszabb munka része. A feltett hipotézisre nem tudok most
még egyértelmii vilaszt adni. Csak az irdsbeli munkdk alapjdn nem is tudtam
minden esetben kisziirni, hogy a hibdk melyike nyelvi eredetii, melyike tikrozi
matematikai ismeret hidnydt. Feldolgozdsra varnak még a hallgatok egy részével
készitett interjik, amelyek valészinii, segitenek a problémdk besoroldsiban.

Kulcsszavak: matematikai oktatds, a matematika nyelv.

BEVEZETES

Kodoldnyi Gyula a Magyar Szemlében nehezményezi, hogy »a matematika
nyelve kiszoritja a szavak nyelvét’, és hogy szdzadunk nyelve a matematika lesz.
Ez a megdllapitds kissé sotét képet fest a matematika nyelvérdl, a matematiku-
sok véleménye szerint viszont részben az anyanyelvi ismeretek hidnya okozza a
matematikai problémdk megértésének nehézségeit. Tapasztalataink szerint csak
azok a tanulék képesek pontosan megérteni a matematika nyelvét, akiknek jo
szintii az anyanyelvi ismerete.

A matematikdban vannak bizonyos egyszer(isitési eljirdsok, pl. szimbdlu-
mokat haszndlnak szavak helyett, amelyek segitik a konnyebb, rovidebb leje-
gyzést. Eléfordulnak azonban olyan egyszeriisitési torekvések, amelyek nega-
tivan befolydsolhatjik a feladatok megoldasit, pl. az ,0sszeg’, a ,kiilénbség’, a
»szorzat” és a,hdnyados” szavak helyett tdbbnyire az,eredmény” szét hasznaljak
a tanul6k. Az emlitett szavak ismeretének hidnydbdl téves megolddsok sziilet-
hetnek. Ezekkel az egyszeriisitésekkel azért sem értiink egyet, mivel ez az anya-
nyelv szinességének elvesztéséhez vezet, tovibba megengedésiik azt vonja maga
utdn, hogy akkor is egyszeriisiteni prébaljik a nyelvet, amikor azok komolyabb

félreértelmezéshez vezethetnek.

Sajnos naponta tapasztalhatjuk, hogy a beszélt és az irott nyelv nagyon
lerovidiilt, ez a szavak félreértéséhez, ferditéséhez vezethet. A roviditések ha-
sznalata kiilénosen a fiatalokra jellemz8, akik révid sms-ekben, roviditett sza-
vakkal kommunikélnak egymadssal, s é18, hogy ezek a roviditések begyiiriiznek
a beszélt nyelvbe is. Ezért igy gondoljuk, fokozottabban kell figyelniink arra,
hogy aleendd pedagégusok mennyire értd szinten hasznaljik anyanyelviiket és

a matematika nyelvét.
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A fogalomalkotas kezdetben — az iskoldskor elején is — a beszédhez, nyelvhez
kotoet. Vigotszkij a Gondolkodds és beszéd cim(i munkdjaban részletesen fo-
glalkozik a hétkoznapi és tudomdnyos fogalmak alakuldsdval, azok fejlédésének
folyamataval és kapcsolatdval. Kisérletei azt bizonyitottak, hogy kell§ egyéni
tapasztalat valamint jél strukturdlt tananyag esetén ,a tudomdinyos fogalmak
fejlédése megeldzi a spontin fogalmak fejlédését” (206.0.).

A tudominyos fogalmak a tudatosodds magasabb szintjén illnak, mint a
hétkoznapi fogalmak. Megéllapitja tovabb azt is, hogy a koznapi fogalmakbdl
nyert kovetkeztetések dtvitele a tudomdnyos fogalmakra nem egyenletes. Az
4tvitelt az is neheziti, hogy a tudoményos fogalmak tartalma — habér a sz azo-
nos — csak részlegesen vagy egyaltalin nem fedik a koznapi fogalmakét. Vi-
gotszkij munkdjiban tbbszor idézi az orosz szépird Tolsztojt, akinek az volt
a meggy6z8dése, hogy ,majdnem sohasem a sz az, ami érthetetlen, hanem a
tanuléndl ... hidnyzik az a fogalom, amelyet a sz6 kifejez. A sz6 majdnem min-
dig készen van, amikor kész a fogalom.”(210.p.).

A szakszavak kialakuldsa lasst folyamat. Nem magénak a szénak a megta-
nuldsa, hanem annak tartalmi vonatkozasa. ,Nehéz a széhasznalat és annak a
helyzetnek a kovetkezetes egyiittes haszndlata, amire az adott sz6 vonatkozik.”

(Szendrei, 399.p.)

A matematika nyelve tudvalevd, hogy nagyon tdmdor, mivel a definicidk csak
a fogalom szempontjabdl legfontosabb szavakat, kifejezéseket tartalmazhatjik.
fgy amatematikai definicidk a rovidségre valé torekvés miatt sokkal nehezebben
érthetdk, mintha fé] oldalon keresztiil fejtenénk ki azokat. A hosszti szdveget
viszont nehezebb pontosan megtanulni, és nagyobb annak a veszélye, hogy va-
lamely 1ényeges feltételt kihagynak beldle a tanuldk, mint a rdvid tomér de-
finicidk esetén. Ugyanez a helyzet a matematikai feladatok megfogalmazasanal
is, ha réviden fogalmazzuk meg, akkor nehéz értelmezni, mivel itt a kotdsza-
vaknak, a ragoknak, képzdknek, ékezeteknek sokkal nagyobb jelentdsége van,
mint mds tantdrgyaknal, ezek helytelen értelmezése vagy hidnya miatt viszont
egy probléma megoldhatatlannd vagy t6bb megoldéstva valhat. Ha viszont egy
szoveges feladatot fél oldalban prébilnink megfogalmazni, a legtobb didk elfut-
na annak megoldisa eldl.

A kozlés szempontjdbdl egy definicié akkor célravezetd, ha a befogaddk a

meghatdrozdsban szerepld kifejezések jelentését mar ismerik.
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wDefinici6 segitségével senkinek nem kozvetithetiink az altala ismerteknél
magasabb rendi fogalmakat, hanem csakis oly médon, hogy megfeleld példik
sokasagit nytjtjuk.” (Skemp, 38.p.)

Ezt az elvet a matematika tanitis sordn elég gyakran megsértjiik, ilyen hiba
még a tankdnyvekben is el8fordul. A fogalmak megfeleld mennyiségti példak
sokasdga nélkiil bizonytalanokka vilnak, s a matematika nem értéséhez, nem
tuddsihoz vezetnek. Gyakran még a felséfoku oktatdsban is taldlkozunk ezzel
a problémaval.

Ebben a tanulményban azt kivinjuk vizsgalni, hogy a bajai tanitéképz8s hall-
gatoknak milyen nyelvi nehézségei vannak a matematika fogalmak, definicidk,
osszeftiggések kifejtése sordn.

1. HIPOTEZIS

A tanitdképzds hallgatdk matematikdval kapesolatos problémainak egy je-
lentds része nyelvi gyokeri. Bizonyos szavakat koznyelvi értelemben hasznal-
nak, amelyek részben ellentmondanak a matematikai tartalmaknak. A szavak
mogotti fogalmak nem tisztizottak, s a pontatlansigok nehezitik a matema-
tikatanuldst. Célirdnyos fejlesztéssel a hallgaték nyelvi hidnyossigaibdl eredd
matematikai problémak megoldasit javitani lehet.

2. A KUTATAS HATTERE

Evek 6ta figyelemmel kisérjiik a tanit6képz3s hallgat6k matematikai ismere-
teinek alakuldsit, hibait, szvegértési gondjait. Korabban készitett feljegyzése-
ink alapjan egy feladatsort 4llitottunk 6ssze azokbdl a problémikbdl, amelyek
megfigyeléseink szerint folyamatosan el8fordultak. Az elsd éves hallgaték
korében egy 4tfogd vizsgalatot terveztiink. Ennek elsd 1épéseként 2005. no-
vemberében egy tesztet toltottek ki a hallgaték, amelynek eredményérdl ebben
a tanulmanyban kivanunk beszdmolni. A tesztlapot a bajai els8 évfolyamos ta-
nitdképzds hallgaték koziil 49-en oldottik meg.

A kérdések hirom f6 részbdl alltak:

a) kulesszavak koziil kellett kivilasztani azokat, amelyek igazz4 vagy hamissd
teszik az egyes éllitasokat;

b) négy lehet8ség koziil kellett kivalasztani az igaz éllitést;

c) megkezdett dsszefiiggéseket kellett kiegésziteni igaz dllitdssa.
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A tesztben szerepld 15 kérdés koziil hdrmat vélasztottunk bemutatasra.

A késdbbiekben a hallgatdkkal valdé beszélgetésrdl magnofelvételt
készitettiink, ahol azt vizsgiltuk, vizsgaljuk, hogy mennyire tudnak a hallgaték
kérdéseket feltenni egy adott problémdahoz és a feltett kérdések és a valaszok
értékelése alapjn tudjék-e korrigdlni a helytelen matematikai ismereteiket.

3. A TESZT FELADATAI ES ERTEKELESE

4.1. Jelolje azt a vilaszt, amelyik igazzd teszi az dllitdst!
Szorzatot egy szimmal gy is oszthatunk, hogy.......... tényez3jét osztjuk.
e. mindegyik
f. legaldbb az egyik
g csak az egyik
h. legfeliebb az egyik
A feladattal az volt a célunk, hogy megtudjuk,

e mennyire értik a hallgatdk a legaldbb egy, legfeljebb egy, pontosan egy szavak

tartalmat;
e megoldisaik sordn alkalmaznak-e hibs anal6gidt?

A megoldis eredményességét az alibbi grafikon mutatja.

W mindegyik

O legalibb az egyik
W csak az egyik

O legfeliebb az egyik




MATHEMATICS AND CHILDREN 253

Megillapitottuk, hogy a didkok tdbbsége szimdra nincs informacidtartal-
ma a legaldbb, legfeljebb szavaknak. Egy résziik csak felesleges bévitménynek
érzi, és csak az utdnuk 4llé szavaknak tulajdonitanak jelentdséget. Nem tdrek-
szenek arra sem, hogy megkeressék ezeknek a kifejezéseknek a szinonimdit. A
koznyelv sem hasznalja mindig precizen a legaldbb, legfeljebb szavakat. Péld4ul
egy riporter — az 4ltala unalmasnak tartott futballmérkdzésrdl — megéllapitja,
hogy egyetlen emlitésre mélté esemény tortént: a jatékvezetd hasra esett. A
kozdnség legalabb ezen szérakozott. Ebben a szdvegkdrnyezetben arra utal a
legaldbb sz6, hogy més emlitésre méltd esemény nem tortént, a matematikdban
jaratosak ebben a helyzetben is a legfeljebb sz6t hasznaltik volna, azaz ponto-
sabban fejeznék ki a mondanivaléjukat.

Mivel dsszeget gy osztok egy szdmmal, hogy az 6sszeg mindkét tagjat elo-
sztom, a fenti megolddsbdl az tiint ki, hogy a didkok ezt az 6sszefiiggést dtvitték
arra az esetre is, amikor az Gsszeadds helyett szorzds szerepel. Ez egy tipikus
anal6gids hiba, ami elég gyakori a matematikai feladatok megolddsa sordn.

4.2. Mit jelent az, hogy az ésszeadds asszociativ (csoportosithaté)?
e. A zdrdjel felcserélbetd, az dsszeg nem vdltozik.
f. A tagok felcserélbetdk és dtzdréjelezhetdk az eredmény nem viltozik.

g A tagok sorrendjének meghagydsa mellett az dsszeg tagjai tetszdlegesen zdréjele-
zhetdk.

h. Mindegy milyen sorrendben adom &ssze a tagokat, az 8sszeg nem valtozik.

A feladattal az volt a célunk, hogy ellendrizziik
e a fogalmak pontos megnevezését tudjik-e a hallgatdk;
e ismerik-e az dsszefiiggéseket.

feladat megolddsinak eredményességét az alabbi dbra mutatja:

O2a.
W 2.b.
W2c.
m2d
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Ezek az irdsbeli valaszok egybecsengenek a kollokviumokon adott szdbeli
valaszokkal. Negyedik osztaly végére,megtanuljik”a gyerekek - az 6sszeaddsnal
maradva -, hogy fel lehet cserélni a tagokat, vagy hogy az 6sszeg nem viltozik
attdl, ha pl. az 1. és 2. tag 6sszegéhez adjuk a 3. tagot vagy az elsd taghoz adjuk a
2.és 3. tag dsszegét. Alsé tagozaton ennek kiilondsen a szébeli szdmoldsnil van
szerepe (pl. hogy kerek tizeseket kapjunk részosszegként). Késébb méir nem
kiilonitjiik el az 8sszeadds e két tulajdonsigit ilyen mereven, hanem - ahogyan
a feladat kivanja — egyiittesen alkalmazzuk. Pontosan azért, hogy késSbb ezek a
tulajdonsdgok ne gétoljik, hanem segitsék a miiveletvégzést. Azaz Snmagiban
a csoportositds nem foglalja magdban a tagok sorrendjének megvaltoztatdsit,
hiszen a matematikdban vannak olyan miveletek, amelyek asszociativak, de
nem kommutativak. A hallgaték megolddsai azt mutatjak, hogy szdmukra ez a
két tulajdonsdg osszekapesolédik, nem fiiggetlen egymastdl.

A csoportositis sz6t a matematikdban és a hétkdznapi életben haszniljuk
mds vonatkozdsban is, példdul a halmaz szinonimdjaként.

4.3. Fejezze be tigy az aldbbi mondatokat, bogy igaz legyen!
e. A hdanyados nem vdltozik, ha..............

f. A hdanyados 2-szeresre n6, ha..............

g A hdnyados felére csokken, ha............

h. A hdnyados 2-vel n6, ha.....o..oovvivin

A feladattal arra kerestiik a vélaszt, hogy
e ismerik-e a didkok ezeket az 3sszefiiggéseket;
e milyen pontosan tudjék kifejezni magukat a matematika nyelvén?

A feladat megolddsinak eredményességét az alibbi abra mutatja.

A harmadik probléma megoldasanak
eredményessége
100,00% -
80,00%
m3. a
60,00% m3. b
40 00% o3 c
@3 d
20,00% -
0,00% -
jo részben jo hibas nem valaszolt
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Ezt a feladatot sok hallgaté nem oldotta meg vagy azért, mert nem volt rd
ideje vagy, mert ez nem feleletvilasztds volt, s nem tudtak a vélaszt vagy, mert
egyszer(ien nem szeretnek irni.

Jénak csak a pontos, absztrakt dsszefiiggés megadisit fogadtuk el. A ,rész-
ben j6” —nak azokat a megolddsokat tekintettiik, ahol a hallgaték a b, ¢, d ese-
tekben csak az egyik lehetséges viltozatot adtik meg, az a esetben pedig egyedi
konkrét megoldast irtak. PL ,osztunk és szorzunk is kettével”

Az g esetben tdbben a,-val’,,-vel” ragokat hasznaltak, amelyek az 6sszeadds-
sal és kivondssal valé novelésre illetve csdkkentésre utalnak. Ez tipikus hiba,
szintén téves analdgidra utal:,Ha az osztandét és az osztét is ugyanannyival nove-
lem vagy csokkentem, a hdnyados nem vdltozik”.

A vilaszokbdl egyértelmiien az is kideriilt, hogy a hallgaték nem foglalko-
ztak a nulldval. Ez a hétkoznapi nyelv hatdsa, mivel a mindennapi szamol4dsokat
nem a nulldval kezdjiik, ezért ott a nulldt nem tekintjitk szimnak, hiszen az a
»semmi’, Ezt a hibét a hallgaték nagy része elkdvette, pl.,mindkettdt ugyanaz-
zal a szimmal szorzom., de ez nem tekinthetd teljesen hibdsnak, mert hiszen
egy eset, a 0-val valé szorzis kivételével mindig teljesiil.

Szerencsére csak egy hallgaté volt, aki tud 0-val osztani, mivel azt irta, hogy
nem véltozik a hinyados, ha,0-val osztok”.

A hallgatdk elég nagy része irta azt, hogy ha az egyik szdmot noveli, a mési-
kat csokkenti, akkor a hidnyados nem valtozik. Ez arra utal, hogy a miiveleti
tulajdonsdgok nagy-nagy 9sszevisszasigban vannak a tanuldk fejében, keverik
a négy alapmiivelettel kapcsolatos dsszeftiggéseket.

A b esetben a helytelen vilaszok kozott voltak olyanok is, amelyekbdl az deriilt
ki, hogy a hallgaté nincs tisztiban, melyik az osztandé illetve az osztd, a hibik a
matematikai szakkifejezések pontatlan hasznilatabdl eredtek. A masik tipikus hiba
az volt, hogy csak részmegolddsokat adtak, pl.,A hdnyados kétszeresére né, ha az
osztandét kétszeresére novelem.” Ez csak akkor igaz, ha az oszt6 valtozatlan marad.

A hibés valaszok kozétt tipikusak az alabbiak:
2-vel szorzom.

Mindkettdt kétszerezem.

Az egyik tényezdt kétszeresre novelem.

A tagokat négyzetre emelem.
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Mivel b és ¢ kérdések egymas kiegészitései voltak, a vélaszokban is ugya-
nazok a megoldisok titkrézddtek. Azok a hallgatdk, akik helyesen be tudtak
fejezni a b mondatot, azok most is jél dolgoztak.

Legnehezebbnek a d rész bizonyult, hiszen erre a didkok nem tanultak for-
muldt. Mindéssze 3 helyes vélasz sziiletett, a hdnyados 2-vel né, ha az osztan-
dét novelem az oszté kétszeresével.”

Bér elmaradt az a feltétel, hogy kozben az oszté nem viltozik, de ez is nagyon
j6 eredménynek mindsiil a tobbihez képest. A helytelen vilaszok kézott most
tobb volt a 2-szerezésre, felezésre utalds, aminek 6riilni kell, hiszen ezeknek
kellett volna megjelenni az el8z8 vilaszokban a 2-vel névelés, illetve csdkkentés
helyett is. Ez viszont azt mutatja, hogy a korabbi vilaszokat az emlékezetiikbdl
hivtak el8, s valdszintileg azokat tigy tiroltak, ilyen médon keriiltek be a hosszt
tidvl memoridba. Az ) szitudcidban pontosabban fejezik ki az dsszefiiggést, jo-
bban fogalmaznak, mert gondolkodnak a megolddson, nem csak emlékezetbdl
prébalnak egy szabilyt felidézni.

4, KONKLUZIO

A hipotézisre még nem tudok egyértelmii valaszt adni, mivel a magndéfel-
vételek kiértékelése folyamatban van.

Az irdsbeli munkak alapjén az aldbbi megillapitasokat tehetem:

o Tul sok definicidt, 3sszefiiggést tanultak matematika 6rdn a didkok megértés
nélkiil, igy nem érzik a feltételek szitkségességét, ezért csak részmegoldasokat
képesek produkalni.

e A matematikai hibik egy része nyelvi eredetii, mert a beszélgetések sorin,
a visszakérdezéseknél a tobbség tudta korrigalni a kordbbi megéllapitisait,
felfedezték azokban a hidnyossdgokat.

e A tanuldk kritikai érzékének fejlesztésével pozitiv irinyba léphetiink a helyes
szovegértés és a fogalmazis terén is.
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PROVJERAVANJE I VREDNOVANJE
ZNANJA MATEMATIKE

Zeljka Milin Sipus!

SaZetak. Aktualne promjene u obrazovanju u Hrvatskoj, osim promjena u naci-
onalnom kurikuly, donose i novosti u provjeravanju i vrjednovanju znanja. Uvo-
di se sustav vanjskog vrjednovanja obrazovnih postignuéa: sustav nacionalnib
ispita (kako za srednjeskolsko, tako i za osnovnoskolstvo obrazovanje) i drzavna
matura. U izlaganju éemo se osvrnuti na polazista i ciljeve, te iskustva prove-
denib nacionalnih ispita iz matematike, kao i na ostale vidove provjeravanja
znanja matematike.

Kljuéne rijeci: provjeravanje znanja, vrjednovanje znanja, edukacija matema-
tike.

1 doc. dr. sc. Zeljka Milin Sipué, Prirodoslovno-matematicki fakultet - Matemati¢ki odjel, Sve-

udiliSte u Zagrebu, Bijenicka cesta 30, HR - 10 000 Zagreb, e-mail: milin@math.hr
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ORIGAMI I MATEMATIKA

Franka Miriam Briickler!

Sazetak. Origami je tradicionalna japanska umjetnost savijanja papira. Medu
inim, origami modeli mogu posluziti vizualizaciji geometrijskib likova i tijela,
ali i razvijanju matematickog nacina razmisljanja. Origami je lako uklopiti u
nastavu matematike na svim razinama skolovanija.

Veé¢ mala djeca susret s geometrijom mogu imati umjesto uobicajenib gotovih,
krutib modela tijela putem vlastorucno napravljenih modela, a $to su stariji moci
¢e izradivati kompliciranije modele i na njima proucavati razna svojstva poput
simetrije. Cak i savijanje nematematickih modela moze doprinijeti razvoju ma-
tematickog razumijevanja; tako se npr. pri savijanju modela stola postavlja pri-
rodno matematicko pitanje koliki treba biti papir ¢ijim savijanjem bismo dobili
sjedalicu koja odgovara stolu.

Drugi aspekt origamija je mogucnost da ga se koristi kao dopunu standardnom
upoznavanju sa geometrijskim konstrukcijama ravnalom i Sestarom. Aksiomi
origamija naime omogucuju konstrukcije poput duplikacije kocke koje nisu izve-
dive ravnalom i Sestarom (jer konstrukcije ravnalom i Sestarom geometrijski
ekvivalenti rjesavanju kvadratnib, a origamijem kubnib jednadzbi). Dodatna
korist je Sto se konstrukcije origamijem ne provode u glavi i crtanjem vec savi-
janjem tj. aktivno, Sto olakSava razumijevanje i pracenje slijeda koraka, a ima
jednaku didakticku korist poducavanja u matematickom deduktivnom nacinu
razmisljanja.

Klju¢ne rijeci: nastava matematike, origami, geometrijske konstrukcije.

Origami je poznata japanska tehnika savijanja papira (ori = savijanje, kami =
papir). Najpoznatiji su origami objekti razne Zivotinje savijene iz jednog koma-
da papira. Cak i takvi, naizgled nematematieki objekti, usko su vezani za geo-
metriju: razvijanjem papira vidjet ée se uzorak sastavljen od poligona omedenih

! doc.dr.sc.Franka Miriam Briickler, Prirodoslovno-matematicki fakultet - Matematicki odjel,

Sveudilidte u Zagrebu, Bijenicka cesta 30, HR — 10 000 Zagreb, e-mail: bruckler@math.hr
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linijama savijanja, a ¢itavi objekti pokazuju odredene vrste simetrija. Ipak, glav-
ne veze izmedu matematike i origamija mogle bi se podijeliti u éetiri skupine:

1. Izrada origami modela poliedara i poligona;

2. Aksiomatski pristup analogan konstrukcijama ravnalom i estarom, ali s ne-
kim dodatnim moguénostima;

3. Razvoj rac¢unskih i analitickih sposobnosti analizom potrebnih odnosa di-
menzija za dobivanje Zeljenih modela;

4. Veze s viSom matematikom, osobito topologijom i teorijom grafova.

Izrada origami modela poliedara i poligona

Modeli se kre¢u od vrlo jednostavnih, pogodnih veé za manju djecu (¢ime
se razvija njohov osjeéaj za prostor i motorika) do onih vtlo kompliciranih za
koje treba puno strpljenja i poprilina spretnost. Origami modeli poligona i
poliedara dijele se na one koji se mogu izraditi od jednog komada papira (takvi
matematicki modeli su rjedi i ve¢inom se radi o modelima poligona) i modular-
ni origami u kojem se kona¢ni model sastavlja od vise dijelova (bez lijepljenja).

Primjer: Kocka se moZe izraditi npr. od $est kvadratnih komada papira koje
savijemo horizontalno i vertikalno prema sredini (slika dolje lijevo; pune linije
oznacavaju linije savijanja prema gore, a iscrtane prema dolje). Tih $est komada
(»modula“) se onda saviju tako da dobijemo oblik kao na slici dolje u sredini. Ti
se komadi onda zataknu jedan u drugog tako da izvana ostanu glatki kvadrati,
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Geometrijske konstrukcije origamijem

Kao $to je poznato, tradicionalno obrazovanje uklju¢uje upoznavanje s ge-
ometrijskim konstrukcijama ravnalom i §estarom, ¢ime se medu inim razvija
deduktivni na¢in razmisljanja. Pocetkom 1990ih uvedeni su i aksiomi origami
konstrukcija (Sest Huzitinih aksioma), koji imaju analognu matematicku (i di-
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dakti¢ku) korist kao i klasi¢ni aksiomi S

za konstrukcije ravnalom i Sestarom, ®

ali imaju i neke dodatne prednosti. U \( ’
biti, radi se o tome da klasi¢ne kon- ~~ T
strukcije ravnalom i Sestarom odgova-

raju geometrijskom rjeavanju kvadrat- p

\ ﬁ
nih jednadzbi, a konstrukcije origami
omogucuju i tjeSavanje kubnih jed- q ‘

nadzbi. Specijalno, pomoéu origamija
(primjenom Huzitinih aksioma) mogu se rijeiti problemi duplikacije kocke
(. konstrukcija treceg korijena iz 2 ako je zadana jedini¢na duljina) i trisekcije
proizvoljnog zadanog kuta.

Primjer: Sesti Huzitin aksiom postulira,za dane dvije tocke i dva pravea mo-
guée je nadi liniju savijanja kojom jedna tocka pada na jedan, a druga na drugi pra-
vac” (slika desno). Analizom znacenja tog aksioma vidi se da se radi o konstruk-
ciji zajednicke tangente na dvije parabole kojima su zadani fokusi i ravnalice, $to
odgovara rjesavanju kubne jednadzbe.

Ostalo

Origami moZe posluZiti i kao izvor elementarnomatematickih odnosno ge-
ometrijskih zadataka.

Primjer: Ako je dijete savilo origami stol iz komada papira, koliko velik tre-
ba biti papir ¢ijim savijanjem bi se dobila sjedalica prikladna za taj stol?

Primjer: Ako se kvadratni papir savije tako da se sva Cetiri vrha nadu u sre-
dini polaznog kvadrata, dokaZite da je dobiven kvadrat i odredite omjer njegove
povrsine s polaznim! Ukoliko se sad vrhovi iz sredine presavinu natrag prema
van tako da padnu na polovista strenica kvadrata, provjerite da je u sredini na-
stao novi kvadrat i usporedite njegovu povrsinu s polaznim kvadratom!

S druge strane, origami je povezan i s viSom matematikom, osobito teorijom
grafova. Najpoznatija veza sastoji se u idu¢em: Ako promotrimo mreZu pregiba
koji nastaju kad iz papira izradimo neki origami oblik koji je plosnat, pa papir
ponovno izravnamo, onda ¢e se tako dobivena ,zemljopisna karta“ moéi obo-
jati sa samo dvije boje tako da nikoja dva podruéja koja graniée po nekoj liniji
savijanja nemaju istu boju. Ovaj teorem je posljedica ¢injenice da kod takvog
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modela svaki vrh ima paran stupanj (vrh je sjeciste dvije ili vie linija pregiba)
pa je graf kojemu su vrhovi sjecista linija savijanja, a bridovi dijelovi tih linija
izmedu po dva vrha, Eulerov graf.

Napomenimo na kraju i da kori$tenje origamija u nastavi rezultira nizom
didaketickih i metodickih koristi: razvijaju se sposobnosti rje§avanja problema,
preciznog kori$tenja matematicke terminologije, upotreba razlomaka i omjera,
upoznavanje pojmova vezanih za kuteve, povrsinu, volumen, kongruenciju, pa-
ralelnost i okomitost, konike i dr., razvoj deduktivno-logitkog na¢ina razmislja-
nja, a omogucuje i razvoj sposobnosti za suradnju, predvidanje ishoda, motori¢-
kih sposobnosti, razumijevanja estetike i sposobnosti vizualizacije ... Posebno
zgodno je i to §to postoji niz otvorenih problema u matematici origamija ¢ije ra-
zumijevanje je velikim dijelom dostupno djeci razlic¢itih uzrasta i pritom imaju i
moguénost doprinosa vlastitih ideja, ¢ime se razvija razumijevanje matematike
kao kreativne znanosti.

Zgodna web-stranica za pocetak upoznavanja s vezama izmedu matematike

i origamija je Origami & Math, http://www.paperfolding.com/math/
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STAVOVI STUDENATA UCITELJSKIH
STUDIJA O MATEMATICI

Irena Misurac Zorica'

Sazetak. Suoleni s nezadovoljavajucim rezultatima ucenika u matematici na
svim razinama obrazovanja, trebamo stalno preispitivati parametre koji mogu
utjecati na proces njenog ucenja. Utitelj razredne nastave jedna je od vaznijib
komponenti u tom procesu i ima velik utjecaj na ucenike. U razrednoj nastavi
obraduju se najelementarniji matematicki sadrzaji koji postaju temelj za nado-
gradnju u predmetnoj nastavi, pa je time znacaj ovog perioda u matematickom
obrazovanju itekako velik. Svoj utjecaj ucitelj ostvaruje kroz nacin na koji podu-
¢ava i komunicira s ucenicima, ali jos vise kroz neverbalnu komunikaciju u kojoj
kroz Cetiri godine ucenicima svjesno ili nesvjesno prenosi vlastite stavove, asocija-
cije i strahove. Iz tog smo se razloga u ovom radu odlucili istraziti kakve stavove
o matematici imaju studenti - buduéi ucitelji. Kako ée upravo oni u buduénosti
matematiku predavati najmladoj ucenickoj populaciji, jasno je da ée njihovi unu-
tarnji stavovi implicitno ili eksplicitno utjecati na ucenicke rezultate.

Polazna pretpostavka u istrazivanju bila je da Ce ucitelji uspjesnije poducavati
matematiku ukoliko o njoj imaju pozitivne stavove. Drugim rijecima, osoba koja
o matematici ima negativne stavove ili osjeca strab prema njoj, nece biti uspjesna
u njenom poducavanju. Stavove studenata ispitali smo anonimnom anketom na
uzorku od 150 studenata 3. i 4. godine uciteljskog studija Filozofskog fakulteta
u Splitu. Rezultati dobiveni anketom pokazali su da studenti smatraju da imaju
dobar, ali ne izrazito dobar stav prema matematici. Ipak veliki broj studenata
iskazuje strah od matematike, a asocijacije na rije¢ matematika su im neutralne
ili negativne. Ispitanici takoder misle da ¢e im samo veoma rijetki sadrzaji na-
uleni na fakultetu trebati u buduéem zvanju. Iznenadilo nas je da najveéi broj
studenata nije volio matematiku ni u predfakultetskom skolovanju. Od svib na-
stavnih predmeta koje ée u buducnosti predavati u razrednoj nastavi, najmange
studenata opredijelilo se za matematiku. Ovakvi rezultati nikako nas ne mogu

! mr. sc. Irena MiSurac Zorica, predavac, Filozofski fakultet u Splitu, Teslina 12, HR - 21 000
Split, e-mail: irenavz@fst.hr
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zadovoljiti i stavljaju pred sve nas zadatak da ovakve stavove buducib ucitelja sto
prije mijenjamo.

Kljuéne rijedi: nastava matematike, stavovi buduéib ucitelja o matematici.

1.UVOD

Matematika je bila i ostala jedan od najvaZnijih predmeta na svim razinama
obrazovanja. To je nastavni predmet koji prije svega razvija logitko misljenje
ucenika i podloga je za svako znanstveno, tehnicko, informaticko, ali i mnoga
druga podrudja ljudskog djelovanja. NaZalost, svjedoci smo sve slabijih uce-
ni¢kih rezultata u matematici koji se prije svega ocituju u velikom broju losih
ocjena, u porastu privatnih instrukcija iz matematike, ali i u odabiru $kola i
fakulteta prema kriteriju ,tamo nema mnogo matematike”.

Zbog svih navedenih razloga, izuzetno je vaZan nacin na koji se poducava
matematika, kao i kvalitetan kadar koji e taj sloZeni posao uspjesno odraditi.
Obrazovanje uditelja, nastavnika i profesora matematike prvi je i osnovni temelj
na kojem se gradi uspjesna nastava matematike. Ta ¢injenica bila je motiv i po-

lazna pretpostavka u ovom radu.

Osnovnoskolsko obrazovanje od samog pocetka pretpostavlja i poducéavanje
nastavnog predmeta matematka. U razrednoj nastavi ucenici bi trebali upo-
znati prirodne brojeve i nulu, usvojiti Cetiri osnovne ra¢unske radnje i usvojiti
osnovne geometrijske pojmove. U tom periodu stvaraju se temelji odnosa pre-
ma matematici i pocinje se razvijati formalno matematicko razmisljanje. Upra-
VO stoga, ovaj je period od neprocjenjive vaznosti za ucenike iu spoznajnom iu

emotivnom smislu.

Da bi uditelj bio uspjesan u sloZzenom poslu koji obavlja mora prije svega
voljeti raditi s u¢enicima, mora razumjeti njihov nadin spoznavanja i ucenja, ali
sigurno mora voljeti i sadrZaje koje djeci pribliZava.,Danas je postalo jasno da
je uéenje cjelovit proces i ne svodi se samo na pamdenje i misljenje. To je i emo-
cionalni doZivljaj, i psihomotorna aktivnost, i socijalni odnos, i proces samo-
aktualizacije” (Bognar, 1998., 349). Kako ucitelj razredne nastave matematiku
predaje Cetiri sata tjedno u okviru redovne nastave, te jo§ po sat dopunske i do-
datne nastave, jasno je da on sam mora razumjeti i voljeti matematiku da bi bio

uspjesan u njenom poducavanju. Ukoliko uditelj osjeca strah ili tjeskobu prema
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matematici, sigurno je da,inicira razvoj tjeskobe svojim ucenicima, umjesto da
u njima stvara pozitivne stavove prema matematici” (Sharma, 2001., 120).

Utitelj, kao klju¢na figura na pocetku institucionaliziranog odgoja i obra-
zovanja, ima snazan utjecaj na ucenike. Taj utjecaj ostvaruje kroz naéin na koji
poducava i komunicira s uenicima, ali jo§ viSe kroz neverbalnu komunikaciju
u kojoj kroz &etiri godine razredne nastave uéenicima svjesno ili nesvjesno pre-
nosi vlastita uvjerenja, asocijacije i strahove. U tom vaznom razvojnom periodu
uditelj ¢e osim matematickih znanja i umijeéa propisanih nastavnim progra-
mom, uenicima eksplicitno i implicitno prenjeti i vlastite stavove o matematici,
buduéi da su ,novija istraZivanja jasno pokazala kako se stavovi i shvaéanja o
ciljevima poudavanja i prirodi uéenja odraZzavaju u ponasanju uditeljica tijekom
poducavanja“ (Vizek Vidovi¢ i dr.,, 2003.,329). Zbog toga je jasno da ée njihovi
unutarnji stavovi implicitno ili eksplicitno utjecati na uenicke rezultate.

Polazna pretpostavka u ovom istraZivanju bila je da ée uditelji kvalitetnije i
uspjesnije poducavati matematiku ukoliko sami o njoj imaju pozitivne stavove.
Drugim rije¢ima, osoba koja o matematici ima negativne stavove ili osje¢a strah
prema njoj, nece biti uspje$na u njenom poducavanju.,IstraZivanja u ovom po-
drudju polaze od pretpostavke kako djelotvornost poduéavanja ovisi o stavovi-
ma uditelja i u¢iteljica prema poducavanju i odredenim znanjima i vje$tinama“

(Vizek Vidovié i dr., 2003., 329).

Odlugili smo istraziti kakve stavove o matematici imaju studenti koji su oda-
brali uditeljski posao za svoj bududi poziv. U istraZivanju smo krenuli od nekoli-
ko polaznih pretpostavki. Prva je bila da su stavovi studenata-buduéih uéitelja o
matematici ve¢inom pozitivni, te da uditeljski studij biraju osobe koje su voljele
matematiku i koje se u vlastitom $kolovanju nje nisu bojali. Obzirom da na stav
0 matematici sigurno najvise utjece najsvjezije iskustvo osobe, a to je u ovom
slu¢aju iskustvo s fakulteta, pretpostavili smo i da ée studenti koji su na fakul-
tetu imali problema s nekim ispitom iz matematickih kolegija imati negativnije
stavove prema njoj. Treca je pretpostavka bila da ée se studenti nakon vise od
12 godina svog ucenja matematike osjecati kompetentnima za poducavati ma-
tematiku od 1. do 4. razreda osnovne $kole. Kako su studenti najviSe sadrzaja
matematike naudili na vi§im stupnjevima obrazovanja, posebno na fakultetu,
pretpostavili smo da ¢e sadrZaje naucene na fakultetu studenti smatrati kori-

snim za svoj buduéi poziv.



266 Proceeding of the International Scientific Colloquium

2. METODOLOGIJA ISTRAZIVANJA

Cilj istraZivanja bio je saznati kakve stavove o matematici imaju studenti
uditeljskog studija, a time indirektno moZemo zakljucivati i o njihovoj buduéoj

uspjesnosti u poducavanju matematike.

Istrazivanje stavova bududih uditelja proveli smo anonimnim anketiranjem
150 studenata uciteljskog studija Filozofskog fakulteta u Splitu, u prosincu
2006. godine. Za uzorak su izabrani studenti 3. i 4. godine studija, dakle stu-
denti koji su ve¢ odslusali matematicke kolegije (Matematika 1, Matematika 2,
Matematika 3), a i dio programa kolegija, Metodike pocetne nastave matemati-
ke". Smatrali smo da ée ti studenti imati potpuno izgraden stav prema matema-
tici, kao i viziju svog buduéeg uditeljskog posla koji pretpostavlja i poducavanje

nastave matematike.

Iako se radi o (relativno) velikom uzorku, treba prihvatiti ogranicenje da se
radi o studentima jednog fakulteta kojima su matematicke kolegije predavali isti
nastavnici. To ograni¢enje u nasem istraZivanju djelomi¢no umanjuje vrijednost
dobivenih rezultata, buduéi da faktor nastavnika koji je utjecao na studentske
stavove nije konzistentna kategorija koja bi opcenito i jednako utjecala na cijelu
populaciju. Ipak, rezultati koji su dobiveni veoma su indikativni i sigurno nam
mogu biti dobar pokazatelj trenutnog stanja u obrazovanju uditelja. Anketni

listi¢ kojim je anketa provedena nalazi se u Prilogu ovog rada.

3.ANALIZA REZULTATA

Anketom je ispitano 150 studenata, od ¢ega 91 student trece i 59 studenata
Cetvrte godine studija ucitelja Filozofskoga fakulteta u Splitu.

Na samom se pocetku pokusalo saznati kakve asocijacije studenti imaju na
rije¢ matematika, obzirom da asocijacije mogu pokazati unutrasnje stavove 0so-
be prema zadanom pojmu. Pokazalo se da najveci broj studenata ima neutralne
asocijacije, ali zabrinjava ¢injenica da 37% studenata ima negativne asocijacije
na rije¢ matematika, a svega 21% pozitivne. Usporedbom odabrane asocijacije
i godine studiranja ispitanika, uoceno je da studenti trece godine imaju veéi-
nom negativne asocijacije, dok studenti ¢etvrte godine imaju neutralne, odno-
sno pozitivne asocijacije. Takav odnos rezultata smo i ocekivali, a uvjetovan je

vjerojatno ¢injenicom da su studenti éetvrte godine veé polozili ispite iz kolegija
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»Matematika’, te da su odslusali ve¢i dio kolegija,Metodika nastave matemati-
ke” u kojem je pristup matematici bitno drugadiji.

Na pitanje boje li se matematike najveéi broj ispitanika je odgovorio da se
»uglavnom ne boji” (43%), ali veéi je broj onih koji se boje matematike (26%),
nego onih koji je se uopée ne boje (23%). Postoji 9% studenata koji je se uzasa-
vaju, §to zasigurno dovodi u pitanje i uspjesnost njihovog buduéeg poudavanja.
Usporednom analizom utvrdeno je da se znatno vise boje studenti trece nego
Cetvrte godine studija.

Da bi provjerili polaznu hipotezu po kojoj su studenti uditeljskog studija
voljeli matematiku, buduéi da su za svoj poziv odabrali poduéavanje djece i tom
predmetu, postavili smo im pitanje jesu li u skoli voljeli matematiku. Najveéi
broj studenata, ¢ak 59% nije previ§e volio matematiku, dok je broj onih koji
su je voljeli (25%) vedi od broja onih koji je uopée nisu voljeli (16%). Iz ovih
rezultata vidljivo je da je svega Cetvrtina studenata voljelo matematiku, a 75%
njih ne.

SadrZaje naucene na fakultetu studenti uglavnom ne smatraju pretjerano
korisnima, pa najveéi broj njih smatra da ¢e im samo veoma rijetki biti korisni u
njihovu uditeljskom poslu. Zanimljivo je da ispitanici smatraju da su matema-
tiku najbolje nauéili u viSim razredima osnovne $kole i u srednjoj skoli, dok je
najmanji broj onih koji smatraju da su matematiku najbolje nautili na fakultetu

(svega 10%).

U anketnom listi¢u bile su dane ¢etiri tvrdnje o matematici, a od studenata
se trazilo da se opredijele za onu koja je najbliza njihovim stavovima. Najveéi
broj ispitanika, 53%, odredio se za tvrdnju da matematiku treba razumjeti, $to
ukazuje na ispravno poimanje uloge matematike u odgojno obrazovnom pro-
cesu. Velik je i broj studenata koji smatraju da matematiku treba puno vjezbati,
33%, $to ukazuje na poimanje matematike kao zahtjevnog predmeta. Svega je-
dan ispitanik odredio se za tvrdnju da za matematiku treba biti jako pametan,
§to ukazuje na dvije stvari. S jedne strane to je dobro, jer pokazuje da studenti
matematiku ne doZivljavaju kao predmet koji selekcionira u¢enike na,pametne
i glupe’, a §to je Cesta negativna nuspojava u nastavi matematike. S druge strane
takav rezultat moze biti posljedica ¢injenice da studenti za lose rezultate i aso-
cijacije na matematiku ne ,krive” sebe, ve¢ neke vanjske faktore. Takoder smo
uodili da studenti s pozitivnim asocijacijama o matematici odabiru tvrdnje da
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matematiku treba razumjeti i vjezbati, dok se studenti s negativnim asocijacija-

ma opredjeljuju i za tvrdnju da iz matematike treba,izvudi” pozitivnu ocjenu.

Kada su trebali izraziti svoj stav prema matematici, veéina ispitanika, njih
59%, smatra da imaju dobar stav prema matematici. Ipak velik je postotak onih
koji imaju lo$ stav (26%), odnosno izrazito lo§ stav (6%), dok svega njih 9%
ima izrazito dobar stav. Takav stav zasigurno utjece i na njihova razmisljanja o

matematici, §to se vidi iz Tablice 1.

Tablica 1.
stav o matematici
izrazito . izrazito
dobar los N
dobar los
-2 | matematiku treba puno vjezbati 3 30 16 0
=
g . N
& | matematiku treba razumjeti 9 52 17 2
g
o | za matematiku treba biti jako
") 0 0 0 1
‘& | pametan
"U . . “e 3]
2 | iz matematike treba “izvuci
B .. . 0 7 5 6
pozitivhu ocjenu

Usporedujudi rezultate ankete, uvidjeli smo da se studenti s lo§im i izrazito
lo$im stavom o matematici mnogo vi§e boje matematike, od studenata s dobrim

stavom o matematici, §to je vidljivo iz Tablice 2. Ovakav je rezultat ocekivan i

logi¢an.
Tablica 2.
stav o matematici
izrazito . izrazito
dobar dobar los ok
% uopée se ne bojim 9 24 1 0
(3]
g
g uglavnom se ne bojim 3 51 9 1
2 | bojim se 1 14 23 1
E uzasavam je se 0 0 6 7
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Prema rezultatima iz tablice 2. izratunata je empirijska vrijednost hi-kva-
drat testa 116,235, pa se uz empirijsku signifikantnost manju od 1% moze pri-
hvatiti pretpostavka da postoji statisticki znacajna povezanost izmedu straha

od matematike i stava ispitanika.

Usporedujudi asocijacije na rije¢ matematika i stav ispitanika o njoj, dobive-

na je Tablica 3.
Tablica 3.
stav o matematici
izrazito izrazito
b lo$
dobar dobar o8 los
3]
B pozitivne 11 20 0 0
2 &
2 2 neutralne 2 53 9 0
= g
3 9
L2 negativne 0 16 30 9
-

Anketom se pokusalo utvrditi tko je utjecao na stav ispitanika prema mate-
matici, pa smo saznali da je u najve¢em broju na njihov stav utjecao predmetni
nastavnik u osnovnoj $koli, zatim profesor u srednjoj $koli, profesor na fakul-
tetu, odnosno uditelj razredne nastave. Uocljivo je i da je studente treée godine
najvedi utjecaj na stav imao profesor matematike na fakultetu, dok je taj utjecaj
znatno manji za studente cetvrte godine. Usporedbom stavova o strahu od ma-

tematike i utjecaju na stav, dobili smo Tablicu 4.

Tablica 4.
stav 0 matematici

uditeljod | nastavnik | profesor | profesor

1.do 4. u osnovnoj | u srednjoj na
razreda skoli skoli fakultetu

o, | uopce se ne bojim 6 14 11 2

O 4
= ";‘é uglavnom se ne bojim 7 18 20 18
E—‘ § bojim se 1 11 8 17
uZzasavam je se 1 2 5 5
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Prema rezultatima iz tablice 4. izracunata je empirijska vrijednost hi-kva-
drat testa 18,256, pa se uz empirijsku signifikantnost od 3,2% moze prihvatiti
pretpostavka da postoji statisticki zna¢ajna povezanost izmedu straha od ma-
tematike i osobe koja je utjecaju na stav ispitanika. Iz ove je tablice razvidno da
studenti na ¢iji je stav najviSe utjecao ulitelj razredne nastave imaju najmanji
strah od matematike. Studenti na ¢iji je stav o matematici najvi§e utjecao pro-
fesor na fakultetu imaju znatno veéi osjeéaj straha prema matematici. Uspo-
redbom prethodnih rezultata uvidjeli smo da studenti na koje je najveéi utjecaj
na stav imao profesor matematike na fakultetu nisu ni u ranijem $kolovanju

pretjerano voljeli matematiku, to se vidi iz Tablice 5.

Tablica 5.
stav o matematici
uditeljod | nastavnik | profesor | profesor
1.do 4. u osnovnoj | u srednjoj na
razreda skoli skoli fakultetu
E & da, jako 3 12 17 5
382
= 2 | ne previse 9 27 20 29
=
3 £ uopde ne 3 6 7 8

Sadrzaje matematike iz razredne nastave koje su upoznali ispitanici uglav-
nom razumiju, ali postoji njih 17% koji razumiju samo manji dio naucenih sa-
drZaja. Ta nas ¢injenica zabrinjava, jer se pitamo kako ¢e ti bududi uditelji sutra
poducavati djecu sadrZajima koje ni sami dobro ne razumiju. Uodljivo je i da
ispitanici s pozitivnim stavom o matematici iskazuju znatno veée razumijevanje

matematickih sadrZaja od onih s negativnim stavom.

Usprkos ovakvim rezultatima, 43% studenata smatra se kompetentnima
predavati u¢enicima matematiku, dok najveéi broj ispitanika (51%) smatra se
samo djelomi¢no kompetentnima za poducavanje uéenika matematici. U izra-
Zavanju stava o kompetentnosti, uodili smo da se kompetentnijima smatraju

studenti cetvrte godine studija, $to je i ocekivano.

Zabrinjava nas ¢injenica da ispitanici ne pokazuju kriti¢nost prema vlastitoj

kompetenciji u odnosu na osobni stav o matematici, §to se vidi iz Tablice 6.
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Tablica 6.
kompetentnost

da djelomi¢no ne

g izrazito dobar 12 1 0

; § dobar 41 43 5
22 |los 10 26 3

. izrazito lo§ 1 2

% -.g pozitivne 23 0

% g § neutralne 24 36 4

a £ | negativne 17 32 6

Na kraju se studente - buduée uditelje pitalo koji ée predmet najradije podu-
¢avati kada budu radili u skoli, a dobivena je sljedeca Tablica 7.

Tablica 7.

broj studenata postotak
hrvatski jezik 42 28,0
matematiku 10 6,7
prirodu i drustvo 55 36,7
likovni odgoj 11 7,3
tjelesni odgoj 16 10,7
glazbeni odgoj 13 8,7

Iz tablice vidimo da je najmanji postotak studenata koji ée najradije predava-
ti matematiku, $to je rezultat s kojim nikako ne moZemo biti zadovoljni.

4, ZAKLJUCAK

Rezultati koji su dobiveni u ovom istraZivanju potvrdili su nase bojazni, a
time i povecali zabrinutost za buduéu uspje$nost rezultata pocetne nastave ma-
tematike. Cinjenica da viSe od tre¢ine buduéih uditelja ima negativne asocijacije
na rije¢ matematika dovodi nas do zakljucka da ée svaki treéi ucitelj razredne
nastave u buduénosti djeci predavati predmet o kojem sam ima negativnu sliku.

Indikativna je i ¢injenica da se veliki broj bududih uditelja (svaki éetvrti) boji
matematike, a ¢ak 9% njih je se uZasava. Obzirom da strah moZe znacajno sma-
njiti udinkovitost u matematici, jasno je da ée utjecati i na uspjeSnost poduéava‘
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nja tih uditelja. Zabrinjavajuéa je i ¢injenica da tri Cetvrtine studenata nisu voljeli
matematiku ni u $koli, pa zaklju¢ujemo da uciteljski posao nisu odabrali da bi
poducavali matematiku. To potvrduju i rezultati posljednjeg anketnog pitanja u
kojemu se budude ucitelje pitalo koji ée predmet najradije podudavati, a najmanji
je postotak studenata koji su izabrali matematiku. Iz svega navedenog mozZemo
pretpostaviti da je za budude uditelje podu¢avanje matematike samo segment
uditeljskog posla kojega prihvaéaju kao nuzno zlo, a ne kao vlastiti izbor.

Anketom se pokusalo saznati §to sami ispitanici misle o vlastitom stavu pre-
ma matematici, a pokazalo se da viSe od polovine smatra da imaju dobar stav
prema matematici, dok treéina ima lo§ stav. Usporedujuéi rezultate ankete, uvi-
djeli smo da se studenti s lo§im stavom o matematici mnogo viSe boje matema-
tike, od studenata s dobrim stavom. Anketom se pokusalo utvrditi tko je utje-
Cao na stav ispitanika prema matematici, pa smo saznali da je unajveéem broju
na njihov stav utjecao predmetni nastavnik u osnovnoj skoli, a najmanji uditelj
razredne nastave. Rezultati su pokazali da studenti na ¢iji je stav najvise utjecao
ucitelj razredne nastave imaju najmanji strah od matematike, dok studenti na
¢iji je stav najvise utjecao profesor na fakultetu imaju znatno veéi osjecaj straha
prema matematici. Taj je rezultat u skladu s nasom polaznom pretpostavkom
da je strah studenata povezan s iskustvima iz ispitne situacije na matematickim
kolegijima. Ispitanici smatraju da sadrZaje matematike iz razredne nastave koje
su upoznali na fakultetu uglavnom razumiju, ali postoji njih 17% koji razumiju
samo manji dio naucenih sadrZaja. Iako se taj postotak ne ¢ini velik, postavlja
se opravdana bojazan kako ¢ée takvi uditelji poducavati djecu sadrzajima koje
ni sami dobro ne razumiju. Uodljivo je i da ispitanici s pozitivnim stavom o
matematici iskazuju znatno vece razumijevanje matematickih sadrZaja od onih
s negativnim stavom.

Zbog svega navedenog ocekivalo se da ée studenti biti veoma kriti¢ni prema
vlastitoj kompetenciji u poducavanju matematike i da ée se pojacano truditi da
pojacaju svoja matematicka znanja, kako bi na taj nadin osigurali kvalitetu u
vlastitoj nastavi. Rezultati su pokazali da sadrZaje naucene na fakultetu studen-
ti uglavnom ne smatraju pretjerano korisnima, a najveéi broj ispitanika smatra
da su matematiku najbolje naudili u vi§im razredima osnovne $kole. Usprkos
tome, gotovo polovina studenata smatra se kompetentnima predavati uéenici-
ma matematiku, dok se najveéi broj ispitanika smatra djelomi¢no kompeten-
tnima. Zaklju¢ujemo da bududi uditelji ne pokazuju kriti¢nost prema vlastitim
matematickim znanjima i stavovima, te da usprkos ¢injenici dane razumiju sve
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sadrZaje, da se boje matematike i da je ni sami u $koli nisu voljeli, smatraju da ée
je kvalitetno i uspjesno poducavati.

Mozemo zakljuditi da je na uditeljskim fakultetima potrebno uloZiti dodatni
napor kako bi se buduée uditelje senzibiliziralo da osvijeste i mijenjaju unutras-
nje stavove prema matematici, a §to bi trebalo rezultirati boljim rezultatima
nastave matematike.
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PRILOG

ANKETA
Godina studiranja

Molim Vas da paZljivo proéitate postavljena pitanja ili tvrdnje i zaokruZite samo

jedan od ponudenih odgovora, i to onaj koji najbolje odraZzava Vas stav.

1. Kakve asocijacije u tebi budi rije¢ matematika?
a) pozitivne
b) neutralne

c) negativne

2. U skoli sam volio/la matematiku.
a) da, jako
b) ne previse

c) uopée ne

3. Boji§ i se matematike?
a) Uopée se ne bojim.
b) Uglavnom se ne bojim.
c) Bojim se.

d) Uzasavam je se.

4, Sadrzaji matematike koje sam udio/la na fakultetu bit ¢e mi korisni za moj
buduéi posao.
a)da
b) veoma rijetki

c) ne

5. Koja ti je od sljedecih tvrdnji najbliza?
a) Matematiku treba puno vjezbati.
b) Matematiku treba razumjeti.
¢) Za matematiku treba biti jako pametan.

d) Iz matematike treba “izvudi” pozitivnu ocjenu.
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6. Tvoj stav o matematici je:

a) izrazito dobar
b) dobar

c) log

d) izrazito lo§

7. Matematicke sadrZaje iz razredne nastave koje sam do sada susreo/la potpu-
no razumijem?
a) Da, sve.

b) Uglavnom sve.

¢) Samo manji dio.

8. Na tvoj stav o matematici najvise je utjecao:
a) uditelj od 1. do 4. razreda
b) nastavnik u osnovnoj skoli
c) profesor u srednjoj skoli
d) profesor na fakultetu

9. Osjecas li se kompetentnim za podudavanje ué¢enika matematici?
a)da
b) djelomi¢no
c) ne

10. Matematiku sam najvi$e i najbolje naucio/la:
a) u razrednoj nastavi
b) u vi§im razredima osnovne $kole
¢) u srednjoj skoli

d) na fakultetu

11. Mislim da ¢u najradije poducavati:
a) hrvatski jezik
b) matematiku
c) prirodu i drustvo
d) likovni odgoj
e) tjelesni odgoj
f) glazbeni odgoj
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PARTNERSTVO FAKULTETA, SKOLA
I OBITELJI ZANAPREDAK MATEMATICKE
EDUKACIJE DAROVITE DJECE
(Poster)

Ksenija Mogus', Silvija Mibaljevié?

SaZetak. U okviru projekta Metodika matematike odobrenog od Ministarstva
znanosti prosvjete i Sporta (voditelj: M. Pavlekovi¢) usustavljena je 2003. godine
Mala matematicka skola s ciljem postizanja samopouzdanja i kompetencija stu-
denata uciteljskib studija za matematicku izobrazbu darovite djece. Partnerstvo
fakulteta, Skole i obitelji za napredak matematicke edukacije darovite djece u
okviru Male matematicke skole najavljeno je na Kongresu nastavnika matema-
tike u Zagrebu, u srpnju 2004. godine (Goljevacki, Mogus, 2004).

Kljuéne rijeci: matematicka edukacija, matematicki darovita djeca, populari-
zacija matematike, partnerstvo fakulteta, skole i obitelji,

Polaznici Male matematicke skole su ucenici Cetvrtih razreda osjeckih osnov-
nih $kola. Oni tijekom akademske godine dva sata tjedno rade sa studentima
metodom vodenoga ucenja otkrivanjem (Guided discoveri learning). Nastava je
planirana i nadgledana od sveutili$nih nastavnika.

U svjetlu bolonjskoga procesa izraden je i odobren 2004. godine program za
predmet Matematika i nadareni ucenici namijenjen studentima uditeljskih stu-
dija (autor programa: M. Pavlekovi¢).

U rad su tijekom protekle Cetiri godine, pored studenata uciteljskih studija,
ukljuceni sveudili$ni nastavnici iz podrudja matematike, informatike, informa-

! Ksenija Mogus, predavaé, Uditeljski fakultet u Osijeku, Sveucdiliste J. J. Strossmayera u Osije-
ku, Osijek, L. Jigera 9, e-mail: ksenija.mogus@os.t-com.hr
2 Mr. sc. Silvija Mihaljevi¢, psiholog, OS A. Mihanoviéa, Osijek, e-mail:silvija.mihaljevic@

os.htnet.hr




MATHEMATICS AND CHILDREN 277

cijskih znanosti i psiohologije. Partnerskim odnosom fakulteta, $kole i obitelji
kroz model Mala matematicka skola temeljito se pristupilo edukaciji studenata
uditeljskih studija u podrugju rada s darovitim ucenicima za matematiku.

Posebnost ovoga modela ogleda se u najtjesnijoj i kontinuiranoj suradnji
sveudili$nih nastavnika i studenata s uditeljima i stru¢nim sluzbama (pedagozi1i
psiholozi) osnovnih skola iz kojih dolaze polaznici. Studenti i metodi¢ari mate-
matike komuniciraju takoder usmeno i pismeno s roditeljima darovite djece.

Zavrietak akademske godine znadi i zavrSetak Male matematicke skole u
toj godini. Tradicionalno je popracen zavr§nim matemati¢ckim kvizom kojega
osmisljavaju studenti i tim sveu¢ili$nih nastavnika. U kvizu uéestvuju daroviti
matematicari, njihovi uditelji i roditelji (brada, ponekad bake i djedovi).

Ove godine osmisljava se Cetvrti takav kviz na kraju kojega se polaznicima
dodjeljuju uvjerenja o redovitom pohadanju Male matematicke skole, a dijele se
i simboli¢ne nagrade.

Korist od partnerskoga odnosa fakulteta, skole i obitelji za napredak mate-
maticke edukacije darovite djece viSestruka je a vidljiva je iz:

1. poticanja redovitoga provodenja stru¢ne detekcije darovitih za matematiku
u $kolama (psiholozi)

2. poticanja darovitih uéenika na realizaciju darovitosti izvan skole (utitelji, ro-
ditelji)

3. stvaranja primjerenoga okruZenja za postizanje samopouzdanja i kompeten-
cija studenata uditeljskih studija u podruéju darovitosti

4, uspostavljanje nuznih preduvjeta za konstruiranje ekspertnih sustava za de-
tekciju darovitosti, osobnog nadzora nad napredovanjem u ucenju itd.

5. popularizacije matematike

6. prilike da roditelji ulazu u dobrobit svoje djece koja ée se sutra reflektiratu u
napretku drustva u cjelini.
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EKSPERTNI SUSTAV ZA ODREDIVAN]JE
DJETETOVE DAROVITOSTI ZA MATEMATIKU

Margita Pavlekovié," Marijana Zekié-Susac®, Ivana Durdevié

Sazetak. Prema Jobnsonu (2000.) i drugim autorima, s djecom nadarenom za
matematiku potrebno je raditi na drugaciji nacin od ostale djece. U cilju posve-
¢ivanja posebne pozornosti nadarenoj djeci, ucitelji obi¢no uvazavaju samo ma-
tematicku kompetenciju kao jedini kriterij za odredivanje djetetove darovitosti.
Medutim, takoder je vazno ukljuciti ostale komponente kod odluke o darovitosti
za matematiky, kao Sto su: kognitivne komponente darovitosti, osobni Cinite-
lji koji pridonose razvoju darovitosti, strategije ucenja i viezbanja, kao i neke
okolinske cinitelje. Cilj rada je na temelju prethodnib istrazivanja identificirati
pet osnovnib komponenti darovitosti za matematiku, te kreirati inteligentni ek-
spertni sustav koji ée biti potpora uciteljima u odredivanju darovitosti ucenika
u Cetvrtom razredu osnovne skole. Sustav se temelji na pravilima odlucivanja i
mehanizmu zakljucivanja ulanéavanjem unaprijed, koji se rabi za klasifikaciju
svakoga ucenika u jednu od Cetiriju kategorija: (1) dijete za koje se pretpostavlja
da je darovito za matematiku, (2) dijete s posebnim interesom za matematiku,
(3) dijete prosjecnib matematickib kompetencija i (4) dijete s nedovoljnom razvi-
jenim matematickim kompetencijama.

Provedeno je empirijsko istrazivanje koje je ukljucilo 247 ucenika iz razlicitib
osnovnih skola u Osijeku (Hrvatska). Za svakoga ucenika dobivena je procjena
ucitelja i ekspertnog sustava. U radu se takoder usporeduju procjene sustava i
procjene ucitelja. Rezultati pokazuju da medu tim procjenama postoji statisticki
znacajna razlika, a takoder je vise ucenika odredeno kao darovito prema odluci
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sustava, Sto upuéuje na zakljucak da ekspertni sustav navodi ucitelja na promi-
Slianja o ostalim komponentama darovitosti ucenika za matematiku, te se stoga
njime moze koristiti kao ucinkovitim metodoloskim alatom, kako u odredivanju
djecje darovitosti za matematiku, tako i u izobrazbi ucitelja.

Kljuéne rijecis komponente darovitosti, matematika, inteligentni ekspertni su-
stav, if-then pravila, procjena darovitosti, t-test

1. Uvod

Vaznost prepoznavanja i razlikovanja djece za koje se pretpostavlja da su
darovita za matematiku od one koja to nisu naglasilo je vi§e autora (Johnson,
2005). Termin darovito dijete (za matematiku) nema dosljednu definiciju, $to
uzrokuje poteskoéu oko odredenja darovite djece. U literaturi (Vlahovié-Stetié,
2002.) se spominju razliciti teorijski pristupi darovitosti, medu kojima pristup
usmjeren na genetske ¢initelje (Terman, Oden, 1959.), na kognitivne modele
(Sterberg, 2001.), na postignuée (Renzuli, 1986.), kao i na sustavski pristup
(Tannenbaum, 1983.). U cilju posveéivanja posebne pozornosti nadarenoj dje-
ci, uditelji* obi¢no samo matemati¢ku kompetenciju uzimaju kao jedini kriterij
za odredivanje djetetove darovitosti. Medutim, takoder je vazno ukljuditi ostale
komponente kod odluke o darovitosti djeteta za matematiku. U ovom radu,
u analizi nacina i razloga na temelju kojih uditelj vidi neko dijete u ¢etvrtom
razredu osnovne $kole potencijalno darovitim za matematiku, identificirano
je pet osnovnih komponenti darovitosti iz matematike. Za svaku komponen-
tu definirane su klju¢ne varijable (atributi) i if-then pravila, na temelju kojih je
izgradena baza znanja za inteligentni ekspertni sustav koji moze biti potpora
uditeljima u odredivanju ucenikove® darovitosti u Cetvrtom razredu osnovne
Skole. Sustav se temelji na pravilima odluc¢ivanja i mehanizmu zaklju¢ivanja
ulan¢avanjem unaprijed, kojim se koristi u klasifikaciji svakoga uéenika u jednu
od Cetiriju kategorija darovitosti.

Krajem 2006. godine provedeno je empirijsko istraZivanje u vezi darovitosti
za matematiku kod 247 uéenika u 10 odjela ¢etvrtoga razreda osjeckih osnov-
nih $kola.® Za svakog ucenika dobivena je procjena uitelja i inteligentnog su-

* termin “uéitelj” u tekstu predstavlja ucitelja odnosno uditeljicu

> termin “uenik” u tekstu predstavlja u¢enika odnosno uéenicu.

¢ istraZivanje je provedeno u okviru projekta Mala matematicka $kola pokrenutoga na Utitelj-
skom fakultetu u Osijeku. Projekt je najavljen na Kongresu nastavnika matematike u Zagrebu,
u srpnju 2004. godine (Goljevacki, Mogus, 2004), a cilj mu je bio podiéi kvalitetu obrazovanja
studenata uditeljskih studija.
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stava, koje su usporedene statisti¢kim testovima. Cilj istraZivanja bio je utvrditi
razloge zbog kojih dijete proglasavamo darovitim za matematiku, te razlike u
nalazima ucitelja i inteligentnoga sustava o darovitosti istoga djeteta.

U nastavku rada dan je pregled prethodnih istraZivanja u ovom podrudju,
nakon ¢ega je opisana metodologija umjetne inteligencije koristena za izgrad-
nju inteligentnog sustava, te varijable koriStene u modelu za odredivanje daro-
vitosti, Zatim su dani podatci o ispitanicima, te na kraju rezultati i zakljucak sa

smjernicama za daljnja istraZivanja.

2. Pregled prethodnih istraZivanja

Istrazivanja o razvoju inteligentnih sustava u obrazovanju do sada su cesce
bila usmjerena na tutorske sustave koji mogu biti potpora uéenju u svladavanju
odredenog gradiva, s moguéno$céu uklju¢ivanja multimedije i personaliziranog
pristupa uceniku (studentu).

Stathacopoulou i dr. (2005.), na primjer, predlazu upotrebu metodologi-
je neuronskih mrezZa i neizrazite (fuzzy) logike za napredno dijagnosticiranje
studenta u inteligentnom sustavu ucenja. Metode umjetne inteligencije omo-
gucuju na neki na¢in “imitaciju” uitelja u prepoznavanju osobina studenta, te u
izboru stila uenja koji pogoduje studentovim osobinama. Sustav je testiran na
gradivu konstruiranja vektora iz fizike i matematike. Rezultati dobiveni susta-
vom usporedeni su s procjenama grupe uditelja s iskustvom, §to je pokazalo da
sustav uspijeva upravljati odredenom neizvjesnoséu u procesu dijagnosticiranja,
posebno kod grani¢nih slu¢ajeva kada je ¢ak i uéitelju teSko donijeti toénu ocje-
nu studenta. Canales i dr. (2006) razvili su adaptivni i inteligentni obrazovni
sustav temeljen na web-u (WBES), koji uvaZava pojedinacne zahtjeve studena-
ta za na¢inom ucenja i omogucuje upotrebu razlic¢itih tehnika, stilova uéenja,
strategija poucavanja, te nacina interakcije. Arhitektura njihovog sustava slijedi
norme LTSA (Learning Technology Systems Architecture) koje je postavilo
drustvo IEEE, a kojima se preporuca obrazovne sustave strukturirati u pet slo-
jeva: (1) sloj interakcije u¢enika s okolinom, (2) sloj dizajnerskih karakteristika
koje utje¢u na uéenika, (3) sloj komponenti sustava, (4) sloj perspektiva i priori-
teta onih koji podrZavaju sustav te (5) sloj operacijskih komponenti i interope-

rabilnosti (kodiranje programa, suéelja i protokoli).
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Medutim, manje je pozornosti istrazivaa usmjereno na podruéje razvoja
inteligentnih sustava za praéenje darovitosti djece u pojedinim podruéjima, kao
na primjer, matematike. Johnson (2000.) ukazuje na vaZnost i potrebu pravil-
nog detektiranja i daljnjeg razvoja darovitosti djece za matematiku te na uklju-
¢ivanje drugih kriterija osim matemati¢kih kompentencija.

Saito i dr. (2007.) istraZuju utjecaj suradnje izmedu $kola i sveudili§ta na na-
stavnike u $kolama i fakultetima. Njihovi rezultati pokazuju sljedece: (1) zajed-
ni¢ko planiranje nastavnih lekcija, promatranja i refleksije pridonose napretku
metodologija poucavanja, (2) nastavnici u $kolama i na fakultetima primjeéuju
da takvi u¢enici/studenti aktivnije sudjeluju u nastavi, (3) potrebno je osigurati
povezanost ucenika/studenata s nastavnim materijalima, kao i u¢enika/stude-
nata medusobno te (4) suradnja je potaknula kolegijalnost medu skolama i fa-
kultetima i njihovim nastavnicima.

Opéenito, prethodna istraZivanja upuéuju na zaklju¢ak da u posljednjih ne-
koliko godina postoji snazna ekspanzija upotrebe metoda umjetne inteligencije
ponajprije tutorskih sustava za potporu obrazovanju, ali da podruéje odredi-
vanja darovitosti djece za matematiku treba dodatno istraZiti i ponuditi dizajn
inteligentnog sustava koji ée biti potpora u odredivanju djeéje darovitosti.

3. Metodologija

Od zacetka pojma umjetne inteligencije kao znanstvene discipline do danas
razvijene su brojne tehnike kojima je cilj stvaranje inteligentnih strojeva (Ru-
ssell, Norwig, 2002). Medu njima su ekspertni (ili stru¢ni) sustavi, rjeSavanje
problema, strojno uéenje, razumijevanje prirodnih jezika, prepoznavanje govo-
ra, vidni sustavi (prepoznavanje vidnih uzoraka), robotika, neuronske mreze,
genetski algoritmi, inteligentni agenti, i druge tehnike. Iako je u radu naglasak
na dizajniranju ekspertnog sustava u podruéju odredivanja darovitosti iz mate-
matike, dane su smjernice za nadogradnju sustava s drugim tehnikama umjetne
inteligencije, prvenstveno neuronskim mrezama u svrhu klasifikacije uéenika s
obzirom na darovitost iz matematike.

Ekspertni sustavi ra¢unalni su programi koji mogu zamijeniti ljudskog ek-
sperta u donoSenju neke odluke (Misljencevi¢, Marsié, 1991.). Osim $to nude
savjet za dono$enje odluke, takvi sustavi mogu korisniku i objasniti postupak
kojim su dosli do rjesenja prikazom svojeg znanja kojim su se koristili. Zbog
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toga pripadaju u metode tzv. «bijele kutije» (eng. «white box») koje su transpa-
rentne, tj. kod njih je vidljiv nacin dolaska do rjeSenja. Ekspertni se sustavi rabe
kod problema za koje koje postoji usko podruéje definiranja (tj. uska domena),
npt. izbor automobila kod kupovine, ili prijedlog kupovine dionica, ili dijagno-
za bolesti srca, i sli¢no.

Dijelovi standardnog ekspertnog sustava prikazani su na slici 1.

Baza Baza
znanja > ¢injenica

Mehanizam
zakljuCivanja

KORISNIK

Korisni¢ko
sucelje

SL1. Struktura ekspertnog sustava

Baza znanja izvor je znanja o nekom podruéju prikupljen od eksperta za to
podrugje (Ceri¢ et al, 1998.). Znanje se moze predstaviti u obliku produkcij-
skih pravila, semanti¢kih mreza, predikatne logike i dr., a u radu se koristilo
produkecijskim pravilima kao najée$éim na¢inom prikaza znanja. Baza ¢injenica
predstavlja skup ¢injenica o stanju nekoga problema koji se rjesava (npr. ocje-
ne ucenika i sl.). Mehanizam zakljuéivanja upravlja traZenjem puta do rjesenja
problema, pri ¢emu se traZenje zbiva tako da se ispituju i ¢injenice u bazi ¢inje-
nica i znanje u bazi znanja. Korisni¢ko suéelje omogucuje komunikaciju izme-
du korisnika i ekspertnog sustava, sadrZi i mehanizam obja$njavanja na¢ina na
koji je sustav dosao do rjeSenja. VaZno je da sucelje bude takvo da korisniku
komunikaciju sa sustavom udini §to lak§om i pristupaénijom.

Znanjem se u ekspertnom sustavu smatra skup informacija koje su “struk-
turirane da budu prikladne za upotrebu pri rjesavanju problema u nekom po-
drugju” (Ceric’, Varga, 2004.). Medu brojnim programskim alatima koji postoje
za predstavljanje znanja i njegovo pretraZivanje, nazvanih “ljuske ekspertnih su-
stava’, u radu je koriSten programski alat Exsys Corvid, u kojem su definirane
varijable (odnosno atributi) u bazi znanja, logi¢ki blokovi i ¢vorovi koji ¢ine
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produkcijska pravila, dok je kao nacin pretraZivanja znanja koristeno pretrazi-
vanje unaprijed (eng. forward chaining) (Misljencevié, Marsié, 1991.). Produk-
cijska pravila u inteligentnim sustavima razlikuju se od pravila koja se koriste
u sekvencijalnoj obradi kod proceduralnog programiranja, buduéi da se sastoje
od (Misljencevié, Marsi¢, 1991.): podataka koji opisuju trenutno stanje vanj-
skog svijeta, skupa pravila oblika IF <uvjet> THEN <akcija>, te interpretera
pravila koji odreduju redoslijed izvodenja pravila. Svako pravilo produkcije de-
finirano je logickom relacijom koja moZe imati vrijednost istina (T) ili laz (F).
Buduéi da kod mnogih stvarnih problema u nekim prilikama nije mogude sa
100% sigurno$éu tvrditi da je nesto istina ili laZ (to¢no ili netoéno), u pravila se
moze uvesti i faktor sigurnosti ili vjerojatnosti da je neki uvjet zadovoljen.

Za kreiranje ekspertnog sustava poduzeti su sljedeéi koraci (faze):

(1) definiranje problema koji se rje$ava ekspertnim sustavom s brojem moguéih
opcija

(2) dizajniranje baze znanja — definiranje varijabli (atributa)

(3) definiranje produkcijskih pravila i bodovanje opcija

(5) testiranje i upotreba ekspertnog sustava

)
)
(4) dizajniranje korisni¢kog suéelja
)
)

(6) statisticka usporedba procjena ekspertnog sustava s procjenama ucitelja

Baza znanja ekspertnog sustava kreirana je na temelju cetverogodisnjega,
neposrednoga rada i istrazivanja tima sveuc¢ili$nih nastavnika, studenata i uéi-
telja u Maloj matematickoj skoli na Utiteljskom fakultetu Sveuéilista u Osijeku.
Rezultati nasih istraZivanja o takvoj suradnji poklapaju se s nalazima do ko-
jih je dosao Saito i dr. (2007.). Tijekom zimskoga semestra 2006./07. godine
ekspert u podru¢ju Metodike matematike sa svojim suradnicima i studentima
radio je, uz suradnju ucitelja i roditelja, sa skupinom ucenika ¢etvrtoga razreda
s posebnim interesom za matematiku pristiglih s deset osje¢kih osnovnih gkola.
Spoznaje iz literature, heuristika u vezi s primijenjenom metodologijom rada,
odradeni projeketni zadatci te postignuéa ucenika, potka su kreirane baze znanja
ekspertnoga sustava.

3.1. Definiranje problema koji se rjesava ekspertnim sustavom

Ekspertni sustav donosi odluku o kategoriji darovitosti ucenika (za dob
— Cetvrti razred osnovne $kole). Moguée opcije krajnje odluke jesu:
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A) dijete za koje se pretpostavlja da je darovito za matematiku — uéenik je
motiviran i podrZavan od vanjskih ¢initelja, prema postignué¢ima. U zna-
njima, vjeStinama i primjeni matematike na razini je koja premasuje oce-
kivanja kurikulskoga pristupa matematici kod vr$njacke dobi. Prikladnim
strategijama rada uditelj i mentor, poti¢u i usmjeravaju razvoj ucenikovih
kompetencija prema realiziranju darovitosti. Uéenik aktivno uéi, kontrolira
svoj napredak i priprema se za javnu procjenu svojih znanja i sposobnosti, tj.
matemati¢ko natjecanje.

B) dijete s posebnim interesom za matematiku — udenik je svojim znanjima,
vjeStinama i primjeni matematike u skladu ili nesto iznad ocekivanja kuri-
kulskoga pristupa matematici namijenjenoj vr$njackoj dobi. No, uéenik iz
ove kategorije pokazuje dodatni interes za matematiku, okolina ga u tome
podrZava, iako se u pravilu ne Zeli izlagati javnoj prosudbi svojih znanja i

sposobnosti na matemati¢kim natjecanjima.

C) dijete prosje¢nih sposobnosti za matematiku — uéenik nema interesa za
dodatni rad iz matematike, ali su njegova postignuéa u okvirima ocekivanja
kurikulskih pristupa matematici namijenjenih vr$njackoj dobi. Prikladnim
metodama ucenja u okviru redovite nastave sustavno se poti¢e odgovarajuéi

razvoj matematickih kompetencija.

D) dijete s nedovoljno razvijenim sposobnostima za matematiku — uéenik
¢ija zatecena znanja, vjeStine i sposobnosti iz matematike ukazuju da je za
postizanje ocekivanih osnovnih matematickih kompetencija potrebna do-
datna podrska ucitelja i okolinskih ¢initelja.

3.2. Dizajniranje baze znanja — definiranje varijabli (atributa)

Kod definiranja varijabli, odnosno atributa ekspertnog sustava koje ¢e ¢&i-
niti bazu znanja vazno je ukljuditi prosudbu o matematickim kompetencijama
ucenika, kognitivnim komponentama darovitosti, komponentama li¢nosti koje
pridonose razvoju darovitosti, okolinskim ¢initeljima kao i u¢inkovitih metoda
ucenja i vjezbanja kojima se potice razvoj matematickih kompetencija te mogu-
¢a realizacija darovitosti. Svaka od tih pet skupina razli¢itih kompentencija u
modelu je predstavljena blokovima, koji su ras¢lanjeni na podblokove, odnosno
podskupine kompetencija, te kona¢no na same varijable koje ¢ine produkcijska

pravila. Ovisno o znacaju (tezini, odnosno utjecaju) pojedinog bloka na odluku
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o izboru opcija, definirani su i bodovi za svaki blok. Okvirni dizajn baze znanja
(blokovi i podblokovi) zajedno s pripadajué¢im bodovima prikazan je na slici 2.

BLOK I BLOK II BLOK III BLOK IV BLOK ¥
KOMPONENTE
MATEMATICKE KOGNITIVNE LICNOSTIKOJE -
— KOMPETENCIIE |— KOMPONENTE PRDONOSE | | Toirrir | 1 e
DAROYVITOSTI REALIZACII
DAROVITOSTI
FOSOBNOAT
SO J USMIERENE PR oL | 1| 0sOBE VIESTINE UGENJA
il PAZNIE o 150 " 300
100
: SFOSOENOST -
|| JELCHEL )l | kowvERGENTHOG USPOREDIVANIE | L o spEDIVA SIESTIE
WISLIENT& so| T
300 100 100 300
FEVHINE SPOSOENOST - -
. DOZIVLIA] ) KRITIGNI METAKCGNITIVHE
% GEROSIORT.  (f—a DIVERCENTHOL "l OCTENE SREDINE DOGAPAT | L™ WIESTINE
OBELICI MISLIENIA e 4 a0
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SHEDIVANIE
§ D | SPOSOBNOST | OTPORNOSTNA | L (oo
PROELEMSKIH EpMaEe TEEE 50
SITUACTA
200

SL. 2. Komponente darovitosti za matematiku ukljucene u bazu znanja ekspertnog sustava
s bodovima koji odreduju znacaj pojedine komponente

Blok matematickih kompetencija (blok I) ukljucuje Cetiri skupine varijabli
iz podruéja: (a) brojeva i ra¢unanja, (b) veli¢ina i mjerenja, (c) snalaZenja u rav-
nini i prostoru, i (d) sredivanja podataka i rjeSavanja problemskih situacija. Na
taj nadin u procjenu darovitosti uklju¢uju se djetetova znanja i vjestine racu-
nanja i mjerenja, sposobnosti koritenja matematickoga jezika i komunikacije,
sposobnosti rjeSavanja problema i modeliranja, kao i sposobnosti matematicke
argumentacije. Svaki ovaj podblok podijeljen je dodatno na varijable ¢ije vrijed-
nosti uditava u sustav korisnik, odnosno ucitelj. U bloku kognitivnih osobina
(blok II) koje predstavljaju intelektualni potencijal odreden genetskim ¢inite-
liima svakoga udenika, prilagodavanjem i izmjenom strategija aktivnoga uce-
nja i vjezbanja, zapravo preispitujemo povecava li se kod ucenika sposobnost
usmjerene paznje, sposobnost iznalaZenja puta rjeSavanja te sposobnost brzoga
pretrazivanja podataka iz dugoro¢noga pamdcenja. Od komponenata li¢nosti
koje pridonose realizaciji darovitosti (blok III), kod u¢enika se zamjeéuje (ili ne
zamjecuje): sklonost otvorenom i aktivnom pristupu novom, pozitivna obiljeZja
slike o sebi, autonomija (ne zaziru od samodée, ispunjavaju ih aktivnosti kojima
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se bave, vjeruju da mogu utjecati na svoj uspjeh, ustrajni su u radu, preuzimaju
odgovornost i inicijativu), otpornost na stres (neuspjehe dozZivljavaju kao pri-
liku za stjecanje novoga iskustva). Takoder je vazno za odredenje darovitih za
matematiku promisljati o tome poboljsava li se kod ucenika aktivno ucenje i
vjezbanje, koje ¢ini blok V, a ukljucuje: vjestine uéenja (razluc¢ivanja bitnoga od
nebitnoga, kombiniranje 1 organiziranje informacija u smislenu strukturu, se-
lektivne usporedbe i povezivanja novih informacija s veé postoje¢ima u dugo-
ro¢nom pamc’enju), vjestine miéljenja (prosudbe, usporedivanja, procjenjivanja,
vrednovanja, zamisljanja, otkrivanja i stvaranja novoga te provedba zamisljeno-
ga u djelo) te metakognitivne vjestine (planiranje rjeSavanja zadatka, pracenje
vlastitoga napredovanja, spremnost na promjene pristupa i metoda kod rjesava-
nja problema ukoliko prvotno izabrani put ne rezultira pronalaskom tjeSenja)
ucenika cetvrtoga razreda.

I na kraju, ali jednako vazno, na sigurnije odredenje darovitih utje¢e pozna-
vanje vanjskih ¢initelja koji mogu djelovati na razvoj potencijalne darovitosti
prema realiziranoj darovitosti (blok IV). U darovitih za matematiku, to su: uéi-
teljeva podrska (dopunska nastava), roditeljeva podrska (zajednicko vjezbanje
matematike, materijalna podrska) te podrska mentora.

4., Definiranje produkcijskih pravila i bodovanje opcija

Na temelju gore navedenih varijabli definirani su logic¢ki blokovi u obliku
if-then produkcijskih pravila, ¢ije logicke vrijednosti (istina ili laz) povlace od-
govarajuce vrjednovanje opcija u odluci ekspertnog sustava. Slika 3. prikazuje
dio produkcijskih pravila za blok Matematicke kompentencije, podblok Jedinice

i mjerenje.
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4 Logic Block: )

LOgiG BlDCk Select Block to Display:
IVeIicineimjerenje j Ml
; Line: 2
X | & | B | NN O . -k
El- r Duljina_ puznavame = Da_samo_poznavanje m _lol x
------ =l

I DuI||na_|:-oznavan|e Da_poznaie_i_procieniuie Rule View
------ [daravitost] = B0

I Dulina_poznavanje = Da_poznaje_procienjuje_i_riesava_zadatke IF: e =
7 = = == = 9 Poznaje lii kako

__[dam"‘itDSt] e _SD Léenik primjenLe
L Duliing_poznavanie = Me jedinice za migrenjs

[darowitost] = 0 duliine? Da, sama
= r Tekucing_poznavanie = Da poznaie jedinice
E| r Tekucina_procjena = Da THEN:
. B[ Tekucina_odredivanis_obuima_tiela_nepravinog_oblka = Da D aravitast usenika
E| r Tekucina_problemski_zadatci = Da izn-:-s,_i bodaova::
: [darowvitost] = 120 Confidence = 30

EI - Tekucina_problemski_zadatei = Ne
: : [darowitost] = 30
E| |_ Tekucina_odredjivanje_obujma_tiela_nepravilnog_oblka = Ne LI
[darawitost] = GO
L Tekucina_prociena = Ne o Maode Rule e |
e [darowvitost] = 30 <>] <>
= I_ Tekucina_poznavanje = Me
i [darovitost] =0

SL. 3. Dio baze znanja ekspertnog sustava — blok Matematicke kompetencije — Velicine i
mjerenje

Ukupna baza znanja kreiranog ekspertnog sustava sastoji se od 250 produk-
cijskih pravila grupiranih u pet glavnih blokova prikazanih na slici 2. Bodova-
nje opcija definirano je na temelju heuristike. Produkcijska pravila se u sustavu
pretrazuju metodom ulan¢avanja unaprijed (eng. forward chaining), pri ¢emu
se polazi od vrijednosti unesenih za krajnje atribute, i slijedom pravila akumu-
lacijom bodova dolazi do cilja — odluke o kategoriji u koju sustav svrstava dijete
s obzirom na darovitost za matematiku.

Svakom ispitaniku x iz skupa svih ispitanika N, kN = 247, na i-tom ¢évoristu
programa v, pripada to¢no w, bodova. Krajnja odluka sustava f(x) o pripadnosti
varijable x jednoj od kategorija A, B, C, D u vezi s darovitosti djeteta za matema-

tiku opisane u odjeljku 3.1., dobiva se prema formuli:

f(x)=§jwi (1)
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na nadcin:

(A, 2622 < f(x) <3300
B, 1943 < f(x) <2621
X €3 (2)
C, 1264< f(x)<1942
Pri tom su kategorij D, 585< £(X) <1263 povi skupa N (unija sva

Cetiri podskupa jednaka je skupu N, a presjek svaka dva je prazan skup).

5. Dizajniranje korisnickog sucelja

S pomocu programskog paketa Exsys Corvid dizajnirano je i vizualno kori-
snicko sucelje s pomocu kojeg se komunicira s korisnikom i to kroz dva moguca
oblika: off-line (na lokalnom ra¢unalu) i on-line putem web suéelja koristenjem
Java runtime tehnologije. Kriteriji za dizajniranje sucelja bili su: lakoéa koriste-
nja, preglednost te raspolozZivost krajnjim korisnicima putem web-a. Primjer
jednog od prozora korisni¢kog suéelja prikazano je na slici 4. Putem sucelja
korisnici unose vrijednosti pojedinih varijabli (atributa), koje sustav koristi kao
ulazne vrijednosti u produkcijskim pravilima te ih transformira u izlazne vri-

jednosti bodova za svaku opciju odluke o darovitosti.

Ekspertni sustav za odredivanje djetetove darovitosti za matematiku
(u éetvrtom razredu osnovne Skole)

LI dndker danvebisd Bniosh bodiva: Conf=20M50

Bodiei 24 ubenikew danmilosl odreduju kidegonju u kiu wfenik pripads prema odlucl eksperinog
BUSLEVE

Kl orpE

ah Od 3623 - 1300 bodiva = dijele za koje s& prelpostadia da |Ea|crrmu mialermatibu
by Ol 1643« 7631 bod = dijeis £ possboim ineresom 7a matematio

£ 0 1784 - 1947 boda = deshs peas|ainih mabamaté kh kinpaiincia

b 3 505 - 1267 boda = dijele & nedovaling rabeperiern mabernalickim kompedencijama

Fimita

N

Sl. 4. Izgled korisnickog sucelja ekspertnog sustava
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6. Upotreba ekspertnog sustava

Nakon testiranja formalne i logicke ispravnosti, ekspertni sustav je upotrije-
bljen u empirijskom istraZivanju provedenom u deset osjeckih osnovnih skola.

7. Statisticka usporedba procjena ekspertnog sustava s
procjenama uditelja
Na temelju provedenog istraZivanja napravljena je deskriptivna statistika

procjena, analizirane su korelacije, a statistickim t-testom za zavisne uzorke
usporedene su razlike u procjenama izmedu uditelja i ekspertnog sustava.

8. Ispitanici

Ispitivanje je provedeno na uzorku od 247 ulenika iz deset osjeckih osnov-
nih $kola na kraju prvoga polugodista ¢etvrtoga razreda skolske 2006./07. go-
dine. Najmanji broj u¢enika u jednom odjelu bio je 17, a najveéi 30. Skole i
odjeli izabrani su namjerno. Naime, po dva odnosno tri u¢enika s posebnim
interesom za matematiku iz tih odjela polaznici su Male matematicke skole na
Utiteljskom fakultetu u Osijeku. Podatci su prikupljeni listama procjena djec-
jih matemati¢kih kompetencija koje je ispunilo deset uéitelja o svakom uéeniku
iz njihova razreda. Svojim odgovorom na posljednje pitanje iz ankete uditelj
svrstava dijete u jednu od Cetiri kategorije bez spoznaje o rezultatima odluke
ekspertnoga sustava. Tako je omoguéeno ispitati razlike izmedu misljenja na-
stavnika i odluke ekspertnoga sustava o svrstavanju djeteta u jednu od Cetiri
ponudene kategorije.

9. Rezultati

10. Procjene darovitosti od strane uditelja i ekspertnog sustava

Deskriptivna statistika procjene darovitosti djece dobivena od strane udite-
lja i od strane ekspertnog sustava prikazana je u tablici 1.

Tablica 1. Deskriptivna statistika procjena ucitelja i ekspertnog sustava

Varijabla S,Fednj . Minimum | Maksimum Stanqaréna
vrijednost devijacija

Darovicost - procjena 2.287 1.000 4.000 0.837

uditelja

Darovitost — procjena 2.429 1.000 4.000 1.025

sustava
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Srednja vrijednost procjena uéitelja i sustava ukazuje da sustav u prosjeku
ocjenjuje darovitost djece viSom ocjenom od uditelja, dok njihova standardna
devijacija govori da postoji veée odstupanje u kategorijama darovitosti kod pro-
cjene od strane sustava, tj. da su uditelji vi§e skloni svrstati uéenike u susjedne
kategorije. T-test razlika srednjih vrijednosti ukazuje da postoji statisticki zna-
¢ajna razlika izmedu srednjih vrijednosti procjena uditelja i procjena sustava
(t= 3.03972, p<0.002624, df=246). Pearsonov koeficijent korelacije izmedu
procjena sustava i uditelja iznosi 0.3 (p<0.05), §to pokazuje statisticki znacajnu,
iako ne jaku, vezu izmedu ovih dviju procjena.

Tablicom 2. prikazane su frekvencije ucenika po kategorijama darovitosti
s obzirom na procjene ucitelja i sustava. Vidljivo je da sustav 19.03% ucenika
svrstava u najviSu -kategoriju A - dijete za koje se pretpostavlja da je darovito za
matematiky, dok ucitelji svrstavaju znatno manji broj ucenika u tu kategoriju
(7.29%). T-test razlika u proporcijama upuéuje da je razlika u procjenama za tu
kategoriju i statisticki znacajna (p=0.001). Iako postoje razlike u broju i postot-
ku uéenika svrstanih i u ostale kategorije, na razini 5% signifikantnosti statisti¢-
ki je jo§ znacajna samo razlika u procjenama za kategoriju C (p=0.0231). Pri
tome sustav svrstava 34% ucenika u kategoriju C — dijete prosjecnib sposobnosti
za matematiku, dok uéitelji svrstavaju 43.73% u tu kategoriju, $to upuéuje na
zakljudak o sklonosti uditelja prema svrstavanju najveéeg broja u¢enika u one s
prosje¢nim sposobnostima. U kategoriju B — dijete s posebnim interesom za ma-
tematiky — vei broj uenika svrstavaju ucitelji nego sustav, dok je za kategoriju
D — dijete s nerazvijenim sposobnostima za matematiku situacija obrnuta.

Tablica 2. Frekvencije u¢enika svrstanih u kategorije darovitosti prema procje-
nama ucitelja i ekspertnog sustava

Procjena uditelja Procjena sustava T-test ra-

Rategoria Broj ucenika % ué%::loijl;a % Iz)l:ij;i‘g;

a 18 7.287 47 19.028 p=0.001

b 78 31.579 64 25911 p=0.1382

c 108 43.727 84 34.008 p=0.0231

d 43 17.409 52 21.053 p=0.2577
Ukupno 247 100.000 247 100.000

Graficki prikaz frekvencija putem histograma prikazan je na slici 5 - a) i b).
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Histogram: Darovitost - prociena uiitefa

Na. of obs.
3

a) procjena ucitelja

g

M. of e
N 8 3 2 838 2 8 8

-
=1

=1

b) procjena ekspertnog sustava

Sl. 5. Histogrami frekvencija ucenika po kategorijama prema a) procjenama ucitelja i

b) procjenama ekspertnog sustava

Zbog boljeg uvida u razlike izmedu procjena sustava i procjena uditelja izra-
¢unata je stopa podudaranja (vidi Tablicu 3). Utitelji i ekspertni sustav su jed-

nako kategorizirali 131 uéenika, $to ¢ini stopu podudaranja od 53.04%.
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Tablica 3. Broj i postotak ucenika kod kojih postoji ili ne postoji podudaranje u

procjenama uéitelja i sustava

Opis Broj u¢enika %
pcen1c1 kod kojih se procjene ucitelja 116 46.964
i sustava ne podudaraju

Ucema kod kojih se progjene uditelja 131 53.036
i sustava podudaraju

Ukupno 247 100.000

Ako se podudaranje procjena od strane ucitelja i sustava pogleda detaljnije
po kategorijama, dobiva se matrica konfuzije prikazana tablicom 4.

Tablica 4. Matrica konfuzije za procjene darovitosti od strane uéitelja i sustava

Darovitost — procjena sustava
b - - Ukupan broj
va‘lrox‘lltost - procjena . b . d wlenika
ucitelja
a 13 3 2 0 18
b 31 31 15 1 78
c 3 29 56 20 108
d 0 1 11 31 43
Ukupan broj u¢enika 47 64 84 52 247

Vrijednosti na dijagonali matrice konfuzije predstavljaju broj ucenika koje
su uditelji i sustav svrstali u istu kategoriju. Vidljivo je da je najvece apsolutno
podudaranje prisutno kod kategorije C — dijete s prosjecnim sposobnostima za
matematiky, gdje je ¢ak 56 udenika svrstano u istu kategoriju i od strane uditelja
i sustava, no tome je uzrok i ukupno najveéi broj ucenika u toj kategoriji od stra-
ne oba procjenitelja. Najmanje apsolutno podudaranje prisutno je za kategoriju
A — dijete za koje se pretpostavlja da je darovito za matematiky, gdje samo kod
13 uéenika postoji podudaranje i sustava i uéitelja. Zanimljivo je promotriti i
brojeve ispod i iznad dijagonale matrice koji detaljnije objasnjavaju razlike u
procjenama po kategorijama. Ako pogledamo podatke u prvom retku, od 18
ucenika koje su uditelji svrstali u kategoriju A, sustav je 3 ucenika svrstao u ka-
tegoriju B, 2 u kategoriju C, a niti jednog u kategoriju D. Medutim, od ukupno
78 ucenika koje su uditelji svrstali u kategoriju B, sustav za njih 31 smatra da
pripadaju kategoriji A, dok je 15 svrstao u kategoriju C i jednoga ucenika u ka-

tegoriju D. Sli¢na je situacija i u trecem i cetvrtom retku matrice, gdje se potvr-
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duje ¢injenica da velik broj uéenika sustav svrstava u jednu visu kategoriju nego
§to to procjenjuju uditelji. Podaci u stupcima pokazuju nacin na koji su uditelji
procijenili u¢enike koje je sustav svrstao u neku u éetiri kategorija.

Tablica 5. Broj i postotak ucenika kod kojih postoji podudaranje u procjenama
uditelja i sustava po kategorijama

Kategorija Broj ucenika %
a 13 9.92%
b 31 23.66%
c 56 42.75%
d 31 23.66%
Ukupno 131 100.00%

U tablici 5 promatra se udio pojedine kategorije kod onih ucenika kod kojih
postoji podudaranje u procjenama od strane ucitelja i sustava (za ukupno 131
ucenika). Pri tome je vidljivo da, kada se ucitelji i sustav slaZzu u procjenama, oni
svrstavaju najveéi udio ucenika takoder u kategoriju C (42.75%), dok kategorija
A — dijete za koje se pretpostavlja da je darovito za matematiku ¢ini 9.92% od
ukupno jednako svrstanih ucenika.

Iz analize sli¢nosti i razlika u procjenama darovitosti uéenika od strane uéi-
telja i ekspertnog sustava moze se zakljuditi da postoje statisticki znacajne razli-
ke u procjenama posebno za kategoriju A i C, te da je 9.92% udenika svrstano
u kategoriju darovitih i od strane uditelja i sustava, ali da sustav vie uenika
svrstava u kategoriju darovitih (¢ak 19.028%), a takoder i odredeni broj u¢enika
procjenjuje za jednu kategoriju viSe od uéitelja.

11. Zakljuc¢ak

Rad se bavi utvrdivanjem razloga zbog kojih dijete proglagavamo darovitim
za matematiku te razlika u nalazima o darovitosti istoga djeteta od strane uéi-
telja i od strane ekspertnog sustava. Na temelju prethodnih istraZivanja i heu-
ristike kreiran je model procjene darovitosti uenika éetvrtih razreda osnovnih
$kola koji se sastoji od pet osnovnih komponenti darovitosti. Osim matema-
tickih kompentencija, model ukljucuje i kognitivne komponente darovitosti,
komponente li¢nosti koje pridonose razvoju darovitosti, okolinske ¢initelje, kao
i u¢inkovitost metoda ucenja i vjezbanja kojima se potice razvoj matematic-
kih kompetencija te eventualna realizacija darovitosti za matematiku. Za svaku
komponentu definirane su kljuéne varijable te produkcijska pravila koje ¢ine
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bazu znanja ekspertnog sustava za odredivanje djetetove darovitosti za mate-
matiku. Na temelju baze znanja i mehanizma zaklju¢ivanja ekspertni sustav
svrstava uéenika u jednu od Cetiri kategorije darovitosti. Za svakog ucenika do-
bivena je procjena uéitelja i inteligentnog sustava, koje su usporedene statisticé-
kim testovima.

Rezultati pokazuju da uditelji i ekspertni sustav procjenjuju jednako samo
53.04% ucenika, te da postoje statisticki znacajne razlike u procjenama, posebno
za kategoriju darovite djece i djece s prosjeénim sposobnostima za matematiku.

Zbog ¢injenice da ekspertni sustav, koji u svojoj bazi znanja ukljucuje vise
komponenti darovitosti, svrstava i vi§e ucenika u kategoriju potencijalno daro-
vitih, moZe se zakljuditi da bi upotreba takvog sustava mogla navesti uditelja na
promisljanja o ostalim komponentama darovitosti u¢enika za matematiku, te
se stoga moze koristiti kao u¢inkovit metodoloski alat kako u odredivanju da-
rovitosti djece, tako i u izobrazbi uitelja. Daljnja istraZivanja u ovom podrudju
mogu se kretati u smjeru ukljuéivanja studenata uéiteljskih fakulteta i psihologa
kao subjekata u procjeni o darovitosti istih uéenika, te prema metodoloskom
unapredivanju alata uklju¢ivanjem drugih tehnika umjetne inteligencije, kao $to
su neuronske mreZe, geneticki algoritmi, inteligentni agenti i druge.
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BORIS PAVKOVIC
(skica za portret znacajnog metodicara

i popularizatora matematike)

Mirko Polonijo’
Sazetak. U Zagrebu je prosle godine preminuo dugogodisnji clan PMF-Mate-
matickog odjela, sveucilisni profesor u miru dr. sc. Boris Pavkovi¢ (20.11.1931.-
06.06.2006.). Bio je veliki zaljubljenik matematike, osobito geometrije, njezin
istrazivatelj i poucavatelj. Svojim znanstvenim, strucnim, pedagoskim i drustve-
nim radom znalajno je pridonio razvoju, razumijevanju i popularizaciji geome-
trije i matematike u nasoj sredini.

Preuzevii krajem sedamdesetib godina proslog stoljeéa predavanja iz dvogodis-
njeg kolegija Metodika matematike, profesor Pavkovi¢ je svojim znanjem, isku-
stvom i talentom, te predavackim i pedagoskim instinktom znacajno utjecao u
modernom koncipiranju i izlaganju metodike matematike na hrvatskim sveuci-
listima.

Kao metodicar i popularizator matematike bitno je obiljezio zadnjib Cetrdeset
godina predavanja matematike u nasim osnovnim i srednjim skolama. Njegov ¢e
utjecaj jos dugo posredno trajati kroz njegove knjige i clanke, kolege i suradnike,
te bivse studente.

Stoga, cjelokupni metodicki i popularizatorski rad profesora Pavkoviéa zahtjeva
i zasluzuje detaljnu analizu i sveobubvatno vrednovange.

Kljuéne rijeci: metodika matematike, popularizacija matematike, matematicka
edukacija.

! prof. dr. sc. Mirko Polonijo, Prirodoslovno-matematicki fakultet - Matematicki odjel, Sveuci-

lidte u Zagrebu, Bijenicka cesta 30, HR - 10 000 Zagreb, e-mail: polonijo@math.hr
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Profesor Boris Pavkovié preminuo je u Zagrebu 6. lipnja 2006. godine, na-
kon kratke i teske bolesti. Ispradaj je bio 9. lipnja na zagrebatkom Krematoriju,
a polaganje urne 13. lipnja na Mirogoju. U spomen na dragoga kolegu i cije-
njenoga profesora odrzana je komemoracija 28. lipnja 2006. na PMF-Mate-
matickom odjelu Sveudilista u Zagrebu. O Zivotu i radu pokojnoga profesora
Pavkovica, izrazavajuéi mu postovanje i zahvalnost, govorili su profesori Pavle
Pandzi¢, Mirko Polonijo, Vladimir Volenec, Sanja Varo§anec, Sibe Marde$i¢ i
Zeljka Milin—Sipué. Predvideni govornici, profesori Margita Pavlekovi¢ i Ivan
Kamenarovi¢, sprijeceni zdravstvenim tegobama, poslali su pisane poruke koje
su procitane.

Profesor Boris Pavkovi¢ roden je 20. studenoga 1931. u Zagrebu, od oca
Josipa (1904.-1977.) i majke Hermine rod. Petrisa (1905.-1999.). “Potje¢em
iz sluzbenicke obitelji” napisat ¢e u svojoj biografiji priloZenoj 1960. molbi za
zaposlenje. Imao je tri brata, Bruna (r.1935.) Branka (1943.-1983.) i BoZidara
(1945.-1997.). Svojim odlaskom ostavio je voljene: suprugu Mariju, kéer Jasnu
udanu Ore$i¢ i unuku Sunéanu.

Osnovnu je $kolu zavr$io u Cakoveu, u kojem je naucio madarski, jer je od
1941. do 1945. Cakovec bio pod madarskom upravom/okupacijom. U tom
gradu je poloZio i tzv. niZi tecajni ispit 1947. godine. U Zagreb se obitelj Josipa
Pavkoviéa vraéa te 1947. pa profesor Pavkovi¢ upisuje zagrebacku V. (musku)
gimnaziju i maturira 1951. Iste godine poloZio je i tzv. visi tecajni ispit. Nepo-
sredno, dva dana prije odlaska u bolnicu, 25. svibnja 2006., sa svojim $kolskim
drugovima, profesor Pavkovi¢ je obiljeZio 55-godisnjicu mature.

U jesen 1951. godine profesor Boris Pavkovi¢ se upisuje na Prirodoslov-
no-matematicki fakultet Sveucili§ta u Zagrebu, grupa matematika. “Zavrsio je
propisane nauke’, tj diplomirao 30. 1. 1957. na Matematicko-fizickom odsjeku
iz struke matematika, smjer primjenjena matematika, te mu je “podjeljen na-
slov” diplomiranog matematic¢ara. Diplomski je rad napisao pod mentorstvom
profesora Stanka Bilinskog, koji ¢e mu kasnije takoder biti mentor i doktorske
disertacije, te dugogodisnji “Sef” Zavoda.

Odmah poslije diplomiranja zaposljava se profesor Boris Pavkovi¢ u Sred-
njoj tehnickoj skoli drvne struke, gdje je veé ranije, kao apsolvent, predavao ma-
tematiku. U jesen 1957. odlazi u vojsku, na“odsluZenje vojnog roka”. Po povrat-
ku predaje matematiku u Srednjoj tehni¢koj gradevinskoj skoli.
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U jesen 1959. izabran je za tzv. redovitog asistenta na Katedri za matema-
tiku Strojarsko-brodogradevnog fakulteta Sveudilista u Zagrebu. Dvije aka-
demske godine, 1959./60. i 1960./61. provodi na tom fakultetu kao asistent
kod ¢uvenog profesora Danila Blanuse, s kojim ¢ée ostvariti trajno prijateljstvo
(“Kod njega mi je bilo fantasti¢no!’, reéi ée profesor Pavkovi¢ u razgovoru zabi-

liezenom u Matki br.51 (2005) koji je vodila L.Gusi¢).

U jesen 1961., profesor Boris Pavkovi¢ biva izabran za asistenta u Geome-
trijskom zavodu Prirodoslovno-matematickog fakulteta.

U ovom Zavodu ostati ée do svojeg umirovljenja, izgradujudi karijeru znan-
stvenika, metodicara, autora udzbenika i popularizatora matematike.

Kao jedan od postdiplomanada prve generacije poslijediplomskog studija
matematike (otvorenog akademske godine 1960./61.), professor Pavkovi¢ je
magistrirao 27. 4. 1966. s radom Fiksne tocke neprekidnib preslikavanja, pod
vodstvom profesora Sibe Mardesicéa i Pavla Papica.

Akademske godine 1971./72. profesor Boris Pavkovi¢ na studijskom je
boravku na Moskovskom drzavnom sveudilistu (MGU) Lomonosov. Ova
specijalizacija u Moskvi (a koju ¢e nadopuniti 1974.), osobito rad i iskustva u
okviru seminara ¢uvenoga geometri¢ara B. A. Rosenfeljda, bit ée klju¢ni korak
u buduéem znanstvenom radu profesora Borisa Pavkovica.

Doktorsku disertaciju Prilog diferencijalnoj geometriji krivulja i ploba u izotro-
pnim prostorima, izradenu pod mentorstvom profesora S. Bilinskog obranio je
15.5.1974. U komisiji za ocjenu i obranu doktorske disertacije bili su profesori
Stanko Bilinski, Dominik Palman i Danilo Blanusga.

U zvanje docenta je izabran 1. 4. 1975. godine. Visi znanstveni suradnik, pa
odmah potom izvanredni profesor postao je 1980. godine (u izbornom povje-
renstvu bili su profesori Dominik Palman, Sibe Mardesi¢ i Svetozar Kurepa).
Nakon $to je 1989. proveden izbor profesora Borisa Pavkovica za znanstvenog
savjetnika, iste godine biva promaknut u znanstveno-nastavno zvanje redovitog
profesora (¢lanovi izbornog povjerenstva bili su profesori D. Palman, V. Vo-
lenec i M. Prvanovi¢). U mirovinu je otifao 1. 10. 1994. godine.

Znanstveni rad i doprinos pokojnog profesora Borisa Pavkoviéa pripada
podrugju diferencijalne geometrije prostora s projektivnim metrikama, osobi-
to diferencijalnoj geometriji izotropnih prostora:



300 Proceeding of the International Scientific Colloquium

B. Pavkovi¢, Eine Verallgemeinerung der Frenetschen Formeln im isotropen Raum,

Glasnik Mat. 4(24)(1969), 117-122.

B. Pavkovi¢ und V.Volenec, Uber die Potenzpunkte der halbkonfokalen (n-1)-Ro-
tationsquadriken, Glasnik Mat 4(24)(1969), 275-282.

B. Pavkovi¢ und V.Volenec, Einige Sitze iiber die Rotations-hyperquadriken im
E mit einem gemeinsamen Brennpunkt oder einer gemeinsamen Leithyperebene,

Glasnik Mat 7(27)(1972), 109-112.

B. Pavkovi¢, Pseudogeoditische und Unionlinien auf Flichen im isotropen Raum
L, Glasnik Mat. 10(30)(1975), 115-124.

B. Pavkovié, Allgemeine Losung des Frenetschen Systems von Differentialgleichun-
gen im isotropen und pseudoisotropen dreidimensionalen Raum, Glasnik Mat.
10(30)(1975), 321-327.

B. Pavkovi¢, Eine kennzeichnende Eigenschaft der Zykel der Galileischen Ebene,
Arch.Math. 32(1979), 509-512.

B. Pavkovié, An interpretation of the relative curvatures for surfaces in the isotropic
space, Glasnik Mat. 15(35)(1980), 149-152.

B. Pavkovi¢, Differential geometry of curves in isotropic space, Berichte der Math.-
Stat.Sekt., Forschungszentrum Graz, Ber.Nr. 196(1983), 1-10.

B.]. Pavkovié, Aquiform-metrische Kurven isotroper Raume, Berichte der Math.-
Stat.Sekt., Forschungszentrum Graz, Ber.Nr. 242(1985), 1-14.

B. J. Pavkovié, On a property of cubic parabola in isotropic plane, Rad JAZU
413(1985), 155-158.

B. J. Pavkovi¢, Equiform geometry of curves in the isotropic spaces I, Vand 1), Rad
JAZU 421(1986), 39-44.

B. J. Pavkovi¢ and I. Kamenarovié, The equiform differential geometry of ~curves

in the Galilean space G, Glasnik Mat. 22(42)(1987), 449-457.

B.]. Pavkovi¢ and I. Kamenarovié, The general solution of the Frenet system in the
doubly isotropic space I, Rad JAZU 428(1987), 17-24.

B.]. Pavkovié, The general solution of the Frenet system of differential equations for
curves in the Galilean space G, Rad JAZU 450(1990), 123-128.

B. J. Pavkovié, Relative differential geometry of surfaces in isotropic space, Rad
JAZU 450(1990), 129-137.
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Glavni su znanstveni rezultati profesora Borisa Pavkoviéa sadrzaniu potpu-
nom opisu ekviformne diferencijalne geometrije u nekim prostorima s projek-
tivnim metrikama i detaljna analiza Frenetovih sustava u tim prostorima.

Osim toga, izrazito je zna¢ajno njegovo bavljenje problemima metodike ma-
tematike. Posebno je zasluZan za nase dugogodisnje i dobre veze s austrijskim
i madarskim geometri¢arima na oba podru¢ja. Imao je osobitu sposobnost pri-
dobijanja mladih kolega za znanstveni rad. Otvoreno$¢u i nesebi¢noscéu uvijek
je bio spreman pomo¢i nudedi suradnju i savjete, naj¢e$ée samoinicijativno. Da-
kako, to nije prestalo odlaskom profesora Pavkoviéa u mirovinu, uzrokovanim
krhkim zdravljem nakon teske operacije 1983. godine.

Pomagao je, osobito mladima, onima kojima je pomo¢ bila najpotrebnija.
Lako stvarajudi prisan odnos, svoje je §iroko znanje, iskustvo i vjestinu rado i
neograniceno dijelio. Studentima, diplomandima, onima koji su pod njegovim
vodstvom i uz njegovu stalnu paZnju, naputke i nadzor izradivali magistarske
radove i doktorske disertacije. Stoga su mu svi ostali neskriveno zahvalni i pri-
vrzeni. Kod profesora Pavkovica diplomiralo je stotinjak studenata, magistrira-
lo njih desetak, a doktoriralo sedmero.

Svoju ranu sklonost geometriji i metodici te njihov odabir za svoje djelovanje
opisao je u jednom zabiljeZenom razgovoru (intervju u Skolskim novinama od
23.6.1992. koji je vodio njegov prijatelj profesor B. Dakic¢):

“Dosavsi na studij matematike imao sam srecu da su geometriju predavala
dva izvrsna profesora, to su bili prof. dr. Rudolf Cesarec i prof. dr. Stanko Bilin-
ski. Oni su glavni“krivci” $to sam zavolio geometriju. Njihova su predavanja bila
zanimljiva, ne samo svojim sadrZajima, ve¢ i na¢inom izlaganja, a isticala su se
visokim stupnjem sustavnosti. Ako sam na fakultetu i§ta naucio o metodici, to
je bilo od njih. Jedna znacajka tih predavanja bila je i njihova poeti¢nost. Neéu
nikada zaboraviti jedno predavanje prof. Cesarca iz Osnova geometrije. Kada
je izveo jednu formulu, kako bi nam naglasio njezinu fundamentalnu ulogu re-
kao je: "Ova formula predstavlja kljuci¢ od sefa u kojem se kriju najljepse taj-
ne hiperbolicke geometrije”. Nakon toga je jasno da je geometrija postala moje
opredjeljenje i da sam se preko nje formirao kao metodi¢ar. Osim toga moram
istaknuti da je ba§ geometrija pravi izazov za metodiku. Uostalom, poznato je
kako su spomenuti profesori stvorili ¢itavu jednu skolu dobrih predavacaida je

to postala znacajka ondasnje Katedre za geometriju.’
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Na dodiplomskom studiju predavao je mnoge kolegije, izmedu ostalih Ele-
mentarnu matematiky, Nacrtnu geometriju, Diferencijalnu geometriju, Linearnu
algebru i Metodiku nastave matematike, a na poslijediplomskom studiju Riema-
nnovu geometriju.

U nastavi je profesor Pavkovi¢ sudjelovao i odusevljavao svojim predavanji-
ma i na drugim sveudiliStima (osjeckom, splitskom i rije¢kom) znacajno prido-
nosedi podizanju razine matematicke kulture na tamosnjim pedagoskim fakul-
tetima.

Bio je vthunski predava¢, bez obzira kojim se slusateljima obraéao, jasan i su-
stavan u izricaju i objaénjenjima, komentarima i napomenama. Uvijek 1Zvtsno,
pomno i promisljeno pripremljen. Svako njegovo predavanje bilo je slusatelju
novo, sadrZajno i pouéno iskustvo iz matematike i pou¢avanja matematike.

Vodedi dugi niz godina Povjerenstvo za prijemne ispite ostvario je odli¢nu
vezu i suradnju s mnogim mladim kolegama, poucivsi ih na pocetku njihove
nastavnicke karijere raznim vje§tinama promisljena ispitivaca.

Krajem sedamdesetih godina proslog stoljeca profesor Pavkovi¢ preuzima
predavanja kolegija Metodika matematike. Zbog njegova Siroka znanja i talenta
te predavackog instinkta, to je urodilo znacajnim zaokretom na nagem fakulte-
tu u modernom koncipiranju i izlaganju ove do tada zanemarene discipline.

Bio je takoder voditelj znanstvenoga projekta iz podruéja metodike nastave
matematike,

Z.a metodiku je govorio da je njegovo “unutarnje” odredenje:
Jeg jenjeg ) )]

“Ne mogu objasniti, volim taj posao. Za mene je uvijek izazov, kako obja-
sniti ne§to zakudasto. Najmilije mi je oruZje Ziva rije¢. NaZalost, ne volim pi-
sati. Moram spomenuti utjecaj jednog vrsnog matematic¢ara i metodicara, pro-
fesora Sveudilista u Stanfordu, to je George Polya, Amerikanac madZarskoga
podrijetla. On je godinama drZao predavanja na tom sveucili§tu namijenjena
buduéim profesorima matematike, a napisao je i mnogo knjiga u kojima tre-
tira tu problematiku. Koristim prigodu kako bih skrenuo pozornost na dvije
od njih, to su Mathematics and Plausible Reasoning te Mathematical Discovery.
(++.) Sve su teme bogato ilustrirane konkretnim matemati¢kim sadrZajima iz
podruéja elementarne matematike. Njegovi pogledi na nastavu u skladu su s
Preporukom Americ¢kog matematitkog drustva, ¢ija je glavna ideja sadrZzana u
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principu "Pogadajte, ispitujte i dokazujte”. Tu se misli da“u malom” treba imiti-
rati stvaralacku aktivnost matemati¢ara. Navedeni je princip u osnovi svih mo-
jih metodickih nastojanja.” (op. cit. Skolske novine)

Doista, u cjelokupnom metodi¢ckom djelovanju profesora Pavkoviéa jasno je
vidljivo provodenje temeljnih ideja G. Polya (1905.-1985.). Djelatno je provo-
dio preporuku da se u nastavi matematike rabe sve metode kojima se sluze ma-
tematicari u svojim istraZivanjima. A od svih nastavnih metoda najvise je cijenio
heuristicku, nastojeéi preko prikladnih zadataka studente i u¢enike navesti na

samostalno otkrivanje zakonitosti kako bi ih onda pokusali i dokazati.

Profesor Pavkovié bio je takoder onaj koji je prvi, i to uspjesno, realizirao
kolegij Elementarna matematika kojim je prije tridesetak godina valjalo premo-
stiti jaz izmedu srednjoskolske razine stecenih znanja i studija matematike na
PME-Matemati¢ckom odjelu. Koautor je sveuéiliSnog udzbenika po kojem se i
danas predaje taj i neki drugi kolegiji:

B. Pavkovi¢, D. Veljan, Elementarna matematika I, Tehnicka knjiga, Zagreb,
1992, 399 stranica

B. Pavkovi¢, D. Veljan, Elementarna matematika II, Skolska knjiga, Zagreb,
1995, 609 stranica

Iz elementarne matematike je napisao niz zanimljivih stru¢nih ¢lanaka:
B. Pavkovi¢, “Fotogrametrija’, Matematicko fizicki list 12 (1961/62), 159-160.

S. Kurepa, B. Pavkovi¢, “Povr§ina poopéenog kruga’, Matematicko fizicki list 17
(1966/67), 54-59.

B. Pavkovi¢, “Dokaz iracionalnosti vrijednosti trigonometrijskih funkcija’, Ma-

tematicko fizicki list 29 (1978/79), 5-6.

B. Pavkovié, “Geometrijski nadin rjesavanja Pellove jednadzbe’; Matematicko fi-
zicki list 33 (1982/83), 75-78.

V. Devéié, B. Pavkovié, D. Veljan, “Seminar za stru¢no usavr$avanje profesora
matematike’, Matematika 1 (1983), 87-90.

B.J. Pavkovi¢, “Lagrangeov zakon i njegove primjene’, Matematicko fizicki list 38
(1987/88), 4-9.
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A. Rubdi¢, J. Rubdi¢, B. Pavkovié, “O trokutima pridruZenim poligonima’, Ma-
tematicko fizicki list 38 (1987/88), 121-126.

B. J. Pavkovi¢, “Metoda analogije i primjene u nastavi’, Matematika 1 (1988),
20-27.

B. Pavkovi¢, “Primjena metode afine geometrije’, Matematika 4 (1990), 17-30.

B. Pavkovi¢, B. Daki¢, “Funkcionalne jednadzbe’, Matematicko fizicki list 42
(1991/92), 65-72.

B. Pavkovi¢, P. Mladini¢,“Sferna geometrija i Eulerova formula-jo§ jedan dokaz’,
Bilten Seminara iz matematike za nastavnike mentore-Kraljevica 1996, HMD i
Element, Zagreb, 1996, 102-107.

B. Pavkovi¢, PMladinié, “Polinomska geometrija’, Bilten Seminara iz matema-
tike za nastavnike mentore-Novi Vinodolski 1997, HMD i Element, Zagreb,
1997, 94-100.

B. Pavkovié, P. Mladinié, “Gaussova konstrukcija tangenata kruznice’, Matema-
ticko fizicki list 48 (1997/98), 65-67.

B. Pavkovi¢, P. Mladini¢, “Polinomska geometrija’, Matematicko fizicki list 49
(1998/99), 135-140.

B. Pavkovi¢, P. Mladinié, “O nastavi transformacija algebarskih izraza’, Poucak
2/3 (2000), 60-63.; takoder u Zbornik radova 1. kongresa, HMD, Zagreb,
2000, 259-262.

B. Pavkovi¢, “O djeljivosti brojeva’, Zbornik radova 1. kongresa, HMD, Zagreb,
2000, 263-271.

B. Pavkovi¢, “Metoda posebnih slucajeva’, Zbornik radova 6.susreta nastavnika
matematike, HMD, Zagreb, 2002, 381-387.

B. Pavkovi¢é, P. Mladinié, “Geometrija polinoma’, Zbornik radova 2. kongresa,
HMD, Zagreb, 2004, 280-281.

Mnoge stru¢ne teme obradio je u knjigama:

B. Pavkovi¢, ,B. Dakié, Polinomi, Skolska knjiga, Zagreb, 1987, 179 stranica

B. Pavkovi¢, Diofantske jednadzbe, Drustvo mladih matematic¢ara Pitagora, Beli
Manastir, 1988, 14 stranica

B. Pavkovi¢, Kongruencije, Drustvo mladih matemati¢ara Pitagora, Beli Man-
astir, 1988, 16 stranica



MATHEMATICS AND CHILDREN 305

B. Pavkovié, Inverzija u ravnini i njene primjene, Drustvo mladih matemati¢ara
Pitagora, Beli Manastir, 1990, 22 stranice

B. Pavkovié, B. Daki¢, 7. Hanjs, PMladinié, Male teme iz matematike, HMD i
Element, Zagreb, 1994, 192 stranice

B. Pavkovi¢, B. Dakié, PMladinié, Elementarna teorija brojeva, HMD i Element,
Zagreb, 1994, 202 stranice

B. Pavkovi¢, P, Mladinié, Arhimedova metoda tezista, HMD i Skolska knjiga,
Zagreb, 1998, 64 stranice.

Zajedno s kolegama iz Geometrijskog zavoda napisao je jednu fakultetsku
zbirku zadataka:

Z .Kurnik, D.Palman, B. Pavkovi¢, Zadaci iz nacrtne geometrije, Mongeova
projekcija, Tehnicka knjiga, Zagreb, 1973, 236 stranica

U koautorstvu je profesor Pavkovié napisao tri vrlo znadajne srednjoskol-
ske zbirke koje su doZivjele mnogobrojna ponovljena, izmjenjena, prepravljena,
dopunjena, prosirena izdanja (o njima se govorilo kao tzv. bijeloj zbirci, zelenoj
zbirci, ...), da bi se dio njih danas nasao uklopljen u najnovije, gimnazijske udz-

benike:

B. Pavkovié, N. Horvatié, Zbirka zadataka iz matematike 1, Skolska knjiga, Za-
greb, 1973, (prvo izdanje)

B. Pavkovié, D. Svrtan, D.Veljan, Matematika 3, zbirka zadataka za trei razred
srednjeg usmjerenog obrazovanja, Skolska knjiga, Zagreb, 1977 (prvo izdanje)

B. Pavkovié, D.Veljan, Zbirka zadataka iz matematike 1 za prvi razred srednjeg
usmjerenog obrazovanja, Skolska knjiga, Zagreb, 1984 (prvo izdanje)

Brojna koautorstva profesora Pavkoviéa u kojima je ¢esto on bio upravo onaj
koji je najvi§e prinosio zajedni¢kom uratku, takoder svjedoce o njegovoj jedno-
stavnosti u suradnji, davanju i kolegijalnosti.

Znadajan je i njegov prevoditeljski rad zahvaljudi kojemu smo dobili nekoli-
ko vrijednih stranih matemati¢kih djela na nasem jeziku:

G. Choquet, Nastava geometrije, Skolska knjiga, Zagreb, 1974, 198 stranica
(preveli s francuskog D.Palman i B. Pavkovi¢)

A. L. Fetisov, O euklidskoj i neeuklidskim geometrijama, Skolska knjiga, Zagreb,
1981, 258 stranica (preveli s ruskog D.Palman i B. Pavkovi¢)
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G. Polya, Matematicko otkrice, HMD, Zagreb, 2003, 434 stranice (preveli s en-
gleskog B. Pavkovi¢, PMladinié¢ i R.Svedrec)

I. N. Bronstejn i suradnici, Matematicki prirucénik, Goldenmarketing-Tehnicka
knjiga, Zagreb, 2004, XLIV + 1168 stranica (preveli B. Pavkovi¢, I.Uremovié,
D.Veljan i dr.; stru¢na redakcija B. Pavkovié i D.Veljan)

Osim toga, profesor Pavkovi¢ se kod raznih matematickih naslova javljao i
kao urednik, struéni redaktor, struéni konzultant, recenzent, ali i kao korektor
i crta¢ matematickih slika.

Na PMF-Matematickom odjelu profesor Boris Pavkovié bio je predstojnik
Geometrijskog zavoda (1992.-1994.), voditelj i suvoditelj Geometrijskog se-
minara, takoder Seminara za diferencijalnu geometriju te jedan od osnivaca
i prvi viSegodisnji predstojnik Katedre za metodiku nastave matematike
(1990.-1992.).

Prodekan za nastavu bio je akademskih godina 1981./82.11982./83..

Za svoj dugogodi$nji i nezaobilazan doprinos popularizaciji znanosti,
odnosno matematike, profesor Boris Pavkovi¢ postao je dobitnik drZavne
nagrade “Fran Tucan” 1992. godine.

U spomenutom razgovoru za “Skolske novine’, na pitanje o tome §to znaci
popularizirati matematiku, s obzirom da su mnogi nematematicari, ali i
matematicari u tome smislu vrlo sumnji¢avi, profesor Pavkovi¢ je rekao:

“Popularizirati matematiku znadi prije svega zainteresirati i pobuditi Zelju
$to Sireg kruga ljudi da je upoznaju, a nakon toga iznaéi nac¢ine da ih se na $to
dostupniji na¢in upozna s njezinim dostignué¢ima: prvi je korak relativno jedno-
stavan, treba se koristiti onim medijima koji su najpristupacniji i najinteresant-
niji za dobnu skupinu kojoj se Zelite obratiti. Za djecu su to prije svega strip i
televizija, Poteskode nastaju na drugom koraku i zbog njih se kod mnogih javlja
skepsa. Zaista postoje mnoga podrudja matematike koje je gotovo nemogucée
popularizirati u smislu u kojem ovdje govorimo. Valja medutim reéi kako su
se u novije vrijeme razvile mnoge nove discipline, uglavnom usporedno s raz-
vitkom rac¢unarskih znanosti, kao $to su teorija grafova, konkretna matemati-
ka, enumerativna matematika itd, u kojima postoje segmenti koje je mogude
izloZiti na vrlo dostupan naéin. Posao popularizatora jest da te segmente uodi i
podvrgne primjerenoj obradi. Prema tome, popularno o matematici mogude je
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govoriti, ali to iziskuje velik trud. Dodao bih kako bi moj odgovor na isto pita-
nje bio znatno potpuniji i sadrzajniji, kad bih ga izloZio pred plo¢om s kredom
u ruci. Tada bih ga mogao potkrijepiti brojnim konkretnim primjerima.”

Profesor Pavkovi¢ je bio dugogodisnji ¢lan Hrvatskog matemati¢kog drus-
tva, aktivniji od mnogih i onda kada su mnogi bili aktivni. ObiljeZavajuéi 2001.
godine u Geometrijskom zavodu i seminaru njegov sedamdeseti rodendan s
neskrivenim zadovoljstom se isticalo kako je upravo profesor Boris Pavkovié te
godine pri izboru za novi saziv Skupstine HMD dobio najvise glasova. Nije to
bilo prvi puta.

U nekoliko navrata bio je ¢lan Predsjedni§tva Drustva, Upravnog ili Izvrs-

nog odbora.

Osobito je bio znacajan rad profesora Pavkoviéa u nastavnoj sekciji Drus-
tva matematic¢ara. Cijeli svoj radni vijek bio je nosivi stup strué¢no-pedagoskih
veleri odrzavsi nebrojena predavanja, vodedi te sastanke, osmisljavajudi njihove
sadrZaje. U povodu obljetnica Drustva, znalo se da je profesor Pavkovi¢ taj koji
¢e najbolje opisati rad nastavne sekcije:

B. Pavkovi¢, “Djelatnost Drustva u proteklih 40 godina - nastava matematike
(povodom 40. obljetnice Drustva matematicara i fizicara SR Hrvatske)’, Gla-
snik Matematicki 24(44) (1989), 659-662.

B. Pavkovi¢, “O radu nastavne sekcije za matematiku’, Matematika 1 (1990),
73-77

B. Pavkovié, “Djelatnost Drustva u nastavi u proteklih 50 godina (povodom
50. obljetnice HMD-a)’, Glasnik Matematicki 30(50) (1995), 380-384.

Da bi se razumjelo navedenih 40 i 50 godina Drustva valja re¢i da je 1945.
osnovana Matematicko-fizicka sekcije Hrvatskog prirodoslovnog drustva,
a 1949. samostalno Drustvo matematicara i fizi¢ara. Unutar ovoga potonje-
ga dru§tva nastaju 1974. dvije sekcije, jedna je Sekcija za matematiku. Ona ée
1990. prerasti u dana$nje Hrvatsko matematicko drustvo. Spomenimo da na-
kon 1995. godine ni jedna moguéa “okrugla” godisnjica Drustva, ma kako racu-

nali, nije obiljeZena.

Pisao je profesor Pavkovi¢ i o velikom Ruderu Boskoviéu te svojim uzorima

profesorima R. Cesarcu i S. Bilinskom:
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B. Pavkovi¢,B.A Rozenfeljd, “Ruder Boskovi¢’, Voprozi istorii estetstvoznanija i
tehniki, Moskva, 1974

B. Pavkovi¢, “Rudolf Cesarec - povodom 100. godi$njice rodenja’, Matematika
1(1990), 78-83.

B.Pavkovi¢,“Stanko Bilinski (povodom 80-togrodendana)’, Istorija matematickib
i mehanickih nauka 4 (1991), 71-83.

B. Pavkovi¢, “Rudolf Cesarec - znanstvenik i pedagog’, Mathematical Communi-
cations 1 (1996), 67-74.

B. Pavkovi¢, V. Volenec,“In memoriam: Stanko Bilinski (22.4.1909.-6.4.1998.)’,
Glasnik Matematicki 33(55) (1998), 323-333.

Kroz dugi niz godina, matljivo je sudjelovao u izradi raznih nastavnih pro-
grama matematike, bio je stalni predava¢ na seminarima za nastavnike, regio-
nalnim i drZzavnim, na Susretima nastavnika, na Kongresima nastavnika. Upra-
vo su zahvaljujuéi njegovom angazmanu i podrsci te manifestacije okupljanja
nastavnika matematike zaZivjele i odrzali se (Susreti od 1992., a Kongresi od
2000. godine).

Od pokretanja ¢asopisa Matka 1992. godine pa do svoga konaénoga odla-
ska, profesor Boris Pavkovi¢ je bio glavni i odgovorni urednik tog popularnog
lista za ucenike osnovne skole. NajzasluZniji je za kvalitetu i trajanje ¢asopisa,
promisljajudi ga kao mjesto produbljivanja matemati¢kog znanja, a ne prosiriva-
nja $kolskog gradiva, te kao izvor razvijanja kreativnoga misljenja . U uvodniku
prvoga broja, kao glavni urednik, profesor Boris Pavkovié¢ otkriva “kako i za$to
tako” treba izgledati matematicki ¢asopis za osnovnoskolce. Stoga taj uvodnik
prenosimo u cjelosti:

“Draga djeco! Pred vama je prvi broj matematitkog ¢asopisa za osnovnos-
kolce. Nazvali smo ga Matka, jer je to vas naziv, valjda odmila, za matematiku.
Matematika je jedan od $kolskih predmeta s kojim mnogi nasi uenici imaju
problema, $toviSe, nekima je ¢ak stalna mora. Ali danas se bez matematike ne
moze. Ona se uvukla u sve pore svakodnevnog Zivota, a posredno ili neposred-
no primjenjuje se i u podruéjima koja samo naoko s njome nemaju nikakve veze
(medicini, psihologiji, lingvistici, raznim drustvenim znanostima itd.). Zbog
toga, Zeljeli vi to ili ne, matematiku morate vrijedno uéiti kanite li se $kolovati
na razini vi$oj od osnovne skole. Strah od matematike strah je od nepoznatog.
Ucenjem i boljim upoznavanjem matematike taj se strah postupno svladava. Ze-
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ljeli bismo da tome doprinese i Matka, i to je Hrvatskom matemati¢kom drus-
tvu bio glavni poticaj za njezino pokretanje. Nase drustvo vec vise od 40 godina
izdaje Matematicko~fizicki list za u¢enike srednjih skola. Matka je namijenjena
vama - najmladima. Matematikom se valja baviti odmalena. Zelimo vas upoz-
nati s idejama i strukturom matematike, s na¢inima razmisljanja i zakljudivanja
§to ih susrecemo pri rjeSavanju problema. Htjeli bismo vas pripremiti za krea-
tivnu primjenu matemati¢kih znanja u najraznovrsnijim situacijama. Zeljeli
bismo vam pomo¢i pri dosezanju radosti matematickoga otkric¢a. Vjerujemo
kako cete uz Matku zavoljeti“matku”. Navedeni ciljevi odredili su i sadrZaj lista.
U njemu ée biti objavljivani ¢lanci ¢iji sadrZaj neée biti $turo i suhoparno na-
brajanje ¢injenica veé e se u njima obradivati ideje §to ée omoguditi tjeSavanje
odredenih tipova matemati¢kih problema. TeZiste je dakle na biti matematike.
Na kraju svakoga ¢lanka navode se zadaci pomocu kojih se provjerava stupan;
uspje$nosti usvajanja opisane metode. I inade, zadaci u listu bit ¢e od osobite
vaznosti. Pozivamo vas da ih strpljivo i uporno rjesavate. Obavjestavat éemo
vas redovito o natjecanjima u matematici i informatici uéenika osnovnih skola,
objavljivati zadatke s tih natjecanja, kao i imena pobjednika. Bit ¢e humora,
zabavne matematike, matematickih kriZaljki i kutak za najmlade. U nizu napisa
upoznat Cete se i s povijesnim razvitkom matematike, te Zivotopisima ¢uvenih
matematicara. Neéemo zaboraviti ni informatiku. (...) Pisite nam o tome §to
biste htjeli ¢itati u svojem listu. Dostavite nam i svoje priloge o zgodama na
satovima matematike u vasoj skoli, o radu matematickih grupa, o zanimljivim
zadacima na koje ste naisli, itd. Vase éemo priloge rado objaviti. Srdaéno vas
Boris Pavkovi¢”

Profesor Pavkovi¢ znatno je pridonio pokretanju Male matematicke biblio-
teke za ucenike, a kao ¢lan Upravnog odbora Hrvatskog matematickog drustva
inicirao je pristupanje Hrvatske medunarodnom natjecanju Klokan bez granica.

Profesor Boris Pavkovi¢ volio je matematiku, s velikom vje§tinom ju je po-
ucavao i popularizirao. U tome mu je pomagalo njegovo poznavanje stranih
jezika i sklonost literaturi, ali i urodena radi$nost.

Osim toga bio je nenadmasno duhovit, ¢esto na granici crnog humora. T'u
pri¢anju $ala je bio kreativan. Duhovitost ga nije napustala ni u najteZim tre-

nucima.

Temeljna osobina ovoga vrijednog ¢ovjeka je bila dobrota; profesor Pavkovié
bio je dobar, ali samozatajan.
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Kao ¢ovjek, profesor Pavkovi¢ u mnogim je svojim aspektima bio poput lika
dje¢aka Nemeceka iz njegove omiljene knjige Junaci Pavlove ulice madarskoga
pisca Ferenza Molnara. Samozatajan, nenametljiv, poZrtvovan, nepokolebljiv,
vjeran, odan, iskren, plemenit, posvecen zajednickoj stvari i dobrobiti.

Svatko tko je upoznao profesora Borisa Pavkoviéa primio je od njega djeli¢
znanja i dobrote. Poznavajuéi ga postali smo bolji. Stoga ga cijenimo i poStuje-
mo, trajno.
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MATEMATIKA U IGRITRAZONODI - LEGO KOCKICE

Tomislav Rudec'
Sazetak. Ovaj clanak donosi nekoliko zanimljivosti te dvije vrste zadataka o
LEGO kockicama. Zadaci su, iako istog tipa, vrlo razli¢itib tezina, tj. neki ée
biti laki i predskolskoj djeci dok ¢ée se za neke od zadataka morati pomuciti i
profesionalni matematicari. Zadaci su uglavnom kombinacija geometrije i kom-
binatorike.

Kljuéne rijedi: kombinatorika, geometrija.

Glavni lik pric¢e o nastanku LEGA danski je stolar Ole Kirk Christiansen.
Vi$e od gradevinskih radova Ole je volio izradivati drvene makete, figurice i
igracke. Rezbario je kuéice za lutke i kockice za gradnju, §to mu je s vreme-
nom krenulo tako dobro da se odluéio baviti isklju¢ivo izradom igracaka. Od
danskih rijeci leg i godt (igrati se i dobro) sastavio je ime svoje tvrtke — LEGO.
LEGO sve do danas pripada obitelji Christiansen, a od 1979. g. upravitelj je
Oleov unuk Kjeld Kirk Christiansen.

Od 1958. godine proizvode kockice u danasnjem obliku i veli¢ini, a do sada
je (2006. g.) u svijetu proizvedeno vie od tristo milijardi kockica, ili otprilike,
za svakog stanovnika svijeta po pedeset! Osnovne, naj¢e$¢e dimenzije kockica
su 2x2 i 2x4, a osim njih LEGO je proizveo na desetke i stotine drugih oblika
i dimenzija. Figurice, toc¢kovi i druge igratke imaju zajednicko svojstvo: odli¢no
pristaju jedna u drugu pri prvom i stotinu i prvom slaganju.

% %

Kockica dimenzija 2 x 2 Kockica dimenzija 2 x 4

! mr. sc. Tomislav Rudec, predava¢, Utiteljski fakultet, Sveudiliste u Osijeku, L. Jeagera 9, HR
— 31000 Osijek, e-mail: tomo@ffos.hr
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LEGO je danas po veli¢ini etvrti proizvoda¢ igracaka na svijetu (poslije
tvrtki Mattel, Hasbro i Bandai), a Klub ljubitelja LEGA broji oko dva milijuna
¢lanova. LEGO kockice nedavno su proglasene (¢asopis Forbes) za najbolju
igracku 20. stolje¢a. Moguénosti slaganja su zaista brojne - od dvije 2x4 kocki-
ce iste boje moZemo sastaviti ¢ak 24 razli¢ite figurice, a od Sest takvih kockica,
matematicari su uz pomo¢ racunala izra¢unali, ¢ak 915 103 756 figurica!

Matematicki zadaci s LEGO kockicama

Zadatke o LEGO kockicama najée$ée ne mozemo rjesavati uobicajenim
matematickim alatima (npr. jednadZbama ili geometrijskim formulama). Po-
stoje matematicke teorije koje se bave poplo¢avanjima, slaganjima i sli¢no, no
svodenje zadataka koji slijede na njihove rezultate nestru¢njacima bi (a i strué-
njacima) bilo prekomplicirano. Citatelju u zadacima koji slijede neée dakle tre-
bati veca matematicka znanja — na rje$avanje su pozvani svi .

Za sve ¢emo figurice pretpostavljati da su iz jednog dijela, tj. kockice su spo-
jene u jedan oblik.
1. Tlocrt

Zadatak 1. Koristeéi po zelji puno LEGO kockica 2x2 i 2x4 (ovdje boja

nije vazna), sloZi figuricu &ji je tlocrt ("pogled odozgo”) puni pravokutnik di-
menzija 4x6.

Rjesenje: Vidi sliku.

Figurica tlocrta 4x6 sa Cetiri velike kockice i druga s tri velike i jednom malom kockicom.
Drugu éemo varijantu smatrati uspjesnijom

U ovim ¢emo zadacima koristiti samo kockice veli¢ine 2x2 i 2x4, a cilj je
sloziti oblik, tj. figuru koju gledaju¢i odozgor vidimo kao puni pravokutnik tra-
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zenih dimenzija. (Lik koji vidimo kad neki objekt gledamo odozgor zovemo
tlocrt tog objekta). TraZenu bi figuru trebali izvesti prije svega sa $to manje
nivoa (redova), a onda i sa §to manje kockica. Zamisli da svaka velika kockica
2x4 kosta tri boda, a svaka mala 2x2 dva boda. Zadatak je nadiniti najispla-
tiviju figuricu, figuricu sa §to manje bodova. (Treba upotrijebiti malu kockicu
umjesto velike, ako je moguée (naravno da je to teze), a isto je tako bolje (i teze)
uzeti jednu veliku kockicu umjesto dvije male jer je ukupan broj kockica tada
manji).

Zadatak 2. Konstruiraj najisplativiju figuricu tlocrta 4x4.

Rjesenje: Dovoljno je staviti dvije kockice 2x4 jednu pokraj druge. No ipak
jo§ nismo gotovi jer ta figurica nije sloZena, nije iz jednog dijela, pa treba uzeti
jo$ jednu kockicu 2x2 i spojiti ove dvije npr. odozgor. Kad dobivenu figuricu
stavimo na stol i pogledamo ju odozgor, vidimo kvadrat 4x4, tj figuru tlocrta
4x4. Figurica je na¢injena u dva reda, a potro$ili smo dvije 2x4 i jednu 2x2
kockicu, tj. ukupno 8 bodova i to je najbolja varijanta.

Figurica tlocrta 4x4

Zadatak 3. Konstruiraj najisplativiju figuricu tlocrta 3x2.

Rjesenje: 2 male kockice po 2 boda = 4 boda.

Figura tlocrta 3x2
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Zadatak 4. Sa ito manje potrosenih bodova slozi figuricu tlocrta 3X5.

Rjesenje: Oblik 3x5 nije moguée izvesti iz dva nivoa (pokusaj). Jedno od
rjeSenja dano je na slici. Broj bodova je 10.

Figura tlocrta 3x5

Zadatak 5. Uz ito manje nivoa, a onda i sa $sto manje bodova slozi figuricu zadanog
tlocrta.

Broj nivoa (N) i broj bodova (B) upisi u tablicu.
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2. Malo kockica za mnostvo figurica

Zadatak 6. Koliko se razlicitih figurica (oblika) moze sastaviti od dvije 2x2 LEGO

kockice iste boje?

Rjesenje:

Figura A Figura B Figura C

Osim ove tri nema vise figurica, ostale oblike dobivamo drugacijim okretan-

jem ili jednostavno premjestanjem ova tri oblika.

Zadatak 7. Koliko se razlicitih figurica moze sastaviti od tri 2x2 LEGO kockice

iste boje?

Rjesenje: Tri kockice mozZemo slozZiti u figuricu visine tri (uz tri nivoa) i
figuricu visine dva. Ako slazemo figuricu visine tri prvo moramo sloZiti prvi i
drugi kat, a to moZemo, po prethodnom primjeru, uéiniti na tri razli¢ita nacina.
Sada jo§ samo treba staviti trecu kockicu na drugu, a to opet po prethodnom

primjeru moZemo uciniti na tri nacina. Dakle, 3-.3=9 nadina.

No, ovo je razmisljanje pogresno i lijepo pokazuje da u zadacima o LEGO

kockicama ne¢emo modi koristiti puno matematickih trikova.

Greska je u tome $to kada slaZemo dvije kockice, donja je kockica simetri¢-
na pa uopée nije bitno kako ¢emo ju okrenuti prije nego na nju stavimo drugu

kockicu, $to s dvije ve¢ sloZene kockice nije slucaj.

No od matematike ne§to moZemo ipak uzeti, a to je sistemati¢nost. Sve mo-
gude figurice nacinjene od tri kockice moZemo razdijeliti na razli¢ite grupe u
odnosu na njihov izgled. Jedno od moguéih ra$¢lanjenja, obzirom na prethodni

zadatak i figurice A, B i C sa slike izgleda ovako:
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Oblici nadinjeni iz tri kockice

/\

oblici visine tri oblici visine dva

m/\

donje dvije su A || donje dvijesuB || donje dvije su C

jedna kockica dvije stoje na

stoji na dvije jednoj

imaih 3 imaih 9 imaih 9 imaih 5 imaih 5
Ukupan broj rjesenja je, zaklju¢ujemo, (3+9+9) + (5+5) = 21+10 = 31.

Zadatak 8. Koliko razlicitib figurica mozemo sloziti od dvije 2x2 figurice razlicitih
boja?

Rjesenje: Neka su te boje, radi odredenosti, plava i Zuta. O¢ito ove figure
mozemo podijeliti na one u kojima je donja plava i one u kojima je donja Zuta, a
za svaki od tih slucajeva, po zadatku 6, imamo tri mogucnosti. Ukupno: 2 vrste
- 3 figurice = 6 traZenih figurica. (Evo i malo matematike!)

Zadatak 9. Popuni prazna polja u tablici. U svako polje upisi koliko se razli-
¢itih oblika mozZe sastaviti od kockica koje odreduju to polje. Brojevi koje smo
izra¢unali u primjerima ve¢ su upisani (npr. broj 31 zna¢i da se od 2 male plave
i 1 male plave kockice, dakle tri male plave kockice, moze sloZiti ukupno 31
razlid¢ita figurica). Neka od polja u tablici predstavljaju isti zadatak, npr polja
oznacena s A. Broj u polju oznadenom sa * tesko je dobiti, u polju s ** vtlo tesko,

a u polju s **** naravno, vtlo vtlo tesko!

1mala | 1mala | 2male | 2male | 1malazutai | 1 velika
plava Zuta plave Zute 1 mala zelena Zuta
1 mala plava 3 6 31 A
1 velika plava A * * *
2 Velike P].aVe *% ** *kkk *kkk *kkk *%




MATHEMATICS AND CHILDREN 317

OSNOVNA MATEMATICKA ZNANJA I
OBRAZOVANJE UCITELJA

Sanja Rukavina’

SaZetak. Razvoj tehnologije te dostupnost prirucnib racunala potaknuli su broj-
ne rasprave o matematickim sadrzajima koje bi morao usvojiti svaki ucenik u
okviru obveznoga obrazovanja. Drugim rijecima, aktualizira se pitanje temeljne
matematicke pismenosti. Osnovno pitanje koje se pri tome postavlja jest Sto svaki
¢ovjek mora znati i koje vjestine mora posjedovati kako bi mogao uspjesno parti-
cipirati u suvremenom drustvu.

Buduéi da su nastavnici bitan cimbenik svakoga obrazovnog procesa, kada govo-
rimo o nastavi matematike, treba uzeti u obzir i sljedeéa pitanja:

- koja su osnovna matematicka znanja/vjestine sto ih mora usvojiti svaki ucenik
u okviru obveznoga obrazovanja,

- koje su kompetencije neophodne za realizaciju nastave matematike,
- koji su osnovni ciljevi i zadaci obrazovanja nastavnika matematike.

S obzirom da nastava matematike zapocinje ve¢ u prvom razredu osnovne Skole,
postavljena se pitanja ne odnose samo na predmetne nastavnike matematike i
njihovo obrazovanje, ve¢ i na ucitelje koji u okviru razredne nastave zapocinju
proces sustavnoga matematickog obrazovanja ucenika. Kako mnogi studenti,
bududi ucitelji razredne nastave, ne iskazuju osobit interes prema matematici, a
Cesto niti razumijevanje njezina znacaja za razvoj ucenika i njihova misljenja,
posebnuy pozornost treba posvetiti upravo njibovu matematickom obrazovanju, a
od osobitoga je znacaja i razvoj pozitivnoga stava prema matematici.

Kljuéne rijeci: osnovna matematicka znanja, obrazovanije ucitelja.

! izv. prof. dr. sc. Sanja Rukavina, Filozofski fakultet, Sveu¢iliste u Rijeci,

e-mail: sanjar@ffri.hr
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Razvoj tehnologije te dostupnost priru¢nih ra¢unala potaknuli su brojne ra-
sprave o matematickim sadrZajima koje bi morao svladati svaki u¢enik u okviru
obveznoga obrazovanja. Je i potrebno utiti jednako puno matematike kao i
ranije ili nam uporaba ra¢unala omogudava uspjesno snalaZenje i bez pozna-
vanja matematike? Moramo li moZda uditi viSe matematike nego prije? Koja
matematicka znanja/vjestine moramo usvojiti? Drugim rije¢ima, aktualizira se
pitanje osnovne matematicke pismenosti. Ove se rasprave provode istovremeno
s raspravama o znanstvenoj pismenosti i temeljnim sadrZajima koje bi tijekom
obveznoga skolovanja trebalo obraditi iz podru¢ja fizike, kemije, biologije i dru-
gih prirodnih znanosti.

Osnovno pitanje koje se postavlja jest pitanje o tome $to svaki ¢ovjek danas-
njice mora znati i koje vjeStine mora posjedovati kako bi mogao uspje$no parti-
cipirati u suvremenom drustvu. Pri tome ne treba zaboraviti kako se ovo pitanje
u jednakoj mjeri odnosi na obiteljski Zivot, radnu sposobnost i na ¢injenicu da
je svaki suvremeni punoljetni gradanin cesto u prilici da svojim glasom za ili

protiv participira u donos$enju odluka koje se odnose na ¢itavo drustvo.

Sasvim je jasno da ée, nakon $to odredimo koja éemo znanja smatrati osnov-
nim, znacajnu ulogu odigrati nastavnici pa, kada govorimo o nastavi matemati-

ke, treba obratiti posebnu pozornost i na sljedeca pitanja:

- koja su osnovna matematicka znanja/vjestine $to ih mora usvojiti svaki uéenik

u okviru obveznoga obrazovanja,
- koje su kompetencije neophodne za realizaciju nastave matematike,

- koji su osnovni ciljevi i zadaci obrazovanja nastavnika matematike.

Buduéi da nastava matematike zapocinje ve¢ u prvom razredu osnovne $ko-
le, postavljena se pitanja ne odnose samo na predmetne nastavnike matematike
i njihovo obrazovanje, ve¢ i na uéitelje koji u okviru razredne nastave zapoéinju
proces sustavnoga matematickog obrazovanja ucenika. S obzirom na ¢injenicu
da mnogi studenti, buduéi ucitelji razredne nastave, ne iskazuju osobit interes
prema matematici, a ¢esto niti razumijevanje njezina znacaja za razvoj ucéenika
i njihova misljenja, posebnu pozornost treba posvetiti upravo njihovu matema-
tickom obrazovanju, a od osobitoga je znacaja i razvoj pozitivnoga stava prema

matematici.
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Osnovna matematicka znanja

Cini se da je u danasnjem drustvu sukob pobornika matematike i onih koji
smatraju da bi matematicke sadrzaje u $kolama trebalo smanjiti dodatno pota-
knut razvojem tehnologije. Dok prvi isti¢u kako je razvoj tehnologije poveéao
potrebu za matematicki obrazovanim kadrovima, drugi tvrde kako ni tablicu
mnozenja viSe nije neophodno poznavati zbog ¢injenice da nam je gotovo uvijek
pri ruci nekakva naprava kojom na brzinu moZemo izra¢unati sve $to nam je
potrebno. Navedeni je sukob posljedica poistovjecivanja minimalnih i osnovnih
matematickih znanja, odnosno minimalne i osnovne matematicke pismenosti

Minimalna i osnovna pismenost znatno se razlikuju i to, kada ne govorimo
o matematici, Cesto i nesvjesno uvazavamo. Na primjer, spremni smo éovjeka
koji ne poznaje ili ne postuje osnove pravopisa nazvati nepismenim iako ocito
posjeduje minimalnu pismenost (zna se potpisati). Od obrazovnoga sustava
ocekujemo ,produkciju” osoba ¢ija ¢e pismenost biti na razini koja je znatno
vi§a od one $to smatramo minimalnom pismeno$éu. Isto bismo tako trebali
uvaziti ¢injenicu da postoji razlika izmedu minimalnih i osnovnih matemati¢-
kih znanja/vjestina te ocekivati da, po zavrSetku obveznoga obrazovanja, svatko
posjeduje osnovna matematicka znanja/vjestine.

Na pitanje koja su to osnovna matematicka znanja/vjestine $to ih moramo
usvojiti u okviru obveznoga obrazovanja mnogi ¢e reéi da treba nauiti ispravno
izvoditi Cetiri osnovne racunske operacije, a tek poneki medu njima navest ée
kako je uz to potrebno znati i postotke. Kako je razvoj informacijske tehnologi-
je najviSe olaksao upravo izvodenje osnovnih ra¢unskih operacija, od ovakvoga
stava do stava kako je potrebno smanjiti matematicke sadrZaje u $kolama mali
je korak. Nazalost, i medu uciteljima razredne nastave postoje oni koji ée se
prikloniti ovakvom nadinu razmisljanja.

Odgovor na navedeno pitanje o osnivnim matemati¢kim znanjima treba
potraziti razmiSljajuéi o tome koji su preduvjeti $to ih moramo zadovoljiti u
danasnjem drustvu da bismo se mogli smatrati njegovim uspjesnim ¢lanom te
na koji nam nadin usvajanje odredenih matematickih znanja/vjestina pomaze u
ostvarivanju tih preduvjeta.

Svakodnevica od nas zahtijeva planiranje, odgovornost, efikasno gospodare-
nje vremenom i resursima $to ih posjedujemo, kriticko razmisljanje, donosenje
odluka, sposobnost komunikacije, pregovaranja i rada u grupi te preuzimanje
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vodstva u odredenim situacijama. Upravo stoga, u osnovna matematicka zna-
nja/vjestine potrebno je, uz ona matematicka znanja ¢ija je primjena svima o¢i-
ta, uvrstiti i one sadrZaje ¢ija pragmati¢nost nije odmah vidljiva. Tu se posebice
isticu zadaci zadani rije¢ima koje su mnogi spremni izbaciti kao suvisne. Rje-
$avajudi te zadatke u¢imo se postavljati pitanja, analizirati, prepoznavati bitne
podatke za zadani problem i razlikovati ih od onih koji to nisu. Takoder se
ucimo provjeravati vlastite zakljuéke, procjenjivati vjerojatnost pogreéke iuspo-
redivati dobiveno s ocekivanim rezultatom. Sve su to vjestine i znanja koja ¢ée
nam kasnije biti potrebna.

SadrZaji iz geometrije takoder se ubrajaju medu one koje ¢e rijetko koji
«nematematicar» proglasiti bitnima. Uo¢imo, medutim, da je to dio nastavnih
sadrZaja u kojemu se, osim osnovnih svojstava geometrijskih objekata, u¢imo
usporedivati razli¢ite objekte, uocavati njihove sli¢nosti i razli¢itosti te ih razvr-
stavati s obzirom na odredena svojstva. Rjesavajudi probleme mjerenja i zadatke
u vezi s njima pripremamo se za brojne Zivotne situacije, kao i za svladavanje
sadrZaja drugih predmeta.

Usvajanjem raznih matemati¢kih sadrZaja usvajamo i logi¢ki nadin razmi-
§ljanja, sposobnost aproksimacije i uocavanja kada je neki podatak dovoljno
precizan za uporabu u konkretnoj situaciji, naviku provjeravanja smislenosti
odredenih tvrdnji, znanje o pravilnoj interpretaciji grafickih prikaza s kojima
se svakodnevno sre¢emo. Zahtjevi za tim sposobnostima to su vedi §to je veci
razvoj tehnologije, a mnoga zanimanja, uz osnovna matematicka znanja, zahti-
jevaju i dodatno matematicko obrazovanje.

Obrazovanje uditelja

Ne treba ocekivati od svih ucitelja razredne nastave da budu osobe s izrazi-
tom sklono§¢u prema matematici. Isti bi zahtjev s punim pravom mogla posta-
viti i druga podrudja s kojima se uéenici srecu u niZzim razredima osnovne skole.
U sluéaju matematike, situacija je, nazalost, ¢esto upravo suprotna i mnogi su
uditelji do svoga zanimanja dosli «bjeZec¢i» od matematike pa tijekom svoga
$kolovanja nisu razvili sklonost prema matematici niti uo¢ili vaZnost matema-
tickoga obrazovanja.

Koje kompetencije o¢ekujemo od ucitelja razredne nastave kada je u pitanju
nastava matematike i na koji nacin to Zelimo ostvariti? U svakom bismo slucaju
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htjeli da uditelji posjeduju odredena matematicka znanja te da razumiju znadaj
matematickoga obrazovanja ucenika. Nije dobro da poceci sustavnoga mate-
matickog obrazovanja uéenika budu vodeni od strane osobe koja minimalna

matematicka znanja smatra i dovoljnima.

Svi studijski programi u okviru kojih se obrazuju buduéi uditelji pisani su
na nacin da njihovo svladavanje osigurava usvajanje potrebnih matematickih
znanja. Zahtjevi za poznavanjem matematickih sadrZaja i razumijevanjem ma-
tematickih koncepata svakako moraju biti ispunjeni jer je dobro poznavanje
sadrZaja preduvjet bez kojega nije mogude ostvariti kvalitetnu nastavu. Uz to,
ono ¢emu bi svakako trebalo posvetiti duznu pozornost jest razvoj pozitivnoga
stava prema matematici kao nastavnom predmetu u $koli, ako veé ne postoji
pozitivan stav prema matematici kao znanosti. Taj bi pozitivan stav trebao pro-
izadi iz razumijevanja potrebe za usvajanjem matematickih sadrZaja; bududi bi
uditelji morali biti svjesni da matematicka znanja/vjestine nisu sami sebi svrha i
da se kroz njih usvajaju znanja i vje$tine koja su uéenicima potrebna ¢ak i onda
kada to na prvi pogled nije o¢ito. Ovu ¢injenicu nikako ne smijemo zaboraviti i

potrebno ju je isticati kad god je to prikladno.

Studente bi trebalo potaknuti da uoée kako apstraktnost, objektivnost i po-
stojanost matematickih sadrZaja ne mogu biti naruseni. Upravo je stoga ma-
tematika izuzetno korisna, kako u direktnoj primjeni, tako i u vidu pomodi u
razvoju logi¢koga razmisljanja. Uoce li buduéi uditelji da je usvajanje osnovnih
(a ne minimalnih) matemati¢kih znanja/vjestina ono na ¢emu opravdano treba
inzistirati, njihov ¢e rad u uéionici predstavljati kvalitetan pocetak matematic-

koga obrazovanja uéenika.
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INNOVATIVER ANSATZ
«MATHEMATIK UND SPRACHE»

Herbert Schwetz!

Kurzfassung, Die Ergebnisse der PISA-Studie 2003 (Schreiner 2006, 104)
haben fir osterreichische Schilerinnen und Schiller wiederum gezeigt, dass sie
im Mittelfeld liegen. In einem von IMST (Innovations for Mathematics, Sci-
ence and Informatics; Initiative zur Verdnderung des Mathematikunterrichts
des Bildungsministeriums) wird seit Herbst 2006 auf den 3. bis 6. Schulstufen
(Grund- und Sekundarstufe I) ein mittelfristig angelegtes Innovationsprogramm
durchgefiibrt. Dieses Programm fokussiert auf den (1) Zusammenhang von Ma-
thematik und Sprache und (2) das Erproben viabler

Lésungswege (Schwetz 2003, 139). An diesem Programm nebhmen 30 Grund-
und

Sekundarstufenlebrer teil. In regelmdfsigen Treffen werden die Lebrerinnen und
Lebrer ermutigt, offene Lernumgebungen zu erproben und Erfabrungen auszu-
tauschen.

Der Innovationsschwerpunkt “Mathematik und Sprache” basiert auf einem vi-
erstufigen mathematikspezifischen Spracherwerbsmodell, namlich (1) Sprachre-
zeption, (2) Sprachreproduktion, (3) Sprachproduktion und (4) Sprachreflexion.
Den Schiilerinnen werden Sachaufgaben mit unterschiedlichem Komplexitdtsni-
veay dargeboten. Besonderes Augenmerk wird aber auf die Sprachproduktion
(Verfassen von Sachaufgaben durch Schillerinnen und Schiiler) und Sprachre-
flexion (z.B. Kapitinsaufgaben und diberladene Textaufgaben) gelegt. In beson-
dere Weise werden Aufgaben eingesetzt werden, die mehrere Losungswege (Via-
bilitit) zulassen. In einem Pre-Posttestdesign mit Versuch- und Kontrollklassen
werden die Wirkungen der Intervention iiberpriift.

! Prof. Mag. Dr. Herbert Schwetz, Pidagogische Akademie des Bundes in Graz, e-mail: her-
bert@schwetz.info
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Schliisselworter: Innovationsprogramm, Zusammenhang von Mathematik
und Sprache, viable Losungswege, mathematikspezifisches Spracherwerbsmode-

II.
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RJESAVAN]JE LINEARNIH JEDNADZBI POMOCU
SLIKE I RACUNALA

Miljenko Stanié!

Sazetak. U ovom radu, predstavit éu jednostavan, ali uc¢inkovit nacin ,pomocu
kojeg bismo mogli poducavati ucenike u razrednoj nastavi, a to je: kako rijesiti
linearnu jednadzbu. Potpuno ¢u se koristiti slikom kao sredstvom rjesavanija,
izbjegavajuci bilo koji standardni formalizam. Prisutni su samo pojmovi iz nji-
hove kompetencije. Na primjer, uzimanje i dodavanje crtacib likova koji pred-
stavljaju brojeve, odnosno nepoznanice, u nekoj jednadzbi. Po Piagetovoj teoriji
kognitivnog razvoja, koja nije sustinski osporena, djeca u razrednoj nastavi ovla-
dala su konzervacijom kolicine i preferiraju konkretne operacije. Stoga ovaj pri-
stup, slijedi njibove sposobnosti . Metoda mora samo odrZavati jednakost kolicine
u dvije cjeline, koje predstavljaju razlicite strane jednadzbe, koriste¢i operacije
dodavanja / uzimanja predmeta istim cjelinama. Cilj je da ucenik u nekoliko ko-
raka, ponavljajuéi spomenute operacije, dolazi do rjesenja jednadzbi, definiranib
nad skupom N. Pazljivom promjenom centracije paznje (Piaget), pod vodstvom
ucitelja, istom se metodom mogu rijesiti jednadzbe i nad skupovima Z i Q. Ova
metoda dobra je mentalna skela (Vigotsky) za pomo¢ u shvacanju formalnib za-
kona u aritmetickim strukturama N, aliiu Z i Q. Za crtanje i analizu koristimo
se sredstvima koje nudi elektronsko racunalo, s uobicajenim crtacéim alatima ,
kojim je naprimjer, obogacen Word softverski paket.

Kljucne rijeci: dobro formirana konfiguracija, konzervacija kolitine,sintaksa,
semantika.

Nedvojbeno je da mnoge matematicke pojmove i probleme moZemo prika-
zati ili rjeSavati slikovnim pristupom. Slikovni pristup ima veliku heuristicku
vrijednost u nastavi matematike, a u nekim dokazima je nezamjenjiv. Ovdje
¢emo predstaviti rjeSavanje jednadzbi u nizu slika koje ¢emo iscrtati pomocu

! Miljenko Stani¢, predava¢, Utiteljski fakultet, Sveudiliste u Rijeci, e-mail: smiljenko@ho-

tmail.com
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elektronskog racunala. U prvom dijelu, predstavljam logic¢ko-semanticki status
slike i u drugom dijelu, reéi ¢u nesto o metodic¢koj primjenljivosti za nastavu
matematike .

1. Logika slike

U ovoj temi Zelimo se pozabaviti pitanjem je li slikovno prikazivanje postup-
ka rjedavanja linearnih jednadZbi kompletno? Odnosno, postoji li jednadzba
koju ne mozemo slikovno rijesiti, ili obrnuto da slikovnim putem predstavljamo
jednadzbu koja nema ekvivalenta u formalno-lingvistickom zapisu?

Na primjer: podsjetimo se na Vennove diagrame . Pomo¢u zatvorenih krivu-
lja i jednog pravokutnika vtlo efikasno u skolskoj praksi prikazujemo operacije
medu skupovima. Sam prikaz nije kompletan u gornjem smislu. Na primjer,
prazan skup je neprikaziv, u standardnoj reprezentaciji, pa stoga moramo sliku
obogatiti novim elementima, kao zasjenjivanjem ili upisivanjem novog znaka
da bi naglasili da je taj zatvoreni dio prazan ili da nije parazan, itd. Ovako mo-
dificiran prikaz postaje kompletan u gornjem smislu. ([2 ]).Ovdje mi naZalost
raspolozZivi prostor ne dopusta da prikaZzem u potpunosti sintaksu i semantiku
slikovnog rjesavanja linearnih jednadzbi.

Sljede¢i terminologiju iz ([1]), nazvat ¢u sliku koja prikazuje neki matema-
ticki pojam ili objekt ( u nasem slucaju linearnu jednadzbu) dobro formiranom

slikom (ili konfiguracijom)(dfk).

Prvo, ¢u predstaviti slikovni abecedarij , a zatim opisati gramatiku dfk.
1.1. Gramatika slikovnog prikaza-sintaksa

Osnovni slikovni objekti (ikone)

1. Kuéica: Kucj =

2. Paketiéi: Pak' = Pak Zn =
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Sve Pak ikone su medusobno sukladni kvadrati, koji se mogu razlikovati

samo po boji.
Ozna¢imo s P, P 2i P *skup svih, bezbojnih, plavih ili zelenih paketiéa.

3. Stapidi: Stp',, = H Stp?, .= I Stp?, .= I

Sve Stp ikone su medusobno sukladni pravokutnici, koji se mogu razlikovati
samo po boji.

4. Stapiéi /n: Stp 7
CegStp', 1< g=>h

g;J€ pravokutnik s visinom koja je h-ti dio odgovaraju-

Ozna¢imo s S, S?i S? skup svih, bezbojnih, plavih ili zelenih §tapica, i nji-
hovih odgovarajuéih dijelova. Indeksom j € {1, 2}, oznatavamo da ikona lezi
unutar Kuc ili Kuc,

Indeks » nazivamo imenom ikone ( n je neki prirodni broj), kojeg éemo odre-

diti na sljededi nadin.

Neka je Ikn* ,; Z3jednicka oznaka za ikone Stp* , ili Pak"J Oznacimo sa n,
kardinalni broj ikona koje leze u Kuc,, (i = s(tapic) i = p(paketi¢)) , tada, no-

voj ikoni Ikn" | pridruzit éemo ime

n=n-+1.
i

Konfiguracija:

Oznadimo s A sliku koju ¢emo nazvati konfiguracija. A je sastavljena od iko-

na na sljedeéi nacin:
A') A = Kuc, U Kuc, (uz uvjet: Kuc, N Kuc,= &) je konfiguracija .

B) Ako je A konfiguracija, ondaje A'= AU {Stp* | Stp* Ieéi unutar Kucj},
ke{1,2,1/h2/h},h €{1,2,34,...} 1J€{1,2} takoder konfiguracija.

C) Ako je A konfiguracija, ondajei A'= A U {Pak", " |Pakk " leZi unutar Kuc, b
ke{1,2,1/h2/h},h €{1,2,3,4,....} ije{1,2} takoder konfiguracija.

Ozna¢imo sa s I'1 _={ Tkn* | Tkn * _Ieii unutar Kuc.}

Oznac¢imo sa: @ —{ Stp* | Stp* 1621 unutar Pakt, }
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Oigledno je: (Dnj c Hj

Primjer 1. (konfiguracija) :

Rjesavajuci izvod konfiguracija
Konaéni niz konfiguracija: A ), A jeees; A zvat éemo rjeSavajuci ako je zadovo-
lieno:

a) A, je neka konfiguracija koju ¢emo zvati pocetnom.

b) A, (0 < i < n-1) je konfiguracija izvedena iz konfiguracije A_, primjenom
jednim od pravila

i) Izv: A=Iw(A,)
ia) Neka za A, vrijedis Stp? € A, i Stp? € A, ,tadaje A= A,/ { Sty
Stp? )}

ib) Neka za A, vrijedis Pak? | € A, i Pak’ € A, ,tadaje A= A, /{ Pak? ,
Pak? }

nl’

ic) Neka za A_ vrijedit ako iz Stp* | € A ili Stp* € A, slijedi daje k = 2
tada je

A=A 0{Stp' U {Stpl%2 Yx=n,+1,y=n,+1),Stp' ell i Stplylzel_[ 2

id) Neka za A, vrijedis ako iz Pak* € A, ili Pak* € A, slijedi dajek = 2
tada je

A=A, V{Pak!  }U{Pak'  }(x= n,+1y= np2+1), Pak' eIl i Pakly,zel_l )
ii) Ubc: A,=Ubc(A,))

iia) Neka za A vrijedis Stp' € A, i Stp' € A, ,tadaje A=A U {Stp’
ofse =
=A,,/{Stp' ,Stp' }(x=n +1,y=n +1),Stp’ ell i Stp3y,zel_l X
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iib) Neka za A, vrijedi: Pak!
{Pak’ Y{Pak’ }=

€ A,iPakl € A tadaje A, = A U

1 i-1

=A,,/ { Paklml , Paklm,z} (x= np1+1, y= np2+1) , Pakf‘x,lel_[ (i Pak3y,zel_l )
iic) Neka za A, vrijediz ako iz Stp* € A, ili Stp* € A, slijedidajek = 1
tada je
A=A, 0 {8ty JofSty? )} (x=n+1y=n,+1),Stp’ ell iStp’ ell,
iid) Neka za A, vrijedis ako iz Pak* € A, ili Pak* € A, slijedidajek = 1,
tada je
A=A O{Pak’ Y O{Pak’ }(x=n_ +1,y=n,+1),Pak’ ell, iPaka’ZEH R
iii) Pod: A =Pod(A,)
Neka za A vrijedis
1) Ako su Pak® Pak’ . € A, tadajek=k'=2ij =]
2) Ako su Stpkn,j Stpk’n;j, € A, tadaje: (k=k'=1ilik=k'=2ilik=k'=g/h)ij = j
pri ¢emu je ge{1,...,h)}, heN/{0}.
3)l(A,nSHI=l(A,nPH]
Uredimo skup: A, N S *={ Stp* ; SSPE i , Stpkm }

'Urei:limo skup: A, N P*={ Pak* ; JPak® | preeees , Pak® J,}, pritom vrijedi
J#just

Definirajmo pomo¢nu funkciju : f:{nl,nz,...., nt}—>{ml,m2,...., mu} kz =t-1+1

Akoje k > u, reni(l) :{”’"”’”) e w>0 gy = m

u rem(/,u)=0" rem’()

Akojek <n ,ondajef(n) = 0.

A, = (A S| k=n Do{Syt | St ed fn)> 0}

fn1)y
iv) Lom: A, = Lom (A,))

A =(A,/{ Stpkn,j DU {Sty i/kn/g,j | ¢€{1,2,3,...,h} } za neki heN/{0}.

c) A, je zavrina konfiguracija, koja zadovoljava da je za neki je{1,2}: HJ. =d.

d) Status rjeenja rjesavajuéeg izvoda konfiguracija.
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Promotrimo, I1 .c A uz uvijet daje Il = I, 1)z}
j n j
Razlikujemo , Cetiri slucaja s obzirom na sadrZaj skupa Hj,.

. [OJ7) Hyan, . , /e
v) ako je HJ,,: U np T € Uy Ty} ,(Dm,j,;t &, (1 <i>p)onda éemo redi

da je pocetna konfiguracija jednoznacno rje§ena.

vi) ako je I1 ;= 9, onda ¢emo reci da pocetna konfiguracija ima neodredeno

rjesenje.

vii) ako iz Iknkw., € I slijedi da je Tkn=Stp, tada ¢emo reci da pocetna konfigu-

racija nema rjesenja.

viii) ako iz Iknkmj, € IT_ slijedi da je Ikn=Pak i ® = J,(1 <i>p) tada éemo
reéi da pocetna konfiguracija ima rjesenje 0.

1.2. Semantika — interpretacija

Svakoj ikoni iz sustava slika pridruzujemo neki cijeli broj ili nepoznanicu.

Tkoni : Stpkn,j pridruZit éemo pozitivan cijeli broj 1 ako je k=2 ili k=3,0dnosno
negativan (-1) za k=1.

PakknJ pridruzit éemo nepoznanicu x ako je k=2, odnosno (-x) ako je k=1.

K:|HJﬂSi

$tapica (1i=2) u j-kudici koje éemo interpretirati kao (-« ) ili (k).

odnosno koli¢ina, kardinalni broj bijelih $tapi¢a (i=1) ili plavih

k= Hjﬁ Pi| odnosno koli¢ina, kardinalni broj bijelih paketica (i=1) ili plavih
paketi¢a (i=2) u j-kudici koje éemo interpretirati kao (-« ) ili (k) koeficijent uz

nepoznanicu,

Sadrzaj svake kudice inerpretira se kao strana jednadzbe, koja se poslije sre-

divanja moZe svesti na oblik:ax + b=cx + d.

Rjesavajuéi niz je, zapravo, postupak rjeSavanja jednadzbi gdje se koristimo

uzastopnom primjenom zakona kancelacije za operaciju zbrajanja .

Rjesenje jednadzbi is¢itavamo u A zavr$noj konfiguraciji u rjesavajucem

nizu, kao broj §tapica u paketi¢u, ili x = D | .
nj
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U ovom prikazu rje$avanja linearnih jednazbi ogranicili smo se na koefi-
cijente iz skupa cijelih brojeva, odnosno a, b, ¢, d€Z, ali rjeSenja mogu biti iz
skupa racionalnih brojeva Q.

3. Metodic¢ka svrhovitost

Osnovu za metodicku svrhovitost, igre sa slikama gradim na pretpostavci
da je zadatak metodike matematike u ranoj skolskoj dobi iskoristiti kognitiv-
ne kompetencije djece u implementiranju matematickih sadrZaja. Odnosno, u
idealnoj situaciji, uitelj pokusava otkriti u postojeéem, pa i ne nuzno skolskom,
znanju djeteta, matematicke sadrZaje.

Krenimo od pocetne konfiguracije.
1. Pozovimo uéenika da dobro pogleda sliku.

Trebao bi uoditi da se slika sastoji od dva dijela, lijevog i desnog, omedenih
«kuéicamas.

2. Verbalno tumacenje: Upoznat éemo udenika da polazimo od pretpostavke
da oba dijela slike sadrZe istu koli¢inu «§tapica». U koli¢inu, uklju¢ujemo, i
po volji velik broj «Stapic¢a» koji grade «kuéicu», kao da su to «cigle» iz kojih
je izgradena zgrada. Po boji razlikujemo: Stapiée bez boje, Stapiée plave boje
i §tapice zelene boje.Stapiée bez boje mozemo smatrati kao «cigle» koje smo
izvadili iz zida kucice. Zeleni $tapiéi su gradivni materijal kojeg stavljamo na
bijele $tapice ili «cigle» koje ugradujemo u zid kudice.Plavo obojeni §tapidi su
dodani materijal u kudici, kao da su njeni stanari.U kvadrati¢ima plave boje
skrivena je neka koli¢ina plavih $tapi¢a. U neobojenim kvadrati¢ima nalazi
se nepoznati broj Stapica koji su uzeti iz zida kuéice. Zelenim kvadrati¢ima
«krpamo « dio zida kudice koji je izvaden.

3. Uputiti ih na pravila stvaranja novih slika iz pocetne.

Pravilo Izv: znadi izvaditi iz oba dijela konfiguracije «$tapié» ili «paketié»,
istovremeno, pri tom mozemo izvaditi «§tapié» ili «paketié» i iz «zida ku-
éicen.

Pravilo Ubc: znadi dodati u oba dijela konfiguracije «$tapié» ili «paketié»,

istovremeno.

Pravilo Pod: «$tapie» iz jedne «kuéice» umetati u «paketiée» druge kudice.

Pravilo Lom: «$tapiée» iz jedne «kuéice» podijeliti na jednak broj «malih
§tapic’a»‘
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4, Podrska psihologije: psiholozi smatraju da su djeca u dobi od 7. do 12. godine
ovladala pojmom konzervacije koli¢ina (Pieget[3 ]). Pregledom pravila izvo-
denja lako je uoditi da ako podemo od pretpostavke da lijevi i desni dijelovi
pocetne konfiguracije imaju jednaku kolicinu «§tapica», da ée se onda primje-
nom pravila izvodenja u rjesavajucem izvodu konfiguracija, sacuvati jednakost
kolicina ljevog i desnog dijela izvedene konfiguracije.

5.Primjena u praksi-nastavi: dobrom pripremom, moZemo transformaciju
konfiguracija prikazati u¢enicima kao igru. Igru dobiva uéenik koji prvi otvo-
r1 zavrinu konfiguraciju.
Dopusteno je i laZiranje, ili nepravilna primjena sintakticnib pravila. Kontra
igra¢ mora otkriti «podvalu» ili neispravnu primjenu popraviti u konfigura-
ciji i za nagradu uzeti potez vie, itd. Matemati¢ki dobici su postavljanje men-
talnib skela (Vigotski[3 ]) prema cijelim odnosno racionalnim brojevima.

Primjer 2. Primijenimo igru na rjeavanje jednog zadatka kojeg uzeo sam iz
postojece $kolske zbirke zadataka za uéenike III. razreda ([4]).

Zadatak: Za rad u matemati¢koj grupi uéiteljica je pripremila niz matemati-
kih zadataka. Treba otkriti koliko je zadataka uéiteljica pripremila i koliko ima
ucenika u grupi, ako se zna da :

1. Ako bi svaki uéenik dobio po 5 zadataka, nedostaju 3 zadatka .
2. Ako bi svaki u¢enik dobio 4 zadatka, tada ée preostat 3 zadatka .
i) Slikovno-ikonicka interpretacija:

Stapiéi su zadaci. Paketi¢i odreduju broj ucenika u grupi. Lijevi ili desni dio,
unutar kuéica, interpretiramo kao ukupan broj zadataka koje je uliteljica pri-
premila.

Lijevi dio opisuje zahtjev 1) a desni dio zahtjev 2).

Pogledaj: 1 zadatak je podijeljen
[EEEEEN EEEE i

2. zada. isto tako...

3. zada. isto tako...

Ako damo 5 svakom ué,, onda iz «zida» uzima jo§ 3, odnosno ako ih damo
4 svakom uce. onda jo§ 3 ostaju nepodijeljeni .
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SR [P T v v pakens
puta za redom
B I - o i v sapice 3

puta za redom

A, =Pod(A,) Zavrina konfiguraci-
ja.Grupa ima 6 ulen. i podijeljeno
je 27 zadataka.

3. Primjena racunala

Zapravo, prakti¢no rjesavanje jednadzbi pomocu slika je moguée samo po-
mocu racunala. Svaki ucitelj moZe lako primijeniti gornje crteZe, koriste¢i se
samo Drawing alatima kojima je oskrbljen svaki Microsoftov proizvod. Kao
pomocno sredstvo, za lakse izracunavanje, napravio sam dva rac¢unalna progra-
ma na Excel stranicama file Punavreca ([5 ]). Na stranici jednadZbe umetnut
je program kojim ucitelj mozZe uéenicima demostrirati pravila izvodenja medu
konfiguracijama. Prvo, mora upisati linearnu jednadZbu ¢&ije rjesenje trazimo.
Fiksiranjem iste jednazbe na ekranu, dobiva se pocetna konfiguracija. Primje-
nom komandi Uzmi ili Dodaj obavljamo vadenje/ubacivanje ikona u kudice, i
to istovremeno, te na najbolji na¢in, demostriramo pravila Izv ili Ubc. Ovaj pro-
gram preporucujem za poéetak, za motiviranje i zagrijavanje ucenika za igru .

Na stranici igra nadi Cete program koji traZi ve¢u interakciju uenika i stroja.
Utenici sami umecu ikone i grade pocetnu konfiguraciju. Izabranu konfigura-
ciju trebaju uévrstiti. Zatim igra pocinje i traje do zavrine konfiguracije. Radu-
nalo provjerava je li sadrZaj u paketi¢ima to¢no rjesenje.

Prijedlog za daljnje istraZivanje: prvo, koriStenjem slikovnog tumacenja u
matematici, primijenjenog na linearnim jednadZbama moZemo prosiriti na rje-
$avanje jednadzbi s dvije nepoznanice, uvodenjem novih pravila-principa-tran-
sformacija koje ée konzervirati kolicinu. Mogli bi zamisliti novu tvorevinu koja
¢e pomocu slikovnih demostracija, koristeéi se ra¢unalom kompletirati, nazovi-
mo to, racun konzervacije kolicine.

Drugo, ne bi bilo tako tesko rjeSavanje linearnih jednadZbi na ovaj nadin
prosiriti na izraze s koeficijentima iz Q. Dakle, imamo prostora za postavljanje
novih Vigotskijevih mentalnib skela.



MATHEMATICS AND CHILDREN 333

Literatura

1. Allwein G. Barwise J., Logical Reasoning with Diagrams, Oxford University
Press, New York, 1996.

2. Sun-Joo Shin, The Logical Status of Diagrams, Cembridge University, Oxford
University Press, New York, 1994,

3. Sternberg R J., Kognitivna psihologija, Slap, Jastrebarsko 2005.

4. Purovi¢ J., Matematika 3, Zadaci za dodatnu nastavu, Skolska knjiga, Za-
greb, 2002.

5. Web stranica: www.vusri.hr

Lektor: Emilija Reljac-Fajs



334 Proceeding of the International Scientific Colloquium

DISZKALKULIAS GYEREKEK PROBLEMAMEGOLDO
KEPESSEGENEK FEJLESZTESE SZOVEGES
FELADATOK ALTAL

Straubingerné Kemler Aniké'

Osszegzés. A sziveges feladatoknak sokféle megolddsi médszere van, dltaldnos
médszert nem lebet adni, sok otletet viszont igen. Ebben az eléaddsban azt bi-
zonyitottam, hogy a bemutatott egyéb modszerek ugyanolyan értékesek lebetnek,
s6t a logikus gondolkodds és a problémamegoldé gondolkodds fejlesztése szem-
pontjabol még értékesebbek is, mint az egyenlettel torténé megoldds. Eppen ezért
nagyon nagy a jelentésiik az algebrai megoldastol idegenkeds diszkalkulids gye-
rekek esetében is.

Kiemelném kozilik a forditott okoskoddst, amely a problémamegoldds egyik
igen hasznos modszere. Krutetski a matematika elsajdtitdsa egyik legfontosabb
alapképességének tartja egy gondolatmenetrdl az ellentétes irdnyd gondolatme-
netre valo dtkapcsolast. /Krutetski, 1977./ De nem csak a matematika elsaj-
dtitdsdhoz, hanem a mindennapi életben valé problémamegolddshoz is nagy
segitséget adhat.

A diszkalkuliaterdpia lényege ma még a szdmfogalom, az alapmiiveletek rig-
zitése, folyamatos ismétlése, mert ezeknek a gyerekeknek a hosszabb tdvi me-
moridjdval is dltaldban gond van. De a gyerekek szdmdra nem csak ez lenne
fontos, hanem az is, hogy olyan ismeretekhez jussanak, ami hosszabb tdvon ha-
sznos, és ezek koziil az egyik a problémamegolddsi eljdrdsok megismerése lebet.
Mindekiézben azt a cél is elérbetjiik, hogy ne érje Sket pszichés sériilés, boldog
felnétté valjanak. Ebben pedig nem csak a pedagégiai szakszolgdlat szakemberei
segithetnek sokat, hanem az iskoldban dolgozé tanitok is.

! Straubingerné Kemler Anikd, f8iskolai adjunktus, Pécsi Tudomdnyegyetem Illyés Gyula Féi-
skolai Kar, Gazdasigtudoményi Intézet, H-7100 Szekszdrd, Rdkéczi u.1., e-mail: kemler@

igyfk.pte.hu
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Kulcsszavak: problémamegoldds, tanuldsi nehézségek, diszkalkulia, matemati-

kai szoveges feladatok

Kutatisi témdm a matematika és a hétkoznapi élet kdlesonhatdsdnak vi-
zsgalata a diszkalkulids gyerekek esetében, vagyis, hogy a mindennapi élet
nehézségei hogyan jelentkeznek a matematika 6rén, illetve, hogy mit tehetiink a
matematika 6rdn azzal a céllal, hogy &k konnyebben boldoguljanak a hétkézna-
pokban. Ebben az el3addsban szeretném rdiranyitani a figyelmet a matematika-
tanitds olyan médszereire, amelyek az osztalykozosségen beliil is alkalmasak a
képességzavaros gyermekek felzirkéztatdsara és fejlesztésére. Azt vallom, hogy
a matematikai korrekcié sordn is a gyerekek személyiségének megerdsitésén,
fejlesztésén van a hangsuly, hiszen ez jelentheti azt az alapot, amelyen egyéb
irdnyt képességeiket kibontakoztathatjak, és késébb boldog, sikeres életet
élhetnek. Ebbdl adéddan a diszkalkulia-terdpia szokdsos programja (szdmfo-
galom, az alapmiiveletek rdgzitése, folyamatos gyakorlisa) mellett a probléma-

megoldasi eljirdsok megismerését hangstlyozom.

Ez mégazon gyerekek szdmara is nagyon fontos, akiknek szdmoldsi nehézsé-
geik vannak, idegenkednek az absztrakt matematikai jelek hasznalatdtdl, hiszen

ez egy olyan dolog, amit kés3bbi életiik soran is alkalmazni tudnak.

A bemutatott stratégidk megismertetése a tanitdjeldltek képzése sordn is
nagyon fontos. Egyrészt a taniténak sokféle megoldasi eljirdst kell ismernie
ahhoz, hogy a kiilonb6z8 gondolkodismdéda gyerekek szimdra mintit tudjon
mutatni, ki tudjon alakitani a tanulékban olyan ismereteket, jirtassagokat,
amelyek birtokdban képesek lesznek szoveges feladatokat megoldani a tanult
modszerekkel. Masrészt a tanitdnak képesnek kell lennie arra, hogy megértse a

gyerekek egyéni gondolatmenetét.

Problémamegoldisi stratégidk alkalmazdsdra nagyon sok lehetdséget terem-
tenek a szoveges feladatok. Szoveges feladatok a matematika minden teriiletén
és az iskolai oktatis minden szintjén el8fordulnak. El6addsomban bemuta-
tom az alsé tagozatban el8fordulé szdveges feladatok megoldasi médszereit,
kiilonds tekintettel azokra a megoldasi eljirdsokra, amelyeket a gyengébb képe-

sségli vagy diszkalkulids gyerekek is alkalmazhatnak.
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De mi is az a diszkalkulia?

A learning disability” (tanuldsi képtelenség, nehézség, zavar, rendellenesség),
mint kategdria nem nagyon régdta vélt dltalinosan elfogadottd, bir a jelenség
leirdsdval mér az 1800-as évek végétdl taldlkozhatunk orvosi folydiratokban.
A kifejezést 1962-ben hasznilta el8szor egy konferencidn Samuel Kirk, ahol
agysériilésekkel és a percepcié terén problémdkkal kiizd8 gyerekekkel foglalko-
z6 szakemberek talidlkoztak. /S. Kirk, 1962./ Ezutan a kiilonb6z8 kutatisi és
gyakorlati teriiletek szakemberei egyesitették erdiket a jelenség megismerésére.
A tanuldsi nehézség egyik fajtdja a diszkalkulia. Hrivndk Ilona meghatirozasa
szerint:, A diszkalkulia (dyscalculia) a szimol4si képesség részbeni hidnydt, za-
vart jelenti, nem tévesztve dssze a szimoldsi képesség teljes hidnydval, a szdmo-
lasi képtelenséggel, az akalkulidval (acalculia). Diszkalkulids az a gyerek, aki a
matematika megtanuldsihoz célzottan szitkséges részképességei fejlédésében
kérosan alulmarad a tobbi tantdrgy megtanuldsat szolgdld részképességek fej-

18déséhez képest.” / Hrivnék Ilona, 2003./

Az eléfordulasi gyakorisigrdl igen kiilonboz8 adatok litnak napviligot.
A 11-12 éves korosztilyban gyakorisdga koriilbeliil 6-7 %, a fidk és a linyok
kozote ugyanolyan ardnyban talalunk diszkalkulidsokat. Tehdt Magyarorszi-
gon hozzévetdleg 60 000 szdmolasi zavarral kiiszkod$ 4ltaldnos és kozépisko-
las varja a segitséget./ Dr. Mérkus Attila, 1999./

A stlyos szdmolasi zavar iskolaskori tipikus tiinetei:

- Gyakran visszatérd, azonos jellegli szdmolasi hibdk (az alapmiiveleteknél a
tiz 4tlépése, a maradék megtartdsa, az irdnyok figyelembevétele kivondskor,
tobbjegyi szorzéval vald szorzdskor a részletszorzatok helyének megallapita-
sa, szimbdélumok, jelek hasznilata, soralkotasok, novekvd és csokkend sorok

irdsa és olvasisa)

- Fogalmi hidnyossdgok (szorzds, osztds, tortszdm értelmezése, tizedes tortek

irdsa, olvasdsa, sikidom és test kozotti kiilonbség, keriilet, teriilet)

- Alapvetd mennyiségfogalmi hidnyossigok (id8, hosszuisdg, trtartalom, tdmeg
mértékegységeinek tuddsa, atviltdsa terén).

e Ehhez kapcsolédik a kiilonboz8 iskolai matematikai, kémiai, fizikai képletek,

Osszefiiggések tartalmi hidnya. Kovetkezésképpen ezek alkalmazisa sem le-
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hetséges, hidba 4ll rendelkezésre a szimolégép. Diszkalkulids gyerekeknél az
analdgids és az absztrakt gondolkodas kialakuldsa is nehezitett.

Magyarorszigon a diszkalkulids gyerekek részt vesznek az iskolai tan6rékon,
de a szakemberek (fejlesztd pedagdgus, logopédus) kiilon is foglalkoznak veliik
fejlesztd foglalkozdsok keretében (Nevelési Tandcsaddkban, Tanuldsi Képessé-
get Vizsgald Bizottsdgokban). Szerencsére mar van kell8 szamd intézmény és
szakember, rendelkezésre allnak fejlesztd programok, eszkozok. A diszkalku-
liaterdpia célja a matematika megtanuldsihoz sziikséges biztos alapok megte-
remtése, a jirtassdgok és készségek kialakitisa, az elvonatkoztatds folyamatdnak
segitése az ismeretek onallé alkalmazisihoz, valamint a fejletlen vagy hibas
pszichikus funkci6k fejlesztése, illetve kompenzalasa./ Dékany Judit, 1995./ A
foglalkozas eredményességének feltétele azonban a szakemberek, a sziildk, az
iskolai nevel8k egytittmiikodése.

Ezért nagyon nagy a felel8ssége a tanitoknak. Az elfogadd és segitSkész
szemlélet biztonsigérzetet jelenthet a diszkalkulids tanulénak. Alapvets fonto-
ssagt, hogy meg kell szerettetni a gyerekekkel a matematikat! Mert ha a gyerek
ordmmel vesz részt a matematika 6rdn, akkor felhasznalhatjuk az abban rejl8
sok lehet8séget a fejlesztésre.

A szoveges feladatok szerepe

A szdveges feladatokkal valé munkdnak az alsé tagozatban alapvet8en két £8
teriileten van szerepe: a miiveletek értelmezése és a problémamegoldé gondol-
kodas fejlesztése, modellalkotas teriiletén. Azoknak, akiknek az absztrake jelek
felismerése gondot okoz, vagy nehezen megy az elvont gondolkodas, a mode-
llalkotds, sokat segithet az algebrai megoldds (nyitott mondat) helyett az egyéb
modszerekkel, okoskoddssal torténd eljirdsok megismerése.

Szoveges feladatok megolddséval segithetjitk a gyerekek szovegértd, 1énye-
gkiemeld képességének fejlesztését. Az dsszefiiggések feltirdsa, az ismert és
ismeretlen dolgok elkiilonitése a szovegbdl szamok nélkill megtehetd. A szove-
ges feladatok altal megvaldsul az észlelés-érzékelés, a figyelem, az emlékezet, a
gondolkodds és a beszéd, a nyelvi fejlettségi szint fejlesztése. A gyerekeket on-
fegyelemre, hosszabb idejii gondolkoddsra, kitartasra neveli. A szoveg értelme-
zése, és a probléma megolddsa sordn fejlédik a gyerekek logikus gondolkodasa.
Segiti a szdbeli és irdsbeli alapmiiveletek értelmezését, inverzitis felismertetését
aforditott szovegezésii feladatok altal. Segiti az analdgiak felismerését, valamint
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az absztrakcids gondolkodis fejlesztését. A megolddsi eljirds is megtaldlhaté
szdmok nélkiil. Ezt mondassuk is el mindig a gyerekekkel! Az viszont nem bi-
ztos, hogy egy diszkalkulids gyerek ezt nyitott mondattal meg tudja jeleniteni.

A szdveges feladatok megfeleld matematika 6rai feldolgozdsa messzeme-
nden hozzajirulhat az iskoldn kiviili diszkalkulia-terdpia sikeréhez.

Megolddsi stratégidk

A kisgyermek még sokszor taldlkozik olyan problémaval, amit matematikai
modell nélkiil is meg tud oldani. Ki kell hasznélnunk a lelkesedésé, teret kell
adni a problémamegoldds sokféleségének, de okos mértékkel, fokozatosan mégis
be kell vezetni 8ket a matematikai eszkozok haszndlatdba, mert 8sszetett pro-
bléma, vagy nagyobb szdmok korében sokszor csak a modell hasznalata segit.
A diszkalkulids gyerek esetén ez a folyamat sokkal lassibb. Arra is tigyelniink
kell, hogy viszonylag egyszerti jelrendszert hasznaljunk. A f8iskolas hallgaté-
knal egyébként ennek éppen az ellenkezdjét tapasztalhatjuk, 8k a problémak
megolddsihoz rogton matematikai modellt keresnek, még akkor is, ha egyéb
mddszerekkel az egyszeriibben megoldhats. A kovetkezdkben emlitett pro-
blémdk nyitott mondatokkal is megoldhatdk, most viszont az egyéb eljardsok
szerepét szeretném bemutatni.

1. A torténet eljitszdsa, megjelenitése

A problémamegoldishoz el8szor is meg kell érteni a problémit. Ennek
eszkoze lehet a torténet eljatszasa, vagy valamilyen tirgyakkal valé megjele-
nitése. Ha ezt a gyerek meg tudja tenni, akkor legtdbbszor mar nem csak me-
gértette a problémat, hanem kozben a kérdésre is megtaldlta a vélaszt. Péld4ul
a kovetkezd feladat esetében:

»Egy baromfiudvarban kacsék és nyulak vannak. Tudjuk, hogy 8 fejiik és 22

labuk van 6sszesen. Kérdés, hogy melyik 4llatbél mennyi van?”

Megjelenithetd a feladat rajzokkal, de a modellalkotds irdnydba haladva
példdul korongokkal (fejek) és pélcikdkkal (1abak) is. Kirakjuk el8szor a feje-
ket, majd mindegyik ald 2-2 ldbat, azutdn a maradék libakat is kiosztjuk. A 2
labuak lettek a kacsak, a 4 libtiak a nyulak. Diszkalkulids gyerekek esetében a
probléma akér szdmok nélkiil is feladhaté: ,Ennyi fejitk és ennyi labuk van”. A
megoldas ekkor is az el¢bbiek szerint eljitszhatd.
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A targyi tevékenység segithet fogalmak, gondolatmenetek, eljarasok ta-
nitdsiban. /Krapf, 1937/. Tudjuk persze, hogy ez életkori sajitossdg is, de a
diszkalkulids gyerekeknél ez még fontosabb, mert néluk az elvont gondolkodds

késSbb alakul ki.

2. Rajzokkal, reliciés jelekkel

A megértést segiti, ha a szoveges feladatrdl a gyerek rajzot készit. Ez kez-
detben valésighti, majd egyre elvontabb lehet, ez az absztrakciés folyamat
lényeges mozzanata. Gyakran alkalmazzuk a megforditast is: a gyereknek a
képrél kell leolvasnia,,Mit mond a kép?” Ezzel a gyerekek pirhuzamosan jérha-
tjak végig a megoldds konkrét tjt, és a matematikai modellbe val6 dtforditast,
amennyiben a képen lithaté dolgokat,szimtannyelven” (miiveletekkel, nyitott
mondatokkal) is megfogalmazzak.

3. Elvontabb 4brikkal, diagramokkal

A legegyszeriibb elvont dbra a szakaszos dbrizolis. Kiilondsen jol hasznil-
haté médszer, ha a gyerekek a szdm- és miiveletfogalom kialakitdsa sordn has-
znaltak eszkozként a szinesrud készletet (a szim megjelenitése mérdszam for-
maban). Példul a kévetkezd feladat esetében:

»Amikor apa 30 éves volt, akkor a gyereke 7 éves volt. Az apa most kétszer
annyi idds, mint a gyereke. Hiny éves most a gyerek?”

1

|— 30 S —
+

7

4. A szoveg atfogalmazasa

A megértésnek rendkiviil fontos eszkoze a sz6veg més formaban valé elmon-
disa. A torténet elmesélése, elemzése kezdetben hangosan, a tanité és a tanulé
kozti dialégussal torténjen! Ez mintit ad a gyereknek arra, hogy a késdbbi-
ekben hogyan gondolkodjon egyediil, akdr 6nmagaval ,parbeszédet” folytatva.
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Sok gyerek ilyen formaban, szoveggel, okoskodva megtalalja a megoldast, pedig
leirni azt nem tudja.

Problémak megoldasinal a legtobbszor kovetett gondolatmenet az egyenes
irdnyt gondolatmenet. Azonban gyakran olyan problémdk is eléfordulnak,
amikor pontosan egy forditott gondolatmenet egyszer(isiti a megoldast. Ezek
azok a tipusti problémdk, amikor ismerjiik a végallapotot, és keressiik a kiin-
duldhelyzetet. Ilyenkor az eredeti szdveget dt kell fogalmaznunk dgy, hogy a
végillapotbdl induljunk ki. A matematikdban sok teriileten eléfordul ez a faj-
ta feladattipus, a kisiskolds matematikiban éppuigy, mint a felsébb matemati-
kaban. Ilyen problémak megoldasara alkalmazhatjuk a forditott okoskodaist.

Ezt az elvet hasznalja példaul az alsé tagozatban a nyitott mondatok megol-

dasinak,lebontogatis” mdodszere.
g

A matematikdban alkalmazott gondolkodasi eljarasok sokszor az élet egész
mis teriiletérdl vett példakkal, jitékokkal, eljirasokkal a gyerek szdmadra jol ér-
thetdvé tehetdk. Példdul: Adjunk a gyerek kezébe egy altalunk, papirbdl haj-
togatott format, és kérjitkk meg, hogy & is hajtogasson ilyet. Ki fogja bontani,
mig el nem jut a kiindulé helyzetbe, aztin 6sszehajtogatja, elismételve forditott
sorrendben a hajtisokat. Igy Snmaga fedezte fel a stratégiat: a forditotr oko-
skoddst! Vagy: Vetitsiink le egy rdvid filmjelenetet, majd vetitsiik le forditva!
Ez igy humoros, de ennél sokkal fontosabb, hogy lthatéva vélik, amint a ki-
induldhelyzetbdl cselekvések sorozatin keresztill eljutunk a végillapotba, és
forditva is, a végallapotbél a cselekvéssorozat megforditdsaval eljutunk a kiin-
duldhelyzetbe. A gyerekek maguk is eldadhatnak ilyen cselekvéssort eldre, és
megforditva. Ezutdn kovessiik szoveggel: mit tesznek egyik és mésik irdnyban.

A kovetkez8 megoldisi lehet8ségek mindegyike a forditott gondolatmene-

tet haszndlja, kiilonbdz8 megjelenési forméban

Példaul: ,Gondoltam egy szdmot, hozzdadtam 5-6t, aztin elosztottam 2-
vel, majd kivontam beléle 17-et, igy 10-et kaptam eredményiil. Melyik szimra

gondoltam?”

a) Nem irunk fel nyitott mondatot, csak szévegesen forditjuk meg a gondo-
latmenetet. Igy a diszkalkulids gyerekek is megoldhatjak a problémét (minden-
féle absztrake jel nélkiil).
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b) Kartydkkal (rajtuk a matematikai miivelet a hozz4 tartozé szdmmal)
szemléltetjitk miiveletsort, majd alatta forditott sorrendben kirakjuk, milyen
miiveleteket kell elvégezni.

—>+5>:2—>-17> =10
— 52 +17«=10
Végezziik el a kijelslt miiveletsort!... Tehat a 49-re gondolt.

c) Az el8bbi miiveletsor alapjin mar nyitott mondatot is felirhatunk a fe-
ladatra. Ez mér jéval bonyolultabb, mint a kdrtyds kirakds, itt a zardjelek has-
znalatira is tekintettel kell lenni.

5. Probalgatis

Ennek a mddszernek is nagy jelentdsége van. Egyrészt sikerélményt adhat
a gyereknek, masrészt a prébalgatisok sordn & maga fedez fel kapcsolatokat,
osszefiiggéseket a mennyiségek kozott.

»A vizaban 2 virdg volt. Tettem még hozz4 valamennyit, igy sszesen 5 virdg
lett benne. Hény virdgot tettem hozzd?”

A torténet leirhaté a kdvetkezd nyitott mondattal: 2 + =5

A megoldas azonban a hidnyos miivelet inverzével még nem miiksdik kez-
detben. Helyette a gyerekek probélgatdssal taldljik ki a megoldast. Kiprébéljik,
hogy a 2-h6z kiilonb6z6 értékeket hozzdadva mennyit kapnak, és kivélasztjik
azt, amelyiknek az eredménye 5.

Vagy példdul:,Peti és Dani almat szedtek, sszesen 80 darabot. Peti 10-zel
tobbet szedett, mint Dani. Mennyit szedtek kiilon-kiilon?”

A gyerekek felbontjik a 80-t, és kivalasztjak, hogy melyik az a felbontis,
ahol 10 a kiildnbség a két szdm kozote.

6. Tablazatokkal

A prébalkozisok eredményeit célszer(i tiblizatban rdgziteni A tobbség
szdmdra a vizudlis megjelenités segit a kapcsolatok felismerésében. A tdbla-
zatos elrendezéssel a gyerek megtanulja pirositani az egymassal kapcsolatban
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4ll6 mennyiségeket. Akkor is jol hasznalhaté a tédblézat, ha példaul olyanok az
adtok, hogy nem lehet egyértelmi vélaszt adni a kérdésre, példdul:,, A baromfi-
udvarban levd kacsaknak és nyulaknak sszesen 20 ldbuk volt. Melyik allatbdl
mennyi volt?”, Vagy az Ssszetettebb szoveges feladatokban (mint a 3. pontban
emlitett), az egyik informdci6t felhaszndlva készithetiink tabldzatot, amelybdl
kikeressitk a mdsik dsszefiiggést is teljesitd adatpart. Az adott esetben példdul
tabldzatot készithetiink az apa és a gyerek Osszetartozd életkorairdl, és kere-
ssiik, hogy mikor lesz az apa életkora a gyerek életkordnak kétszerese.

7. Egyenld valtoztatisok modszere

Ez a problémamegoldisi eljirds az 1. pontban emlitett tirgyakkal valé ki-
rakds sordn is felfedeztethetd. Tekintsiik az ott ismertetett feladatot! Nézziik
meg, mi véltozik, ha egy nyulat kicseréliink egy kacsara, vagy forditva! A fe-
jek szdma nem véltozik, a labak szdma viszont mindig 2-vel csokken, illetve
nd. A gondolatmenet egyszertien fejben is végigkovethets, viszont a gyerekek
kozti kiildnbség éppen abban mutatkozik meg, hogy képes-e ezt pusztan fej-
ben végiggondolni, vagy sziikség van modellezésre. A médszer a fiiggvényszer(
gondolkodist fejleszti, amennyiben megfigyeljiik, hogy egy véltoztatds milyen
valtoztatdst von maga utdn. Kiinduld helyzetként érdemes feltételezni, hogy
mind egyformak, és ezutin végrehajtani a cserét.
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ANEGYZET ES A TEGLALAP FOGALMA
10-11 EVES KORBAN

Szildgyiné Szinger Ibolya’

Osszefoglalé. Egy fejleszté oktatdsi kisérletben vettem részt, amelyhez kapcso-
16d6 tanérdk anyagdt és feldolgozdsi médjdt én terveztem. A tanérikon harma-
dik megfigyeloként vettem részt. A tanitdsra az Eotvos Jozsef Féiskola Gyakorlo
Altaldnos Iskola 4. osztdlydban egy matematika szakos tanité-tandr szakvezetdt
kértem fel. A fejleszts tanitds sordn tobb geometriai fogalom alakuldsdt vizsgal-
tam, de ebben a dolgozatban a négyzet és a téglalap fogalmdnak alakuldsdval
foglalkozom részletesen.

Kutatdsi kérdésem az, hogy hogyan viszonyul az alsé tagozatos geometria okta-
tasunk, ezen beliil a négyzet és a téglalap fogalmdnak tanitisa a Van Hiele-féle
geometriai szintekbez, tovdbbd hogy ezen szinteken eldfordulé konkrét tdrgyi
tevékenységek mennyire hatékonyan jarulnak hozzd a négyzet és a téglalap foga-
lomalakuldséhoz.

Hipotézisem, hogy az alsé tagozatos (1-4.0sztdly) geometriaoktatdsban a geome-
triai gondolkodds Van Hiele-féle szintjeinek elsé két fazisa redlis. A harmadik
szintre nem lebet dtlépni az alsé tagozat végére. Kialakulnak ugyan fogalomo-
sztdlyok (téglalap, négyzet), de nincs nagyon kapcsolat koztik. A tartalmazdsi
reldciot még nem érzékelik a gyerekek.

P-H. Van Hiele a geometriai ismeretszerzés folyamatdt 5 szintre tagolta. Az
alakzatok globdlis megismerésének szintjén (1.szint) a gyerek a tdargyak formdjdt
egészében fogja fel. Megtanulja az alakzatok nevét, nem fogja fel azonban az
alakzatok és részeinek kapcsolatdt. Nem ismeri fel a kockdban a téglatestet, a
négyzetben a téglalapot, mert szdmdra ezek egészen kiilonbozé dolgok. Az ala-
kzatok elemzésének szintjén (2. szint) a gyermek az alakzatot részeire bontja,
majd dsszerakja. Fontos szerepet kap ezen a szinten a megfigyelés, a rajzolds, a
modellezés. A tanulé megdllapitja, felsorolja az alakzatok tulajdonsdgait (lapok,

! Dr. Szildgyiné Szinger Ibolya fiskolai adjunktus, Edtvds Jézsef Fdiskola, Matematika és
Szémit4stechnika Tanszék, H-6500 Baja, Szegedi tt 2., e-mail: szilagyine.szinger.ibolya@ejf.hu
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oldalak pdrbuzamossdga, merdlegessége, szimmetriatulajdonsigok, van derék-
szoge stb.), de nem definidl és a tulajdonsdgok kozotti logikai kapcesolatokat még
nem ismeri fel.

A dolgozatban bemutatom a fejlesztd tanitdsi kisérletet valamint annak tapa-
sztalatait, amelyet mérési eredményekkel is aldtdmasztok.

Kulcsszavak: matematikai oktatds, négyzet, téglalap

2006 méjus-juniusiban egy fejlesztd oktatdsi kisérletben vettem részt, ame-
lyhez kapcsolédé tanérdk anyagit és feldolgozasi médjat magam terveztem.
A tanérakon megfigyel8ként vettem részt. A tanitdsra az Edtvos Jozsef Féi-
skola Gyakorlé Altaldnos Iskoljinak 4.c osztilyiban egy matematika szakos
tanité-tandr szakvezetdt kértem fel. A fejlesztd tanitds sordn tobb geometriai
fogalom alakuldsit vizsgéltam, de ebben a dolgozatban a négyzet és a téglalap
fogalmanak alakuldsaval foglalkozom részletesen.

Kutatisi kérdésem az, hogy miként viszonyul az alsé tagozatos geometria-
oktatdsunk, ezen beliil a négyzet és a téglalap fogalmdanak tanitdsa a Van Hiele-
féle geometriai szintekhez, tovabbd, hogy ezen szinteken el8fordulé konkrét
targyi tevékenységek mennyire hatékonyan jirulnak hozza a négyzet és a tégla-
lap fogalomalakuldsihoz.

Hipotézisem az, hogy az alsé tagozatos (1-4. osztily) geometriaoktatisban
a geometriai gondolkodds Van Hiele-féle szintjeinek elsd két fazisa valdsithat6
meg. A harmadik szintre nem lehet 4tlépni az alsé tagozat végére. Kialakul-
nak ugyan fogalomosztalyok (téglalap, négyzet), de nincs kiilondsebb kapcsolat
koztik. A tartalmazasi reldciét még nem érzékelik a gyerekek.

A kisgyermek irdnyitott geometriai ismeretszerzési folyamata mir az
6vodaban elkezdddik. A kérnyezet tirgyainak formdjit vizsgalva indul a ge-
ometriai objektumok (a mértani test, a stkidomok stb.) fogalménak kialakita-
sa. Ezen objektumok halmazara jellemzd tulajdonsigok megéllapitisa mir az
ismeretszerzés magasabb fokdt jelenti.

P-H. Van Hiele a geometriai ismeretszerzés folyamatdt 5 szintre tagolta.

Az alakzatok globdlis megismerésének szintjén (1.szint) a gyerek a geometri-
ai alakzatokat mint egységes egészet fogja fel. Kénnyen felismeri a kiilonb6z8
alakzatokat a formdjuk alapjin, megtanulja az alakzatok nevét, nem fogja fel
azonban az alakzatnak és részeinek kapcsolatit. Nem ismeri fel a kockdban a
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téglatestet, a négyzetben a téglalapot, mert szdmdara ezek egészen kiilonbozd

dolgok.

Az alakzatok elemzésének szintjén (2. szint) a gyermek az alakzatokat része-
ire bontja, majd 3sszerakja. Felismeri a mértani testek lapjait, éleit, csticsait. A
mértani testek lapjaiként a sikidomokat, amelyeket gorbék, szakaszok, pontok
hatérolnak. Fontos szerepet kap ezen a szinten a megfigyelés, a mérés, a raj-
zolds, a modellezés. A tanulé megallapitja, felsorolja az alakzat tulajdonsigait
(lapok, illetve oldalak pirhuzamossiga, merdlegessége, szimmetriatulajdonsa-
gok, van derékszdge stb.), de nem definial és a tulajdonsigok kozotti logikai
kapcsolatokat még nem ismeri fel. Attdl, hogy a négyzet és a téglalap kozos tu-
lajdonsdgait észreveszi, még nem vérhatjuk el, hogy levonja azt a kovetkeztetést,

hogy a négyzet téglalap.

A lokdlis logikai rendezés szintjén (3. szint) a tanulé mdr Ssszefiiggéseket
dllapit meg az alakzatok és tulajdonsdgaik kozott. Megjelenik a kovetkeztetés
lehet8sége az alakzatok egyik tulajdonsigirdl a masikra. Megérti a meghataro-
zas, a definicié szerepét. A logikai kovetkeztetések menetét azonban a tankdnyv
(illetve a tandr) hatdrozza meg. Megkezdddik a bizonyitasi igény kialakitasa, de
ez csak az alakzatokra terjed ki. Ezen a szinten a négyzet mir téglalap.

A negyedik (torekvés a teljes logikai felépitésre) és 5tddik (axiomatikus felépités)
szinteknek megfelel§ oktatds a kozépiskola és a felsGoktatas feladata.

A Van Hiele-féle modell mindegyik tanuldsi szakasza az el8z8 4ltal kiala-
kitott gondolkodist épiti és bdviti tovibb. Egyik szintrdl a masikra val6 dtlépés
folyamatosan és fokozatosan megy végbe, mikdzben elsajititjak az egyes szinte-
knek megfeleld matematikai fogalmakat. Ezt a folyamatot sajitosan befolyaso-
lja a tanitds, annak tartalma és mddszere. A megfeleld geometriai gondolkodds
kialakitdsidhoz egyik szintet sem ugorhatjuk it. Minden szintnek megvan a
maga sajitos nyelve, jelolésrendszere, logikai felépitése. Fontos oktatdsi vonat-
kozdsa Van Hiele elméletének az, miszerint az alacsonyabb szintii szakaszban
1év8 tanuldktdl nem varhatd el, hogy a magasabb szintnek megfelelden megfo-
galmazott instrukcidkat megértsék. Van Hiele szerint ez a legfébb oka a mate-
matikaoktatis kudarcainak.

A matematikai fogalmak tanitdsaval kapcsolatban R. Skemp matematikus-
pszicholégus a kdvetkezd megallapitisokat teszi:
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wDefinici6 segitségével senkinek nem kozvetithetiink az altala ismerteknél
magasabb rend{i fogalmakat, hanem csakis oly médon, hogy megfeleld példik
sokasdgat nyujtjuk. Minthogy a matematikdban az el8bb emlitett példak maj-
dnem mind kiilonboz8 fogalmak, ezért mindenekeldtt meg kell gy8z8dniink
arrdl, hogy a tanulé mér rendelkezik ezekkel a fogalmakkal. ... A megfeleld
példak kivalasztdsa sokkal nehezebb, mintsem gondolndnk. A példiknak ren-
delkezniiik kell azokkal a kézos tulajdonsdgokkal, amelyek a fogalmat alkotjik,
de nem szabad rendelkezniiik semmiféle mas kozos tulajdonsiggal.” (1975.)

Egy fogalom kialakitisa sordn a fogalmakat be kell illeszteni a meglévd
fogalmak rendszerébe (asszimildci6), de eléfordul, hogy az 14j fogalom beille-
sztéséhez szitkséges a mar meglévd rendszer, séma médositisa (akkomodicid).
Az asszimil4cié és akkomodici6 egyenstilya nélkiilozhetetlen a megfeleld foga-
lomalakulashoz. Ha ez az egyensuly felbomlik, azaz az asszimildciét nem kove-
ti megfeleld akkomodacié, akkor a tanulé sajit, egyéni magyardzéelvei fokoza-
tosan beépiilnek a matematikai fogalmaiba, ami fogalmi zavarhoz vezethet. Itt
valik fontossa a pedagdgus szerepe, akinek a feladata ennek az egyenstilynak a
fenntartdsa.

A dolgozat elején emlitett fejlesztd oktatdsi kisérlet 16 tanitdsi 6rat fo-
glalt magiba, amelynek célja a Van Hiele-modell szerinti geometriaoktatds
megvaldsitisa. Az elsd érdn a 26 negyedik osztélyos tanuléval egy pretesztet
irattam, amelynek segitségével megallapitottam, hogy az els§ szintrdl (az ala-
kzatok globdlis megismerése) a masodikra (az alakzatok elemzése) torténd
4tlépés és a geometriai gondolkodds tovabbfejlesztése ezen a szinten lehetséges.
A preteszt dsszedllitdsdnal az el6z8 tanév (3. osztily) tananyagit és az osztilyt
tanité szakvezetd tapasztalatait vettem figyelembe. A fejlesztd tanitds elsd 6rdja
egyben a negyedik osztalyos témakor elsd érdja is volt.

A preteszt elsd két feladata hivatott bemutatni a négyzetrdl és a téglalaprol
alkotott helyzetképet. Az elsS feladat a négyszog, téglalap, négyzet fogalmak re-
alizéldséval (alkotdsdval), a mdsodik a fogalmak azonositisival (felismerésével)
kapcsolatos. Az elsd feladatban egy-egy négyszog (a), téglalap (b), illetve négyzet
(c) rajzolasat kértem, a masodikban pedig 16 sikidom koziil kellett kivilasztani
a megfelel8ket, amelyeket csak egyenes vonal hatdrol (a), amelyek négyszogek

(b), amelyek téglalapok (c) és végiil, amelyek négyzetek (d).

Az 1. feladat megolddsinak eredményességét (26 tanuldét) a kovetkezd
tibldzatban foglalom Gssze:
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a) Négyszogként altalinos négyszoget rajzolt. (f8) 9
Négyszogként négyzetet rajzolt. (f3) 11
Négyszogként téglalapot rajzolt. (f8) 5
Nem tudott négyszoget rajzolni. (f8) 1
b) J6l rajzolt téglalapot. (£8) 26
c) Jol rajzolt négyzetet. (f8) 25

A feladat megoldasa eredményesnek mondhatd, hiszen 1 gyerek nem tudott
négyszoget, illetve ugyancsak 1 nem tudott négyzetet rajzolni. Viszonylag magas
azoknak a tanul6knak az ardnya (42%), akik négyzetet rajzoltak négyszdgként is.

A 2. feladat megoldasinak értékelése:

a) Hibétlanul sorolta fel azokat a sikidomokat, amelyeket csak egyenes
vonal hatirol. (f8)

24

b) Hibatlanul sorolta fel a négyszdgeket. (f8) 21

c) A téglalapokat helyesen hatdrozta meg, tehit a négyzeteket is ide sorolta. (f8) | 1

Nem sorolta a téglalapokhoz a négyzeteket, de mis hibdja nem volt. (f3) 5

Nem sorolta a téglalapokhoz a négyzeteket, az altalinos paralelogrammit

viszont igen. (f6) 18
d) Hibatlanul sorolta fel a négyzeteket. (f3) 14
A csticsara allitott négyzetet kihagyta a felsoroldsbdl. (f6) 7

A mért adatokbdl kideriilt, hogy a téglalap és a négyzet esetén a fogalo-
mazonositds tovibbi fejlesztést igényel. A tanuldk kozel 20%-a nem sorolta a
négyzeteket a téglalapokhoz, de mis hibaja nem volt. Tovibbi kozel 70%-uk
szintén nem sorolta a négyzeteket a téglalapokhoz, az altalinos paralelogram-
mit viszont igen. A gyerekek majdnem 90%-a a négyzetet nem tartotta téglala-
pnak. Ez a Hiele-féle elsd két szintnek teljesen megfelel. Erdekes viszont, hogy
a csticsira allitott négyzetben nem ismerte fel a négyzetet a gyerekek 27%-a.
Az eldfordulé hibak azt jelezték, hogy a tovabbiakban a helyes fogalomalaku-
las érdekében nagy hangstlyt kell fektetnem a megfeleld példik, ellenpéldik
bemutatdsira, megbeszélésére. Megfeleln egyrészt a példik, ellenpéldik kells
mennyiségét, mdsrészt a viltozatossdgukat értem (pl.: téglalappal, négyzettel
kiilonbozd helyzetekben is taldlkozzanak). Tovabbd, hogy éltaluk a fogalom-
hoz tartozé lényeges jegyek felismerhetdk, a lényegtelenek pedig kisziirhetdk
legyenek a gyerekek szdmara.
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Az 6rék tervezése sordn azt tartottam szem el8te, hogy a gyerekek el8bb kon-
krét tapasztalatok alapjin, valdsdgos jatékok keretében, tirgyi tevékenykedés
kozben, majd vizudlis sikon (rajzolas), végiil szimbolikus sikon (beszélt illetve
irott nyelv) fedezzék fel az elsajétitandé geometriai fogalmakat.

Feladatok konkrét tirgyi tevékenységre:

Pl: 1. Hogyan lehet a legegyszertibben téglalapbdl négyzetet kivigni?

2. Téglalapot, illetve négyzetet egyik dtldja mentén szétvigjuk 2 hiromszogre,
majd ezekbdl Gjabb sikidomok alkotasa.

3. Papircsikbél egy-egy egyenes vigdssal kiilonb6zd sikidomok eldallitdsa és
megnevezése.

4, Papircsikbél kiilonb6zd hosszisagy, de adott magassdgu téglalapok létreho-
zdsa. Stb.

Ez utdbbi feladat végrehajtdsa kozben egy Bence nevii fid kétségbeesetten mon-
dta, hogy:

»Az egyiknél mindegyik oldal ugyanakkora lett. Megmértem, 4 cm mindegyik
oldal, ez egy négyzet. Ez igy nem lesz j6.”

A tanit6nd a kovetkezdképpen reagalt:

,Hat ez igy sikeriilt. Ilyen kiilonleges téglalapot kaptal. A négyzet litod egy
kiilonleges téglalap. J6 a megolddsod.”

Bence nagy séhajtissal megkdnnyebbiilt. A taniténd Bencének ezt a téglalapjit
az osztalynak is megmutatta. Ekkor kideriilt, hogy nem & volt az egyetlen, aki-
nek igy sikeriilt levigni egy téglalapot. Az eldbbieket az osztdlynak is elismétel-
te a taniténd. Oriiltiink, hogy lehetdségiink nyilt ezaltal raviligitani a négyzet
és a téglalap ,rokonsagira’.

Néhiny feladat vizudlis sikon:

Pl.: 1. Pontricson négyzetek, téglalapok alkotasa.
2. Pontracson kiilonb6z8 négyszogek alkotdsa.
3. Pontricson kiilonb6z8 hdromszogek alkotasa.

4, Adott tulajdonsdgt négyszogek rajzoldsa. Stb.

A kiilonb6z8 geometriai alakzatok tulajdonsigainak megbeszélése mir
szimbolikus sikon zajlott: sokszdg, négyszdg, téglalap, négyzet esetén az ol-
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dalak, csticsok szdmdnak megéllapitdsa; oldalak hossztisigdnak, pirhuzamo-
ssdginak, merSlegességének vizsgilata; szimmetriatengelyek szimanak, a szom-
szédos oldalak 4ltal bezart szogek nagysigdnak meghatdrozisa. A négyzet és a
téglalap tulajdonsdgainak 8sszehasonlitdsa is megtortént. A taniténdnek arra a
kérdésére, hogy a téglalap minden tulajdonsiga igaz-e a négyzetre, tdbbségében
nemleges volt a vdlasz. Két tanulé gondolta tigy, hogy ez igaz. A taniténd ugyan
igyekezett a gyerekeknek ezt megmagyardzni, de tdbben kozélték a szakve-
zetdvel, hogy nincs igaza, mert,a téglalapnak két kiilonb6z8 hosszisagu oldala
is van, a négyzetnek pedig nincs’. Természetesen a geometriai tulajdonsigok
vizsgilata mindig az adott alakzat képi megjelenitésével egyiitt tortént.

A fejlesztd tanitdsi kisérletet egy felmérd feladatlappal zartam. A feladatla-
pot a 4.c osztilyban 25 {8 irta meg. Kérésemre a 4.a osztilyban 23 tanulé és
a 4.b osztélyban is 24 tanul6 kitoltotte a feladatlapot. Ebben a két osztalyban
misik szakvezetd oktatta a matematikit.

A feladatlapnak csak a négyzet és a téglalap fogalomalakuldsaval kapcsola-
tos feladatait ismertetem.

A négyszdg, téglalap, négyzet fogalmak azonositisival kapcsolatos felada-
tban 15 sikidom koziil kellett kivalasztani a négyszogeket (a), a téglalapokat
(b), illetve a négyzeteket (c).

A feladat megolddsdnak eredményességét a kovetkezd tablazatban foglalom
Ossze:
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4.c |4a |4b
a) A négyszogeket hibétlanul sorolta fel. (f6) 25116 | 20
b) A téglalapokat helyesen hatirozta meg, tehit a négyzeteket is ide 212 s
sorolta. (f8)
A négyzeteket nem sorolta a téglalapokhoz, de mds hib4ja nem
. 13|11 3
volt. (f8)
Nem sorolta a t,églala.pokho.z a négzzeteket, az altalanos 10110 19
paralelogrammakat viszont igen. (f8)
c) A négyzeteket hibitlanul sorolta fel. (f5) 2009 |14
A csticsara allitott négyzet(ek)et kihagyta a felsorolasbél. (£8) 5110| 9

A négyszogek felismerése a kisérleti osztilyban hibédtlan volt. A tanuldk
52%-a nem sorolta a négyzeteket a téglalapokhoz, de més hibdja nem volt. A
preteszt 20%-4hoz képest jelentds ez a javulds. A tanulék 40%-a nem sorolta
a négyzetet a téglalapokhoz, az 4ltalinos paralelogrammdkat viszont igen. A
korabbi 70%-hoz képest ugyan jelentds ez a javulds, de magasnak tartom ezt az
ardnyt is. A gyerekek 90%-a viltozatlanul nem tartja téglalapnak a négyzetet.
Szinte ugyanez az ardny a kontroll csoportokban is. Ezek az adatok igazoljék a
hipotézisemet, miszerint a geometriai gondolkodds Van Hiele-féle 3. szintjére
nem lehet atlépni az alsé tagozat végére, csak az elsd két szint megvaldsitisa
redlis.

A négyzetek felismerésében is pozitiv irAnyban tortént a valtozds. A gyere-
kek 80%-a (a kordbbi 58%-kal szemben) helyesen sorolta fel a négyzeteket.

A felméré feladatlapnak a négyzet és a téglalap tulajdonsigaira vonatkozé
feladataban a megadott dllitdsok koziil a gyerekeknek azokat kellett alihdzni-
uk, amelyek igazak a négyzetre, illetve a feladat masodik részében a téglalapra.
A feladat megoldasanak értékelésénél csak a hibétlan teljesitményeket emelem
ki. A kisérleti csoportban a négyzet tulajdonsagaira vonatkozé valamennyi igaz
allitast helyesen allapitotta meg a tanulék 52%-a, mig a kontroll csoportokban
35%-a, illetve 42%-a. A hibak forrisit egyrészt a szemkozti, illetve szomszédos
szavak nem megfeleld értelmezésében kell keresniink, mésrészt abban, hogy a
parhuzamossig és a merdlegesség fogalma még nem elég stabil.

A felmérd feladatlap utolsé feladata is a hipotézisemet tidmasztotta ald.
Ebben a feladatban a kovetkezd éllitdsok logikai értékét kellett eldnteni:
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A téglalap egy kiilonleges négyzet.
A négyzet egy kitlonleges téglalap.
A négyzet oldalai nem egyenlék.
Minden négyzet téglalap is.

A feladat megolddsinak értékelése a kovetkezd:

4c|4al4b
Mindegyik allitas logikai értékét hibatlanul hatirozta meg. (£8) 6 4|5
»A téglalap egy kiilonleges négyzet.” allitas hamis logikai 16112 | 14
értékét helyesen allapitotta meg. (f8)
»A négyzet egy kiildnleges téglalap.” allitas igaz logikai 1l |11
értékét jol hatdrozta meg. (f8)
» A négyzet oldalai nem egyenl8k.” 4llitds hamis logikai
éreékét helyesen jeldlee. (£8) 241923
»Minden négyzet téglalap is.” illitds igaz logikai értékét 11l 11
helyesen allapitotta meg. (f3)
+A négyzet egy kiildnleges téglalap.” és a,Minden négyzet 10110111
téglalap is.” allitdsokat kiildnboz8 logikai értékkel jelslee. (f8)
+A négyzet egy kiildnleges téglalap.” és a,Minden négyzet 215 |6
téglalap is.” allitasok logikai értékét igaznak vette. (f8)
+A négyzet egy kiilonleges téglalap.” és a,Minden négyzet slsls
téglalap is”” allitdsok logikai értékét hamisnak tartotta. (f8)

Ebben a feladatban a hibatlan megolddsok szdma mindegyik tanulé csoport
esetén alacsony. Ezen persze nem lehet csodélkozni, hiszen a négy allits koziil
harom a négyzet és a téglalap kozotti hierarchidra vonatkozott. Abban sem le-
hetiink biztosak, hogy azok a gyerekek, akik a mdsodik és a negyedik 4llitast
is igaznak tartottdk, valéban tisztdban vannak a négyzet és a téglalap kozott
fenndllé részhalmaz viszonnyal. Akik kiilonbdzd logikai értékiinek tartottak
ezeket az allitdsokat (a kisérleti csoportban a tanulék 40%-a, a kontroll cso-
portokban 43%-a, illetve 46%-a), egymasnak ellentmondé dontéseket hoztak,
ami a négyzet és téglalap fogalomosztilyok kozotti kapesolat bizonytalan me-
gitélésére utal. Azok pedig, akik mindkettdt hamisnak vélték (a tanuldk 32%-a,
34%-a, 35%-a), valdban nem litnak semmilyen hierarchiat.
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Ugy gondolom, hogy az dltalam irdnyitott fejlesztd tanitds hatékonyan jérule
hozza a téglalap és a négyzet fogalmdnak elmélyiiléséhez. A preteszt és a zird
feladatlap eredményeinek sszehasonlitdsa is ezt igazolta. A hatékonysigot td-
masztja ald az a tény is, hogy a misik két pirhuzamos osztilyban tapasztalt
eredményekhez képest dltaldban jobb, esetenként 1ényegesen jobb eredmények
sziilettek a kisérleti csoportban.

Befejezésként Pélya Gyorgy gondolatat idézem:,Nem szabad semmi olyat
elmulasztani, aminek esélye van arra, hogy a didkokhoz kozelebb hozza a ma-

tematikdt. A matematika nagyon absztrakt tudominy — éppen ezért nagyon
konkrétan kell el8adni.” (1977.)

Trodalom

1. Ambrus Andris: Bevezetés a matematikadidaktikaba, ELTE Eo6tvos Kiadd,
Budapest, 1995.

2. Majoros Mdria: Oktassunk vagy buktassunk?, Calibra Kiadd, Budapest,
1992.

3. Peller Jézsef: A matematikai ismeretszerzési folyamatrél, ELTE Eétvos Ki-
adé, Budapest, 2003.

4. Peller Jozsef: A matematikai ismeretszerzés gyokerei, ELTE Eotvos Kiadd,
Budapest, 2003.

5. M. Piskalo: Geometria az 1-4. osztélyban, Tankonyvkiadd, Budapest, 1977.
6. Pélya Gyorgy: A gondolkodis iskoldja, Gondolat kiadé, 1977.

7.Richard R. Skemp: A matematikatanuls pszicholdgidja, Gondolat Kiadé,
Bp., 1975.

Lektor: Dr. Csatlésné dr. Filop Sara tanszékvezets féiskolai docens



354 Proceeding of the International Scientific Colloquium

PRIMJENA RACUNALA U NASTAVI MATEMATIKE

Sanja Varosanec'

SaZetak. Prirodna je situacija da suvremena nastava matematike prati razvoj
tebnologi-je, te nastoji u obrazovni proces uvesti nova nastavna sredstva kako bi
se ulenicima priblizila matematika, motiviralo ib se na rad, poboljsalo razumi-
jevanje, otkrivanje i usvajanje matematickib pojmova, pojava i zakonitosti. Kao
$to su tijekom proslib go-dina u nastavni proces kao pomagala usli grafoskopi,
dijaskopi, episkopi, magnetofo-ni i dr., tako smo danas svjedoci sve ceséeg pouca-
vanja i ucenja uz pomoc racunala, pripadnib vanjskib jedinica i programske po-
drike. Kao i kod svakog drugog nastav-nog sredstva tako i uporaba racunala ima
svoje prednosti, ali i nedostatke. Pri dono-Senju odluke kada, gdje, kako i zasto
koristiti novu tehnologiju, nastavnik se rukovodi ovim osnovnim nacelima:

< odluka o tome kada i kako uporabiti ili ne uporabiti racunalo ovisi o tome una-
preduje li ta uporaba postojecu nastavnu praksu,

« odluka mora biti direktno uvjetovana procjenom omoguéava li uporaba racu-
nala efikasnije ostvarivanje ciljeva pojedine nastavne jedinice,

« uporaba racunala mora omoguciti i ucitelju i ucenicima da postignu nesto sto
ne bi mogli posti¢i bez uporabe racunala, odnosno uciteljima mora omoguciti
poulavanie, a uCenicima ucenje efikasnije nego bez ove tehnologije.

Buduéi da se u nastavi matematike u visim razredima osnovne skole u velikoj
mijeri obraduju geometrijski sadrzaji osvrnut éu se na uporabu programa dina-
micke geome-trije. Radi se o alatu koji ucitelju i ucenicima otvara novi pogled
na tradicionalne geometrijske sadrzaje, te pomocu kojeg metoda istrazivanja i
eksperimenta dobiva novo, znacajnije mjesto u nastavi matematike.

Kljuéne rijeci: nastavno sredstvo, racunalo, program dinamicke geometrije.

! prof. dr. sc. Sanja Varo$anec, Prirodoslovno-matematicki fakultet-Matematicki odjel, Sveu-

¢iliste u Zagrebu, Bijenicka cesta 30, HR - 10000 Zagreb, e-mail: varosans@math.hr



MATHEMATICS AND CHILDREN 355

Prirodna je situacija da suvremena nastava matematike prati razvoj tehno-
logije, te nastoji u obrazovni proces uvesti nova nastavna sredstva kako bi se
ucenicima pribliZila matematika, motiviralo ih se na rad, poboljsalo razumije-
vanje, otkrivanje i usvajanje matematickih pojmova, pojava i zakonitosti. Kao
§to su tijekom proslih godina u nastavni proces kao pomagala usli grafoskopi,
dijaskopi, episkopi, magnetofoni i dr., tako smo danas svjedoci sve ceséeg pou-
¢avanja i uenja uz pomo¢ ra¢unala, pripadnih vanjskih jedinica i programske
podrske. Skole u Hrvatskoj se ubrzano opremaju osobnim ra¢unalima, laptopi-
ma, raznim vanjskim jedinicama kao §to su printeri, projektori, skeneri. Uéenici
posjeduju dZepne kalkulatore, a sve je ¢e$¢a uporaba grafickih kalkulatora. Sve
je to podrzano razli¢itim vrstama programa, od koji mnogi imaju edukacijsku
komponentu. Pri odabiru pojedine programske podrske, nastavnik mora raz-
motriti nekoliko pitanja:

+ moze li konkretni software pomodi podu¢avanju matematike, poveéanju ra-
zine znanja, razvoju odredenih vjestina i pobolj$anju razumijevanja matema-
tickih ideja,

+ moze li nam konkretni software pomodi pri radu s matematickim sadrZajima,
tj. moZe li nama ili u¢enicima pomodi pri ratunanju, crtanju grafova, kreiranju
tablica, rjeSavanju problema, transformiranju izraza i sliénim radnjama,

+ pomaZe li uporaba konkretnog software-a u izradi nastavnih materijala, ¢uva-
nju podataka, pronalaZenju ve¢ postojeéih nastavnih materijala itd.

Opdi programski alati s kojima se susre¢emo u nastavi su: programi za obra-
du teksta, programi za rad s tablicama, prezentacijski programi, programski
jezici itd. Neki od specijaliziranih programskih alata namijenjenih upravo ma-
tematickoj edukaciji su:

+ alati dinamicke geometrije poput The Geometer's Sketchpad, Geogebra, Cin-
derella, Cabri Geometry,

+ graficki alati (napr. Winplot, Dplot, Visio),

+ profesionalni matemati¢ki programski sustavi (napr. Mathematica, Maple,
Derive).

Racunala, ili bolje rec¢eno informacijsko-komunikacijska tehnologija (ICT)
u nastavnom se procesu koriste u nekoliko situacija: nastavnik ih koristi pri
planiranju i pripremanju za nastavu i rad u $koli; uéenik kao pojedinac ih ko-
risti van vremena provedenog u skoli; nastavnik ih koristi pri radu sa cijelim
razredom; grupa ucenika ih koristi tijekom rada na $kolskom satu.
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Pri planiranju i pripremanju za nastavni sat nastavnik treba iskoristiti mo-
guénost pristupa raznim vrstama nastavnog i popratnog materijala, Naime, na
internetu i lokalnim elektronskim medijima postoji niz informacija i materijala
koje ée obogatiti dio sata namijenjen motiviranju ucenika, obradi novog gra-
diva i uvjezbavanju obradenog gradiva. Nastavnik ée preuzeti one elektronske
sadrZaje koji ¢e mu omogucditi efikasnije poducavanje i uvjezbavanje nastavnog
gradiva. Ne treba zanemariti ni moguénost brzeg i racionalnijeg stvaranja i ¢u-
vanja dokumentacije vezane uz nastavni proces (planovi i programi — opéi i
za ucenike s posebnim potrebama, pisane pripreme, kontrolne zadade i ispiti
znanja, statistike vezane uz vodenje razrednog odjela i drugih $kolskih i vans-
kolskih aktivnosti i sl). Takoder, pomo¢u ICT nastavnik lako dolazi u kontake
sa sustru¢njacima matematicarima, s kolegama nastavnicima, s ¢lanovima pe-
dagosko — psiholoskog tima i ostalim osobama koje nastavniku mogu prenijeti
korisna iskustva i pruZiti savjet vezan uz izvodenje nastave matematike ili rad
s ucenicima. Da bi se ovakav pristup ostvario nastavnik mora ili imati vlastito
ra¢unalo ili mora imati pristup ra¢unalu van $kolskog vremena. U Hrvatskoj
veé neko vrijeme traje akcija informatickog opismenjavanja nastavnika u sklopu
koje svaki nastavnik dobiva moguénost pristupa internetu.

S druge strane pozZeljno je da i ucenik ima pristup ra¢unalu van skolskog
vremena i to bilo kod kuée bilo u koli van nastave ili na nekom drugom pogod-
nom mjestu (klubovi, knjiZnice itd). Pri tome, u¢enik koristi raunala za izradu
domadih zadataka, seminarskih i projektnih radova, za zabavu itd.

Osvrnimo se i na situaciju kad nastavnik koristi ra¢unalo pri radu s cijelim
razredom. Svjedoci smo opremanja §kola sve veéim brojem racunala, tako da je
realno ocekivati da ¢e nastavnik biti u moguénosti organizirati nastavni sat iz
matematike u specijaliziranoj u¢ionici opremljenoj ra¢unalima, tj. u informati¢-
koj ucionici. U takvoj ¢e udionici nastavnik organizirati obradu i uvjezbavanje
gradiva tako da svaki uéenik ili par uéenika radi samostalno za ra¢unalom. No,
nije ovakav oblik rada rezerviran samo za rad u informatic¢koj u¢ionici. Danas je
uporaba dZepnih kalkulatora postala uobicajena stvar u srednjoskolskoj mate-
matici, a prema, prosle godine uvedenim promjenama, tako ¢e biti i u osnovnoj
$koli. U bliskoj buduénosti ocekuje nas situacija kad éemo, koriste¢i dZepnu
tehnologiju, rad na ra¢unalima moéi implementirati u svaki nastavni sat koji
to dopusta po svom karakteru neovisno o tome imamo li mogucénost rada u
specijaliziranoj u¢ionici ili ne. Osim ovakvog individualnog rada na ra¢unalima,
treba istaknuti i moguénosti racunala kao demonstracijskog nastavnog sred-
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stva. Koristeéi PC s projektorom, interaktivnu plocu i sli¢ni alat, nastavnik je u
moguénosti cijelom razredu prezentirati neki matematicki sadrZaj, demonstri-
rati izvjesnu pojavu i/ili zakonitost.

Ponekad je na nastavnom satu moguée organizirati upotrebu nekoliko ratu-
nala, ali u nedovoljnom broju za sve u¢enike. Cesta je situacija da u razredu gdje
se odvija nastava postoji par ra¢unala. Tada nastavnik moZe pripremiti materi-
jal koji ée omogucéiti grupi uéenika da odradi dio sata na ra¢unalu. To mogu biti
ucenici s posebnim potrebama, daroviti uéenici ili, opéenito, grupa uéenika za
koje smo pripremili poseban nastavni materijal .

Kao i svako drugo nastavno sredstvo tako i uporaba racunala ima svoje pred-
nosti, ali i nedostatke. Pri donosenju odluke kada, gdje, kako i za$to koristiti
novu tehnologiju, nastavnik se rukovodi ovim osnovnim nacelima:

+ odluka o tome kada i kako uporabiti ili ne uporabiti racunalo ovisi o tome
unapreduje li ta uporaba postojecu nastavnu praksu,

+ odluka mora biti direktno uvjetovana procjenom omogucava li uporaba
rac¢unala efikasnije ostvarivanje ciljeva pojedine nastavne jedinice,

+ uporaba rac¢unala mora omoguditi i uitelju i uéenicima da postignu ne-
§to §to ne bi mogli postiéi bez uporabe ra¢unala, odnosno uéiteljima mora
omoguditi poudavanje, a uéenicima udenje efikasnije nego bez ove tehno-

logije.

Tako necemo upotrebljavati kalkulator dok se ne svlada tablica zbrajanja i
mnozenja, neCemo upotrebljavati software dinamicke geometrije ako ucenici
jo$ nisu svladali upotrebu uobic¢ajenog geometrijskog pribora.

Opisimo jednu situaciju gdje je uporaba racunala opravdana. U 7. razredu
osnovne $kole obraduje se proporcionalnost i ciljevi te nastavne teme su usvaja-
nje koncepta proporcionalnosti i primjena matematickog postupka u zadacima
iz svakidasnjice. I dok se prvi cilj moZe ostvariti prou¢avanjem razlic¢itih primje-
ra proporcionalnih veli¢ina gdje se obi¢no ograni¢avamo na rad s prirodnim
odnosno cijelim brojevima, drugi cilj ée se efikasnije ostvariti dozvolimo li na
tim satima uporabu kalkulatora. Naime, nakon §to usvojimo ideju proporci-
onalnosti, primjenjujemo je na zadacima koje crpimo iz realnog svijeta. A u
njima su i podaci realisti¢ni, dakle, vtlo esto ne radi se o prirodnim i cijelim
brojevima. No, dijelu u¢enika ra¢un s razlomcima i decimalnim brojevima jo$
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uvijek nije postao automatizirana procedura te ako pri rjeSavanju zadataka za-
branimo upotrebu kalkulatora ti ucenici se suocavaju s nemoguénoséu izved-
be to¢nog racuna (prvo pri izra¢unu faktora proporcionalnosti, a zatim i pri
izra¢unu nepoznate veli¢ine). Drugim rije¢ima, takav uéenik ne mozZe uspjesno
izraditi zadatak u kojem mi, u biti, ispitujemo dvije stvari: je li usvojio ideju
proporcionalnosti i zna li izvesti ra¢un.

Dakle, u temama gdje je fokus na analizi problema, a ne na ra¢unu potreb-
nom pri rjeSavanju tog problema koristit ¢emo ra¢unala. U takvim situacija-
ma primjena ra¢unala omogudava slabijim ucenicima preskakanje nekih (za tu
temu) manje vaznih postupaka i koncentriranje na usvajanje odredenog mate-
matickog koncepta.

Sli¢na se situacija pojavljuje pri ispitivanju nekog geometrijskog svojstva.
Umjesto da vrijeme tro$imo na crtanje par posebnih slu¢ajeva na temelju kojih
¢emo pokusati ucenike dovesti do zaklju¢ka, uporabom programa dinamicke
geometrije fokus sata se prebacuje na analizu i izvodenje Zeljenih zaklju¢aka.

Upotreba racunala znac¢ajno doprinosi ué¢enju matematike pomazudéi uéeni-
cima pri

+ uvjezbavanju ra¢unanja,

+ eksperimentiranju, stvaranju hipoteza koje se odnose na svojstva geome-
trijskih likova, funkcija i brojeva,

+ radu s realisti¢nim podacima i s veéim skupovima podataka,

+ razvijanju logi¢kog misljenja, stvaranju i modificiranju strategija rjeSavanja
omogudenim brzom povratnom informacijom,

+ uenju pomoc¢u slika (princip zornosti),

+ razvijanju vjestina i sposobnosti matematickog modeliranja na temelju da-

nih podataka.

Kratko receno, uporaba ra¢unala omoguéava uéenicima da se koncentriraju
na promisljanje o matematickim idejama, na rjeSavanje problema na nacin koji
je laksi i efikasniji nego bez tih alata. Tehnologija obogaéuje u¢enje matematike
dozvoljavajudi uéeniku istraZivanje i otkrivanje, a prosiruje i vrste problema koji
se mogu proucavati,

U nastavi matematike u osnovnoj $koli u velikoj se mjeri obraduju geome-
trijski sadrZaji. Zato ¢u se osvrnuti na uporabu programa dinamicke geome-
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trije. To su racunalni programi koji su prvenstveno namijenjeni proucavanju
i rjeSavanju planimetrijskih i stereometrijskih problema. Radi se o alatu koji
nastavniku i uenicima otvara novi pogled na tradicionalne geometrijske sa-
drzaje, te pomocu kojeg metoda istraZivanja i eksperimenta dobiva novo, zna-
¢ajnije mjesto u nastavi matematike. U ovom trenutku postoje dva programa
dinamicke geometrije koji su lokalizirani, tj. prevedeni na hrvatski jezik i koji
okupljaju $iru matematicku zajednicu oko izrade nastavnih materijala. To su
Geogebra i Sketchpad. Oba programa karakterizira moguénost lakog mijenja-
nja poloZaja ucrtanih objekata dok odnosi medu njima ostaju nepromijenjeni.
Programi animiraju stati¢nu geometrijsku konstrukciju u pomicnu, dinamiénu
sliku koja otkriva nove odnose medu geometrijskim objektima koje je mozda
tesko otkriti na klasiénim, stati¢nim crtezima. Pokazalo se da ucenicima visih
razreda pruzaju izvrsnu motivaciju za ufenje matematike i razvijanje interesa
za predmet. Sljedeéim je primjerom opisana primjena Sketchpada na jednom
nastavnom satu matematike u 6. razredu osnovne skole provedenom u infor-
matickoj uéionici.

Primjer. Zbroj kutova u trokutu

Radi se o nastavnoj jedinici 6. razreda osnovne $kole. Cilj nastavne jedinice
je dokazati i usvojiti tvrdnju da je zbroj veli¢ina kutova u trokutu 180°. Uéenici
znaju pojam kuta, trokuta, vr$nih kutova, kutova uz presje¢nicu, znaju svojstva
ve$nih kutova i kutova uz presje¢nicu. Kroz uvodno ponavljanje provedeno na
pocetku sata ucenici se podsjete tih pojmova i svojstava.

Sredi$nji dio sata (20 min) posvecden je eksperimentiranju pomoéu Sketch-
pada. Uéenici provode na racunalu konstrukeiju opisanu na nastavnom listi¢u
na koji zapisuju i svoje zakljucke.
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NASTAVNI LISTIC
1. Nacrtaj trokut ABC.
2. Izmjeri kutove ABC, BCA i CAB.

3, Sto primjecuje§ vezano uz kutove?

4, Zbroji sve veli¢ine kutove tog trokuta. Upisi rezultat na crtu.
5. Pomakni to¢ku A.

6. Sto se desava s veli¢inom kutova trokuta ABC?

7. Sto se desava sa zbrojem veli¢ina kutova?

8. Pomakni to¢ke Bi C.

9. Sto se desava s veli¢inom kutova trokuta ABC?

10. Sto se desava sa zbrojem veli¢ina kutova?

11. Pokusaj zapisati tvrdnju.

12. To¢kom C povuci paralelu sa stranicom BC.
13. Povuci pravce AC i BC.

14. Na svakom od polupravaca s vchom u C koji ne sadrZe druge tocke trokuta
oznadi po jednu to¢ku — nazoviih E, E G, H.

15. Izmjeri kutove ECF, FCG i GCH.

16. Sto primje¢ujes? Pojavljuju li se na slici sukladni kutovi?

17. Objasni zasto se to desava?

18. Promijeni poloZaj tocke C. Sto primjecujes?
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19. Bez izvodenja operacije zbrajanja izra¢unaj koliki je zbroj veli¢ina kutova

ECE FCG i GCH? Objasni zasto.

Nakon izvodenja eksperimenta slijedi prezentacija i analiza tjesenja. Na kraju
se izvodii zapisuje zaklju¢ak o zbroju kutova u trokutu i dokaz tog poucka. No-
vootkriveno znanje se primjenjuje na primjeru pravokutnog i jednakokraénog
trokuta.

Slika 1. Izgled ekrana ra¢unala po zavrietku eksperimenta.

mZCAB = 35°

mZABC+m£BCA+mZCAB.= 180°

mZ£HCG = 53° H
mZ£GCF =92°
m<£FCE = 35°
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OD DEJAVNEGA EKSPERIMENTIRANJA DO
ABSTRAKTNIH POJMOVNIH PREDSTAV

Dr. Amalija Zakeb'l, Dy. Aco Cankar?

Povzetek. V clanku predstavljamo nekatere didakticne vidike procesno-didak-
ticnega pristopa ucenja in poucevanja, ki smo ga razvili v raziskavi Procesno-
didakticni pristop in razumevanje matematiénih pojmov v osnovni Soli (Zakelj,
2004), ki je potekala v letih 2001/02 in 2002/2003 z ucenci starimi od 12 do
15 let. Glavno znanstveno vprasanje je bilo, raziskati povezavo med otrokovim
misljenjem (kognitivnimi strukturami, metakognicijo, miselnimi strategijami) in
pristopi v poucevanju matematike. Na osnovi tega smo izdelali in preizkusili
procesno-didakticni pristop za poucevanje matematike. Preverili smo ga z vidika
ucinka kakovosti in vrste znanja.

Didakti¢ni model smo zasnovali na osnovi teoretskega poznavanja miselnega
razvoja otrok, vkljuéno z novejsimi spoznanji o otrokovem misljenju ter pozna-
vanja socialne kognicije. Pri tem smo se oprli na teorijo razvojne psihologije,
ki preucuje razvoj pojmov glede na razvojno stopnjo otrokovega misljenja, ter
upostevali novejia kognitivno-konstruktivisticna spoznanja pedagoske stroke o
ucenju, ki poudarjajo dejavnost ucenca v procesu ucenja.

Kljuéne besede: pouk matematike, dejavni eksperiment.

IZKUSENJSKO UCENJE

Pri postavitvi procesno-didakti¢nega pristopa smo upostevali, da na proces
ucenja bistveno vplivajo razvojna stopnja misljenja, struktura obstojecega zna-

nja ter organizacija dejavnosti ucenca oz. spodbude iz okolja. Hkrati pa smo

! Dr. sc. Amalija Zakelj, Slovenian Education Institute, Poljanska 28, SLO - 1000 Ljubljana,

e-mail: amalija.zakelj@zrss.si
2 Dr. sc. Aco Cankar, Slovenian Education Institute, Poljanska 28, SLO - 1000 Ljubljana
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otrokovo misljenje interpretirali s stali§¢a novejsih spoznanj o metakogniciji ter
v povezavi mi§ljenja in jezika.

Model v praksi uvaja izkustveno uéenje, dialog ter razli¢ne oblike sodelovanja
(vpliv socialnib interakcij) pomembno vlogo pri konstrukciji znanja. Izkustveno
ucenje vklju¢uje: modeliranje, dejavno eksperimentiranje, samostojno iskanje virov,
iskanje podobnosti in povezav, iskanje primerov in nasprotnih primerov, spodbuja
razvoj problemskih znanj (reSevanje odprtih problemov, razumevanje problem-
ske situacije, postavljanje vprasanj, uenje strategij pri reSevanju problemov,
postavljanje ugotovitev, predstavitev rezultatov, utemeljevanje) ter uvaja oblike
uporabnosti matematike na drugih podrogjih in povezovanje znanja. Pri reseva-
nju problemov je poudarek na procesib oz. strategijah resevanja, na utemeljevanju,
preverjanju reSitev, predstavitvi rezultatov, izmenjavi mnenj. Uitelj v kognitiv-
nem in socialno-kognitivnem konfliktu spodbuja motivacijo. Utiteljeva vloga
je odlodilna tudi v tem, da uéencem ponudi razliéne pristope ucenja. Katere bo
uporabil, je odvisno od predznanja uéencev, njihove kognitivne zrelosti, narav-
nanosti uéencev, njihovih uénih stilov.

Kaj je potrebno upostevati pri uvajanje novib pojmov?

Nalogi, ki junavajamo v nadaljevanju ilustrirata, da je uspesnost ucencev pri
reSevanju problemov odvisna od uéencevih pojmovnih predstav ter od njegove
kognitivne zrelosti.

Naloga 1: Kdaj sta dve kolicini premo sorazmerni? Nastej nekaj primerov.
Didakti¢ni vidik:Izkazovanje razumevanja pojma premo sorazmerje z navaja-
njem primerov.

Nalogo 1 smo testirali v raziskavi (Zakelj, 2004), v kateri smo med drugim
raziskovali tudi razumevanje pojma premo sorazmerni koli¢ini. Kar 77 odstot-
kov uéencev je na vprasanje odgovorilo pravilno, vendar pa je le 44 odstotkov
utencev znalo navesti primere premo sorazmernih koli¢in. Ceprav je bila celica
definicije polna, pa je bila celica pojmovne predstave pri uéencih, ki niso znali
navesti nobenega primera prazna ali pa napolnjena z napa¢nimi predstavami.
Celica pojmovne predstave pa se napolni v procesu pridobivanja izkusenj.

Naloga 2: Izracunaj koliko odstotkov lika je pobarvanega.
Didakei¢ni vidik: reSevanje problema na simbolni ravni.
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Slika 1

Tudi nalogo 2 smo testirali v raziskavi (Zakelj, 2004), s katero smo pri dvanaj-
stletnikib testirali sposobnost resevanje problema na simbolni ravni. Redki uéenci
so nalogo resili v celoti oz. matemati¢no povsem korektno. Veé¢ina ucencev je
nalogo resilo tako, da so si sami izbrali konkretne podatke, nekateri so jih dolo¢ili
z merjenjem, drugi so narisali mreZo ter dolocili plos¢insko enoto ali pa so do
pribliZznega rezultata prisli tudi z ocenjevanjem. Razli¢ni pristopi ucencev pri
reSevanju kaZejo povezavo med kognitivnim razvojem ulenca, izkusnjami, ki jih
ima ucenec, ter nacinom reSevanja nalog,

Iz nacinov reSevanja prve in druge naloge lahko med drugim sklepamo, da je
zelo pomembno, da uditelj pri izbiri pristopov poucevanja ter ravni zahtevnosti
nalog izbira razli¢ne reprezentacije pojmov, s ¢imer uvaja pojme postopoma in
se tako smiselno prilagaja kognitivni zrelosti u¢encev in posledi¢no vliva na nji-
hov razvoj. V prvem primeru so ucenci imeli premalo izkusenj s pridobivanjem
pojmovnih predstav, saj poleg definicije veliko u¢encev ni znalo navesti nobene-
ga primera, kar kaZe, na njihove Sibke pojmovne predstave, ki so poleg defini-
cije del pojmovne zgradbe. Drugi primer pa kaZe, da morajo uéenci prehoditi
postopoma vse faze: od konkretnih izku§enj, slikovnega in simbolnega nivoja,
do abstraktne ravni. Nepremisljeno in prehitro uvajanje zahtevnih abstrakenih
pojmov, ki prehiteva njihov kognitivni razvoj, je z vidika izgrajevanja pojmovnih
predstav zanje izredno tezko in pogosto tudi neuéinkovito.

Od dejavnega eksperimentiranja do abstraktne konceptualizacije

Razvoj miselnih predstav in razumevanje matemati¢nih pojmov je pri ra-
zumevanju matematike poglavitnega pomena za konstrukcijo znanja in je tudi
pogoj za transfer znanja. Nemogoée bi bilo, uciti se nove strategije za vsak
problem. Vendar se Zal pogosto pokaze, da veliko ucencev ne more delati po-
vezav oz. reprezentirajo informacije kot izolirane dele. Ce isto snov slisijo pri
dveh razli¢nih predmetih, je ne znajo povezati, ampak imajo dve “lo¢eni zna-
nji”. Enako se dogaja pri povezovanju pojmov znotraj matematike. Ce uenec
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razume razmerje kot deljenje dveh celih stevil, ne bo znal tega pojma uporabiti
pri ucenju premega ali obratnega sorazmerja. Zato je zelo pomembno, kako se
uc¢imo. Postopen prehod od konkretnih reprezentacij pojmov, prek slikovnih
in simbolnih, do abstraktne konceptualizacije, je nujen pri graditvi pojmovnih
predstav. Je naraven, ker tudi sicer sledi fazam kognitivnega razvoja. Uenje z
izkusnjo vse te faze predvideva: dejavno eksperimentiranje, raziskovanje, ugo-
tavljanje lastnosti ob konkretnem modelu, pridobivanje konkretnih izkusenj,
razmisljajoée opazovanje, ki v zadnji fazi lahko pripeljejo do abstraktne kon-
ceptualizacije pojma.

Induktivni in deduktivni pristop reSevanja problemov

Ucenci, za katere je prav, da najprej poiscejo teorijo, princip, pravilo, reSujejo
probleme deduktivno. Ce pa tezko prehajajo od splosnega h konkretnemu, pro-
bleme resujejo uspesneje po induktivni poti.

Navajamo primer, pri katerem lahko seZzemo do razli¢nih ravni (od osnov-
noSolske ravni do ravni srednje Sole). Od ravni in obsega znanja so odvisni
tudi pristopi pri reSevanju. Izziv o raziskovanju plos¢ine osenéenih likov lahko
ucenci v osnovni Soli resijo z merjenem, zbiranjem delnih resitev ter na podlagi
zbranih podatkov postavijo hipotezo. Seveda se moramo pri takem pristopu
z udenci pogovoriti, da so resitve oz. ugotovitve, pridobljene z merjenjem, la-
hko le pribliZzna ocena, saj smo z merjenjem lahko prisli do le deloma to¢nih
podatkov oz. ugotovitev. Postavljenim ugotovitvam vedno sledi utemeljevanje.
Utemeljevanje je na osnovno$olskem nivoju pogosto le opisno, lahko s pomogjo
primerov. V danem primeru pa tudi Ze na ravni osnovne Sole, lahko ugotovitve
utemeljimo s pomo¢jo matemati¢nih dejstev o skladnosti likov oz. plos¢insko
enakih likih. V srednji $oli lahko to nalogo poveZemo z resevanjem ekstremal-
nih problemov, z uporabo odvoda.

Izziv 1: V poljubni tocki T na diagonali pravokotnika s stranicama a in b narisemo
vzporednici k obema stranicama. Razis¢i plos¢ini osencenih pravokotnikov na sliki.

y

X —— .................. - T

a
Slika 2
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Didaktiéni vidik izziva

Pri delu uéence spodbujamo, naj raziskujejo, opazujejo, merijo, primerjajo,
postavljajo hipoteze. Pri tem povezujejo ter uporabljajo pojme o podobnosti,
skladnosti in plos¢insko enakih likih. Za uéence je to lahko ena od priloznosti,
da si dopolnijo ali popravijo morebitne napa¢ne pojmovne predstave. Z didak-
tinega stali§¢a je taka naloga koristna pri graditvi predstav o pojmu plos¢ina,
plos¢insko enakih likih, skladnih likih, podobnih likih.

Dejavnosti ucencev

Problem zahteva produktivno uporabo matemati¢nega znanja: plos¢ine pra-
vokotnika, izrekov o skladnosti in podobnosti trikotnikov, povezovanje znanja
in analiziranja dane problemske situacije.

1. Razmislek o izzivu in postavitev vpradanja

Uvid v problem lahko omogo¢i pozorno opazovanje slike in ugotavljanje od-
nosov med geometrijskimi elementi. Npr. ob opazovanju uéenci ugotovijo: Plo-
§¢ini osencenih pravokotnikov se z gibanjem tocke T po diagonali spreminjata.
Sledijo vprasanja:

Postavitev vprasanja

Kako se spreminjata plo§éini osencenih pravokotnikov, ée drsimo s tocko T po
diagonali?

Koliksno je razmerje med plo§¢inama obeh osenéenih pravokotnikov?

Kolik$no je razmerje med vsoto plos¢in obeh osencenih pravokotnikov in plo-
§¢ino celotnega pravokotnika?

Pri kateri legi tocke T je vsota plos¢in obeh osencenih pravokotnikov najveéja?

2. Izvedba
Poti reSevanja je lahko ve¢. NakaZimo dva pristopa.
a) Induktivni pristop — z metjenjem

Do potrebnih podatkov lahko pridemo tudi z metjenjem in ra¢unanjem.

Slika 3
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Nari$emo nekaj razli¢nih situacij: to¢ka T se nahaja npr. blizu ogli$¢a, na sre-
dini diagonale ... Za izbrane konkretne primere z merjenjem dolo¢imo dolzi-
ne stranic, ki jih potrebujemo za izra¢un plos¢in osencenih likov. Na podlagi
izmerjenih podatkov izra¢unamo plo§éine. Rezultate merjenja je smiselno za-
pisati in urediti v tabelo. Tudi zaradi sistemati¢no urejenih podatkov hitreje

vidimo resitev.

V tabeli so podatki splo§no zapisani, u¢enec pa bo seveda delal s konkret-

nimi podatki.

Tabela 1: Plos¢ini osencenih pravokotnikov pri gibanju toc¢ke T po diagonali

Delitev stra- Plo§¢ina prvega Vsota plog Razmerje med vsoto
nice pravo- in drugega sota ploscin plod¢in obeh osencenih
kotnika b'e y . obeh osencenih kotnikov in bloii
otnika na n osenfenega pravokotnikov pravokotnikov in plo§¢ino
delov pravokotnika celotnega pravokotnika
0 b 0 0
8 al8 | 7b/8 Zzgjgj 14ab/64 14/64 =2-7/8?
4 a/4 | 3b/4 ;z};ﬁg 6ab/16 6/16=2-3/4
2 a/2 |b/2 iﬁ ab/2=2ab/4 | 2/4=2-1/2
8 |7as|bs |18 14ab/64 14/64 = 2. 7/8°
0 0 0 Splosno: 2(n - 1)/n?

3. Ugotovitev

V osnovni Soli lahko uéenci z opazovanjem konkretnega zaporedja sklepajo:

e razmerje med vsoto plo§éin osencenih pravokotnikov in plos¢ino celotnega
pravokotnika je 2(n - 1)/n%

e plos¢ini obeh osencenih pravokotnikov sta enaki;

e vsota plos¢in obeh osencenih pravokotnikov je najvedja, ée je tocka T na sre-

dini diagonale.
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4, Utemeljitev

Ugotovitve tudi v osnovni Soli lahko utemeljimo s pomo¢jo izrekov o sklad-
nosti.

b) Deduktivni pristop - sklepanje, povezovanje in uporaba matemati¢nih
pojmov in zakonitosti Z upostevanjem podobnosti dobimo, da iz x, = a/4
sledi zapis sorazmerja:

a:b=a/4:y, iz katerega slediy,= b/4 oz.y = 3b/4. Plos¢ina osencenih
pravokotnikov je: a/4 - 3b/4 in druga 3a/4 - b/4. Plos¢ini osencenih pravokot-
nikov sta enaki.

Splogno: e je x, = a/n, potem z upostevanjem podobnosti dobimo soraz-
merje a : b = a/n : y, iz katerega slediy = b/n oz. y = (n - 1)b/n. Plo§¢ini
osencenih pravokotnikov sta: a/n - (n-1)b/nin (n-1)a/n - b/n, iz tega sledi, da
sta enaki pri vsakem n.

Kje je plos¢ina najvedja? Na osnovnosolski ravni to lahko ugotovimo na pod-
lagi opazovanja zaporedja, na srednjesolski ravni pa s pomoéjo odvoda. Plog¢i-
na a/n - (n-1)b/n je najvedja takrat, ko je n = 2. To pomeni takrat, ko je tocka
na sredini diagonale.

Zdruzimo ugotovitve

Ce drsimo s tocko T po diagonali, se vsota plos¢in obeh osencenih pravo-
kotnikov spreminja od vrednost 0, ko je to¢ka T v oglid¢u, do najvedje vrednosti

ab/2, ko je to¢ka T v sredis¢u diagonale.

Razmerje med plos¢inama osencenih pravokotnikov je 1 : 1 oz. plo§¢ini sta
enaki pri vsaki legi tocke T. Plo§¢ini sta najvedji, ko je tocka T v sredis¢u diago-
nale. Razmerje med vsoto plos¢in osencenih pravokotnikov in plo$¢ino celotne-

ga pravokotnika je 2 -(n-1)/n 2

ZAKJUCEK

S predstavljenima izzivoma smo Zeleli pokazati, da so pri uéenju in pouce-
vanju pomembni tudi procesi in ne le kon¢ni cilji. Pri tako oblikovanih odpr-
tih problemih se na eni strani u¢imo strategij reSevanja problemov, na drugi
pa dejavno iskanje resitev ali usvajanje pojmov z razli¢nimi pristopi, uéencem
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omogoca razli¢ne vpoglede v vsebino in mu s tem olaj$a konstrukcijo in razu-
mevanje osnovnih pojmov.

Pri transmisijskem pristopu uéenja in poucevanja je situacija pogosto podob-
na situaciji, ko si vprasanja sledijo v hitrem tempu in ni ¢asa za razmisleke ter
preverjanje in pojasnjevanje. V izzivu Razis¢ite ploicini osencenih pravokotnikov,
je pred ucenca postavljena precej drugaéna zahteva, kot bi bila, ¢e bi se naloga
glasila: Izracunaj ploscino osencenega lika pri danib podatkih. Razlika je bistvena.
V prvem primeru ucenci samostojno postavljajo vprasanja, ki jih nato razisku-
jejo. Npr.: ali sta plos¢ini enaki, kolik§no je razmerje med plos¢inama osencéenih
likov, kako se spreminjata plo¢ini, ée drsimo s tocko po diagonali, koliksen je
delez osencenega lika v pravokotniku. Pri re§evanju ucenci i§éejo razli¢ne poti
reSevanja in razli¢ne re$itve. Npr.: riSejo slike, oblikujejo modele, merijo dolzi-
ne in racunajo plos¢ine, analizirajo sliko in povezuje podatke, preracunavajo,
primerjajo rezultate, i$¢ejo skladne like, postavljajo hipoteze, npr.: »plos¢ini sta
enaki«. Svoje ugotovitve tudi utemeljijo in jih predstavijo. V drugem primeru
bi uéenci na podlagi danih podatkov izra¢unali zahtevano plos¢ino z uporabo
obrazca. Pogosto bi jo izvedli rutinsko, brez pravega poglobljenega razmisljanja.
S pridobivanjem razli¢nih izkuSen;j iz prvega primera pa si postopoma polnijo
pojmovno predstavo, ki je, kot smo omenili ob nalogah na zacetku, klju¢na pri
razumevanju pojmov.

Lahko zaklju¢imo, da je ucenje uéinkoviteje, ¢e besedam damo smisel in
se snovi ne u¢imo na pamet, ponovimo s svojimi besedami, si pomagamo z
modeliranjem, dejavnim eksperimentiranjem itd. Pri izgrajevanju pojmovnih
predstav ni pomembno le, da uéenci reijo ¢im ve¢ nalog, pomembno je tudi,
da resijo kompleksno nalogo, kjer znanje povezujejo. Kompleksnejsi problemi
navadno vklju¢ujejo razumevanje in uporabo pojmov ter obvladovanje razli¢nih
postopkov. Zelo dobri so odprti problemi, ki sprozijo diskusijo med udenci,
postavljanje raziskovalnega vprasanja ter v nadaljevanju omogocajo veliko pri-
loZznosti za diskusijo tako o poteh reSevanja kot tudi o resitvah.
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